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Preface

“Why does a rainbow appear in a certain altitude?” or “How does a calculator
compute the sine function?” are typical questions of Mathematics and Engi-
neering students. In general these students want to understand Applied Math-
ematics to solve everyday problems. In 1986 the professors Rüdiger Seydel and
Roland Bulirsch wrote the short book Vom Regenbogen zum Farbfernsehen
(From a Rainbow to Color Television) published by Springer (cf. Fig. A.3 on
page 325). This book collects 14 case studies from our everyday lives where
the field of Applied Mathematics is used to explain phenomena and to enable
technical progress, balancing motivations, explanations, exercises and their
solutions. The numerous exercises are still very interesting and informative,
not only for students of Mathematics.

Twenty years later former scholars of Roland Bulirsch working at univer-
sities, at research institutions and in industry combine research and review
papers in this anthology. Their work is summed up under the title From Nano
to Space – Applied Mathematics Inspired by Roland Bulirsch. This title reflects
the broad field of research which was initiated by the open atmosphere and
stimulating interests of Roland Bulirsch and his Applied Mathematics. More
than 20 contributions are divided into scales: nano, micro, macro, space, and
real world. The contributions provide an overview of current research and
present case studies again very interesting and informative for graduate stu-
dents and postgraduates in Mathematics, Engineering, and the Natural Sci-
ences. The contributions show how modern Applied Mathematics influences
our everyday lives.

München, Hannover, Michael H. Breitner
July 2007 Georg Denk

Peter Rentrop
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Roland Bulirsch – 75th Birthday

Roland Bulirsch was born on November

Fig. 1. Roland Bulirsch

10th, 1932 in Reichenberg (Bohemia).
From 1947 till 1951 he received his
professional training as an engine fit-
ter at the Siemens-Schuckert plant in
Nürnberg and worked on the assembly
line for industrial transformers. In au-
tumn 1954 he began studying Mathe-
matics and Physics at the Technische
Hochschule (later: Universität) Mün-
chen. He finished his Ph.D. in 1961,
under his supervisor Prof. Dr. Dr.-Ing.
E. h. R. Sauer. Five years later he re-
ceived the venia legendi for Mathemat-
ics at the TU München. At this time
the TU München was already one of
the leading centers in Numerical Anal-
ysis worldwide. The well-known jour-
nal Numerische Mathematik was es-
tablished under the influence of Prof.
Dr. Dr. h. c. mult. F. L. Bauer. Together with Josef Stoer, Roland Bulirsch
contributed the famous extrapolation algorithms. From 1966 to 1967 he served
as chair of Mathematics for Engineers at the TU München.

1967 he was offered an Associate Professorship at the University of Cali-
fornia at San Diego and worked there through 1969. This period formed his
further scientific life. He often returned to the US, especially to San Diego. In
1969 he was offered a chair of Mathematics at the Universität zu Köln, where
he worked until 1972. He accepted a full professorship for Mathematics for
Engineers and Numerical Analysis at the Department of Mathematics of the
TU München in 1972, where he would remain until his retirement in 2001.

The 30 years at the TU München form the core of his scientific and aca-
demic career. His lectures focused on the numerical treatment of ordinary and
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partial differential equations, the calculus of variations and optimal control,
and elliptic integrals and special functions in applications. He was responsi-
ble for the courses in Mathematics for the engineering sciences. As an excel-
lent and inspiring teacher, and as an enthusiastic researcher, he stimulated
and encouraged his numerous Ph.D. students. More than 200 diploma the-
ses, 40 Ph.D. theses and 12 venia legendi theses are signs of his enormous
influence.

Approximately 100 papers – among them outstanding works on extrapo-
lation methods, multiple shooting and the theory of special functions – and
11 books prove his extraordinary capability to combine theory with practi-
cal applications. Some of his books have been translated into English, Polish,
Italian, and even Chinese. He was also engaged in the scientific and organi-
zational administration of the TU München, far from regarding these further
duties as an unwanted burden, he was well aware of the opportunities they of-
fered for the development of Mathematics as a discipline. He served as editor
for several well-known mathematical journals including Numerische Mathe-
matik, the Journal of Optimization Theory and Applications, Optimization
and Mathematical Modelling. For more than a decade he was a referee for
the Deutsche Forschungsgemeinschaft (German Science Foundation), where
he also headed the committee for Mathematics from 1984 to 1988. He was a
referee for the Alexander von Humboldt Stiftung and a member of the sci-
entific board of the Mathematical Research Institute of Oberwolfach, where
he served several terms Dean of the School of Mathematics. During the last
3 years of active duty he was Senator of the TU München. His outstanding
work was recognized with several honorary doctorates: from the Universität
of Hamburg in 1992, from the TU Liberec in 2000, from the TU Athens in
2001 and from the University of Hanoi in 2003. He was awarded the Bavarian
medal of King Maximilian in 1998 and is a member of the Bavarian Academy
of Sciences, where he has chaired the classes in Mathematics and Natural Sci-
ences since 1998. Among numerous further awards, he was decorated with the
Alwin-Walther medal by the TU Darmstadt in 2004.

Few scientists have been so able to combine Mathematics with different
fields of application. These fields include space technology, astronomy, vehicle
dynamics, robotics, circuit simulation and process simulation. In addition to
his scientific interests, Roland Bulirsch has always been open to political and
cultural questions. He is an expert on orchids, has a deep connection to music,
and is highly interested in literature and art: The reader need only recall the
speech he held for Daniel Kehlmann’s famous book Die Vermessung der Welt
(Measuring the World) on behalf of the Konrad Adenauer Stiftung in Weimar
in 2006. Nor should we forget Roland Bulirsch’s political horizons. Having
been himself expelled from the Sudetenland, he has always endeavored to
bridge the gap between the positions of the Sudetendeutsche community and
the Czechoslovakian government. His balanced arguments were recognized
with an honorary doctorate from the TU Liberec in 2000 and the Ritter von
Gerstner medal in 2004.



Academic Genealogy of Roland Bulirsch

Roland Bulirsch supervised many PhD. theses, so it is no surprise that he has
a lot of descendants which themselves have descendants and so on. Currently,
the fourth generation is starting to evolve. According to The Mathematics Ge-
nealogy Project (http://www.genealogy.math.ndsu.nodak.edu/) Bulirsch has
supervised 44 students and 199 descendants (as of May 2007). A descendant is
defined as a student who has Roland Bulirsch either as first or second advisor
of her/his PhD. thesis.

Restricting the list to direct descendants, i. e. where Roland Bulirsch was
the first advisor, results in the impressive number of 42 students and 174
descendants, which are given in table below. The indentation of the names
indicates the generation level. A picture of his genealogy with portraits of
some of his descendants is given in Fig. A.2 on page 324.

Descendant University Year

Robert Smith San Diego 1970

Siegfried Schaible Köln 1971

Wolfgang Hackbusch Köln 1973
Götz Hofmann Kiel 1984
Gabriel Wittum Kiel 1987

Thomas Dreyer Heidelberg 1993
Peter Bastian Heidelberg 1994

Volker Reichenberger Heidelberg 2004
Christian Wagner Stuttgart 1995
Nicolas Neuß Heidelberg 1996
Henrik Rentz-Reichert Stuttgart 1996
Armin Laxander Stuttgart 1996
Jürgen Urban Stuttgart 1996
Reinhard Haag Stuttgart 1997
Bernd Maar Stuttgart 1998
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Descendant University Year

Bernhard Huurdeman Stuttgart 1998
Klaus Johannsen Heidelberg 1999
Christian Wrobel Heidelberg 2001
Sandra Nägele Heidelberg 2003
Michael Metzner Heidelberg 2003
Jens Eberhard Heidelberg 2003
Jürgen Geiser Heidelberg 2004
Achim Gordner Heidelberg 2004
Dmitry Logashenko Heidelberg 2004
Christoph Reisinger Heidelberg 2004
Achim Gordner Heidelberg 2005
Michael Lampe Heidelberg 2006
Walter Kicherer Heidelberg 2007

Günter Templin Kiel 1990
Stefan Sauter Kiel 1992

Rainer Warnke Zürich 2003
Frank Liebau Kiel 1993
Thorsten Schmidt Kiel 1993
Birgit Faermann Kiel 1993
Jörg Junkherr Kiel 1994
Christian Lage Kiel 1996
Ivor Nissen Kiel 1997
Jörg-Peter Mayer Kiel 1997
Rainer Paul Kiel 1997
Jens Wappler Kiel 1999
Sabine Le Borne Kiel 1999
Thomas Probst Kiel 1999
Steffen Börm Kiel 1999
Lars Grasedyck Kiel 2001
Maike Löhndorf Leipzig 2003
Kai Helms Kiel 2003
Ronald Kriemann Kiel 2004
Jelena Djokic Leipzig 2006
Alexander Litvinenko Leipzig 2006

Helmut Maurer Köln 1973
Klemens Baumeister Münster 1986
Laurenz Göllmann Münster 1996
Christof Büskens Münster 1998
Wilfried Bollweg Münster 1998
Thomas Hesselmann Münster 2001
Dirk Augustin Münster 2002
Jang-Ho Kim Münster 2002
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Descendant University Year

Georg Vossen Münster 2006

Peter Deuflhard Köln 1973
Georg Bader Heidelberg 1983

Eckard Gehrke Heidelberg 1995
Guntram Berti Cottbus 2000
Ralf Deiterding Cottbus 2003

Peter Kunkel Heidelberg 1986
Ronald Stöver Bremen 1999

Michael Wulkow Berlin 1990
Folkmar Bornemann Berlin 1991

Michael Lintner München 2002
Susanne Ertel München 2003
Caroline Lasser München 2004

Christof Schütte Berlin 1994
Wilhelm Huisinga Berlin 2001

Andreas Hohmann Berlin 1994
Ulrich Nowak Berlin 1994
Gerhard Zumbusch Berlin 1995
Achim Schmidt Augsburg 1998
Tilman Friese Berlin 1998
Detlev Stalling Berlin 1998
Peter Nettesheim Berlin 2000
Martin Weiser Berlin 2001
Tobias Galliat Berlin 2002
Evgeny Gladilin Berlin 2003
Malte Westerhoff Berlin 2004
Werner Benger Berlin 2005
Ralf Kähler Berlin 2005
Marcus Weber Berlin 2006
Anton Schiela Berlin 2006

Dietmar Täube München 1975

Peter Rentrop München 1977
Utz Wever München 1989
Bernd Simeon München 1993

Jörg Büttner München 2003
Meike Schaub München 2004

Gabi Engl München 1994
Michael Günther München 1995

Andreas Bartel München 2004
Roland Pulch München 2004

Gerd Steinebach Darmstadt 1995
Thomas Neumeyer Darmstadt 1997
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Descendant University Year

Christian Schaller Darmstadt 1998
Yvonne Wagner Darmstadt 1999
Markus Hoschek Darmstadt 1999
Robert Gerstberger Darmstadt 1999
Oliver Scherf Darmstadt 2000
Martin Schulz Karlsruhe 2002
Sven Olaf Stoll Karlsruhe 2003
Kai Arens München 2006
Michael Lehn München 2006

Hans Joachim Oberle München 1977
Andrea Coriand Hamburg 1992
Helge Baumann Hamburg 2001
Sigrid Fredenhagen Hamburg 2001

Rüdiger Seydel München 1977
Christoph Menke Ulm 1994
Rolf Neubert Ulm 1994
Martin Stämpfle Ulm 1997
Karl Riedel Köln 2002
Rainer Int-Veen Köln 2005
Pascal Heider Köln 2005
Silvia Daun Köln 2006
Sebastian Quecke Köln 2007

Wolfgang Busch München 1977

Hans-Jörg Diekhoff München 1977

Joachim Steuerwald München 1977

Hans Josef Pesch München 1978
Michael Breitner Clausthal 1995
Henrik Hinsberger Clausthal 1997
Rainer Lachner Clausthal 1997
Maximilian Schlemmer Clausthal 1997
Birgit Naumer Clausthal 1999
Matthias Gerdts Bayreuth 2001
Roland Griesse Bayreuth 2003
Susanne Winderl Bayreuth 2005
Kati Sternberg Bayreuth 2007

Peter Lory München 1978
Thomas Wölfl Regensburg 2006

Klaus-Dieter Reinsch München 1981

Maximilian Maier München 1982
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Descendant University Year

Michael Gerstl München 1983

Eckhard Kosin München 1983

Albert Gilg München 1984

Ralf Kleinsteuber München 1987

Bernd Kugelmann München 1987

Walter Schmidt München 1987

Claus Führer München 1988
Cornelia Franke Ulm 1998
José Dı́az López Lund 2004

Martin Kiehl München 1989
Stephan Franz Darmstadt 2003

Thomas Speer München 1989

Ulrich Leiner München 1989

Peter Hiltmann München 1990

Rainer Callies München 1990

Georg Denk München 1992

Werner Grimm München 1992

Kurt Chudej München 1994

Oskar von Stryk München 1994
Thomas Kronseder Darmstadt 2002
Uwe Rettig Darmstadt 2003
Angela Baiz Darmstadt 2003
Torsten Butz Darmstadt 2004
Robert Höpler Darmstadt 2004
Markus Glocker Darmstadt 2005
Jutta Kiener Darmstadt 2006

Stefan Miesbach München 1995

Francesco Montrone München 1995

Markus Alefeld München 1998

Alexander Heim München 1998

Oliver Mihatsch München 1998

Petra Selting München 1998

Jörg Haber München 1999

Martin Kahlert München 2000
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Descendant University Year

Christian Penski München 2000

Dietmar Tscharnuter München 2002



Part I

Mathematics and Applications in Nanoscale





Circuit Simulation for Nanoelectronics

Georg Denk and Uwe Feldmann

Qimonda AG, Am Campeon 1–12, 85579 Neubiberg
georg.denk@qimonda.com, uwe.feldmann@qimonda.com

Summary. Though electronics is a quite young field, it is found almost everywhere
in nowadays life. It became an important industrial sector within a short time frame.
Behind this success story, very advanced research is necessary to push further the
possibilities of the technology. This led to decreasing dimensions, from millimeters
in the 1950s to nanometers in current products. To emphasize the new challenges
due to the small sizes, the term “nanoelectronics” was coined. One important field
of nanoelectronics is circuit simulation which is strongly connected to numerical
mathematics. This paper highlights with some examples the interaction between
actual and future problems of nanoelectronics and their relation to mathematical
research. It is shown that without significant progress of mathematics the simulation
problems showing up cannot be solved any more.

1 Introduction

Since more than 100 years semiconductor devices are used in industrial appli-
cations, starting with the discovery of the rectifier effect of crystalline sulfides
by Ferdinand Braun in 1874. But it took time until 1940, that the first semi-
conductor device was developed at Bell Labs. In 1951 Shockley presented the
first junction transistor, and ten years later the first integrated circuit (IC)
was presented by Fairchild. It contained only a few elements, but with this IC
an evolution was initiated which to our knowledge is unique in the technical
world. Due to technological progress and larger chip sizes, it was possible to
integrate more and more devices on one chip, up to more than one billion
transistors on advanced memory chips or microprocessors of today.

The increasing number of elements was already predicted in 1965 and is
now well-known as “Moore’s law” (cf. Fig. 1). It states that the number of
transistors per chip doubles every 2 years, and although being nothing else
than an experimental observation in the beginning, it turned out to hold for
more than 30 years now. The most essential outcomes of higher integration of
functionality on chip are continuously decreasing cost per function by ≈ 30%
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Fig. 1. Moore’s law

per year, and continuously increasing processing bandwith by a factor of 2
every 2 years.

The development of more complex and faster chips would not have been
possible without computer aided design tools, pioneered by circuit simulation.
In 1967 one of the first simulation programs called BIAS was developed by
Howard. So circuit simulation is nearly as old as the design of integrated
circuits itself. In the sequel a simulation program CANCER was developed
by Nagel in the research group of Rohrer. Later on the development of the
programs was brought together under supervision of Pederson, and in 1972
the first version of SPICE was released at Berkeley University.

The breakthrough of circuit simulation tools came with higher integration
of more functions on one chip, since it was no longer possible to get reliable
prediction of circuit behavior just by breadboarding. One key factor for their
success – and in particular of SPICE – was the development of simple but ac-
curate compact models for the spatially distributed integrated semiconductor
devices, thus mapping semiconductor equations onto a set of Kirchhoff’s equa-
tions for a specific configuration of circuit primitives like resistors, capacitors,
and controlled sources. The models of Ebers-Moll [10] and Gummel-Poon [16]
for bipolar transistors, and of Shichman-Hodges [25] and Meyer [20] for MOS
transistors have to be mentioned here.

Numerical mathematics played another key enabling role for success of
circuit simulation. Through the progress in handling stiff implicit ODE sys-
tems it became easily possible to set up mathematical models directly from
inspecting the circuit netlist, and to solve them with flexible and robust inte-
gration methods. First of all, Gear’s pioneering work [13] has to be mentioned
here, which by the way was mainly devoted to circuit simulation problems and
consequently was published in an electronics journal. Later on the introduc-
tion of sparse linear solvers was another major step for the success of circuit
simulation with its ever increasing complexity of problems. And finally, transi-
tion to charge/flux oriented formulation of circuit equations brought physical
consistency, as well as numerical benefits.
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The device models, a rather robust numerical kernel, dynamic memory
management providing flexibility, and the free availability made SPICE to be-
come widely used and some kind of an industry standard (see [23] for further
information about the history of SPICE). Meanwhile SPICE-like simulators
are known to yield realistic and reliable simulation results. They are univer-
sally applicable and often used for “golden” simulations. Over the years the
methods and codes have received a high level of robustness, which allows to
use them in mass applications, without requiring much knowledge about the
mathematical methods employed.

It is one purpose of this contribution to demonstrate with some examples
that, beyond Gear’s work, numerical mathematics can significantly contribute
to progress in circuit simulation. This has been surely true in the past, but it
is even more necessary for the future. So the second purpose of this contribu-
tion is to highlight some disciplines of mathematical research, which will be of
interest to solve the simulation problems of nanoelectronics in the future. In
Sect. 2, the impact of progress in micro- and nanoelectronics onto mathemat-
ical problems is sketched, as far as circuit simulation topics are concerned. In
Sect. 3, 4, and 5 some of the topics are discussed in more detail. Section 6 gives
a glance on further important topics, and Sect. 7 presents some conclusions.

2 Mathematics for Nanoelectronics

The permanently high rate of progress in semiconductor technology is based on
intense research activities, and would not have been possible without support
of academic research institutes. This is in particular true for circuit simulation.
Since the models and modeling techniques are mostly standardized worldwide
in this area, competition is mostly with respect to user interfaces – which
we do not consider here –, simulation capabilities, and numerics. This gives
mathematical disciplines a key role for the success of such tools. Table 1
lists some of the topics, where our university partners contributed to solve
upcoming challenges for circuit simulation in the past. Similar efforts have
been undertaken on topics from layout and lithography, test, and verification.

The first block in Table 1 deals with the impact of downscaling feature
size. The second one considers the growing importance of Radio Frequency
(RF), analog, and mixed signal circuitry. The third block mirrors attempts to
maximize circuit robustness and yield, and the last one is related to attempts
to improve designers efficiency.

Looking at current trends in semiconductor industry, we can clearly iden-
tify as the main driving forces [19]:

• Shrinking of feature size brings reduced production cost, higher perfor-
mance or less power consumption, and saving of space in the final product

• Integration of more functionality, like data sensing, storing and processing
on the same chip
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Table 1. Mathematical topics, derived from past trends in microelectronics

Trend Circuit simulation
problem

Mathematical topic

downscaling feature size
increasing circuit
complexity

efficiency improvements
parallel simulation
latency exploitation

hierarchical solvers
partitioners
multirate integration

impact of parasitic
elements

large and dense linear subnets model order reduction

RF, analog and mixed signal
radio frequency (RF)
circuits

nonlinear frequency analysis shooting methods,
Harmonic Balance

multiscale time domain
analysis

MPDAE solvers

slowly settling
oscillators

envelope analysis mixed time/frequency
methods

high gain / high
resolution

transient noise analysis stochastic DAEs

robustness and yield
increase of design
robustness

stability analysis Lyapunov theory

stabilizing feedback
structures

multiple operating points continuation methods

yield improvement yield estimation, optimization sensitivity analysis

designers efficiency
complex design flows robustness higher index DAEs,

semi-implicit integration
top-down/bottom-up
design

functional circuit description solvability and diagnosis

• Enabling of innovative products like GSM, radar sensors for automotive
applications, or a one chip radio

So there is strong pressure to integrate complete systems on one chip, or in
one common package. As a consequence, effects which were isolated before
now tend to interact, and need to be considered simultaneously. Other con-
sequences are that the spatial extension of devices becomes more and more
important, and that new materials with previously unknown properties have
to be modeled and included into simulation. All this imposes new challenges
onto the simulators, which only can be solved with advanced numerical meth-
ods.

To get a more detailed view we take the International Technology Roadmap
for Semiconductors (ITRS) [17] from the year 2005 as a reference, and try to
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identify the most important topics of mathematical research from the 10 years
trends presented there.

Downscaling feature size: Moore’s law will continue, occasionally at a
slightly lower rate:
– 30% feature size reduction per year
– 2 times more functions per chip every 3 years
– 25% less cost per function every year
– 2 times more instructions per second every 2 years
As a consequence, channel length of transistors is expected to be ≈ 15nm
in 2015, and may come down to its limits of 9nm some 5 years later.

RF, analog and mixed signal: Moore’s law is restricted to data storing
and processing, but not applicable to power, high frequency applications,
sensing, and actuating.

Robustness and yield: Thermal budgets require further decrease of supply
voltage, with high impact on noise margins.

Designers efficiency: Technology cycle time will stay at ≈ 4 years. This
requires extremely fast design manufacturing ramp up, in order to get
compensation for high technology invest in short time.

From Table 2 we can see how these trends map onto new circuit simula-
tion problems, and how the latter might be addressed by advanced numerical
methods.

So there is a clear trend in circuit simulation towards coupling with various
domains, described by partial differential equations in 1, 2 or even 3 dimen-
sions, and with probably very different time scales. This will require flexible
and efficient coupling schemes in general, which exploit the multiscale prop-
erty of the problems by multirate integration or some different way of latency
concepts. Furthermore, to cope with the strongly increasing complexity, appli-
cation of linear and nonlinear Model Order Reduction (MOR) techniques will
be inevitable. Third, the paradigm of harmonic basis functions in the high
frequency domain will become questionable, and finally stochastic methods
and multiobjective optimization will get high priority to increase robustness
of designs and to improve designers efficiency.

3 Device Modeling

Following Moore’s law is that the devices on a chip will get smaller and smaller
while the number of devices increases. This shrinking allows a reduction of
the production costs per transistor, and due to the smaller devices a faster
switching. The effect of shrinking on die size can be seen in Fig. 2, where the
same memory chip is shown for different shrinking sizes. But shrinking has
drawbacks, too: The compact modeling used for devices like MOSFETs is no
longer accurate enough, and the power density on the chip increases. Both
issues have their impact on circuit simulation.
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Table 2. Mathematical topics, derived from future trends in nanoelectronics

Trend Circuit simulation
problem

Mathematical topic

downscaling feature size
non-planar
transistors

limits of compact modeling coupled circuit/device
simulation

quantum and
atomistic effects

hierarchy of models hierarchical solver strategies

new materials and
device concepts

more flexible modeling (not yet clear)

impact of
interconnect

efficiency, memory linear MOR
hybrid/split linear solver

multi-layer
dielectrics

coupled multiconductor lines coupled T-line solvers

impact of selfheating electro-thermal simulation coupling circuit/thermal
huge complexity improve adaptivity multirate integration,

hierarchical solver, latency
parallel simulation scalable parallelism

ultra-high RF non-quasistationary models coupling circuit/device

RF, analog and mixed signal
RF: analog goes
for digital

RF with pulse shaped signals
envelope analysis

wavelet based Galerkin
envelope methods

robustness and yield
reliability electro migration analysis statistical failure analysis
reduced signal/noise
ratio

statistical variation of devices yield estimation
incremental analysis

design for yield critical parameter
identification

statistical methods

yield improvement multiobjective optimization

designers efficiency
design productivity design reuse for analog hierarchical MOR,

parameterized MOR
top-down/bottom-up
design

analog verification system identification

With decreasing device geometry more and more effects have to be con-
sidered by the compact models used for MOSFETs and other devices. The
modeling of these effects are packed onto the existing model which gets more
and more complicated. A sign of this complexity is the number of model pa-
rameters – the BSIM4 model from Berkeley University [3], which is used as
a quasi standard, has more than 800 parameters! For simulation the param-
eters have to be chosen in such a way that the model reflects the current
technology. But due to the high fitting dimension this task is quite difficult
and may lead to reasonable matching characteristics with unphysical param-
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Fig. 2. Shrinking of a DRAM chip for different technologies

eter settings, which cause numerical problems during simulation. In addition,
the device characteristics are heavily affected by transistor geometry and even
by neighborhood relations which can not be reflected by compact models.

A remedy for this situation is to switch back to the full set of semiconduc-
tor equations for critical MOSFETs (like high frequency settings, MOSFETs
used for electrostatic discharge (ESD) protection). This approach allows full
accuracy at the cost of a large computational effort for the device evaluation.
Even when compared to complex compact models, there are some orders of
magnitude between compact modeling and solving the semiconductor equa-
tions. According to the ITRS roadmap [17], device simulation will become
more and more important for future devices which may show quantum effects
or may have no planar structures anymore.

Device simulation itself is almost as old as circuit simulation, and – similar
to circuit simulation – there is still need for improvement. Three-dimensional
device simulation was made productive in the 1980s, e. g. MINIMOS [29]. A
main problem in 3D-device simulation is the grid generation, this has also
been investigated at Bulirsch’s chair by Montrone [21]. Additional research
was done within the Bavarian Consortium for High Performance Scientific
Computing (FORTWIHR) under the direction of R. Bulirsch. Besides im-
proving the efficiency of a device simulation, modeling aspects continue to be
very important. Due to the smaller dimension of devices, additional effects
have to be considered which are reflected in the models. As the planar MOS-
FET device will no longer be sufficient, new geometries have to be developed.
For these new devices, there are no compact models available increasing the
need for a 3D-device simulation [6, 31].
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In the context of circuit simulation, device simulation is just some kind of
model evaluation. Due to the large computational effort needed for a device
simulation, it is impossible to treat all MOSFETs of a large design with the
full accuracy provided by device simulation. Considering the layout of a com-
plex chip, for instance a GSM transceiver (cf. Fig. A.4 on page 326) with its
different parts like memory cells, transceiver, digital signal processing, and so
on, there are different parts of the chip with different requirements regarding
accuracy of the MOSFET models. Therefore, some criteria are needed for the
decision which MOSFETs can be simulated using the compact model and
which devices require the semiconductor equations for appropriate modeling.
Currently the decision is made by the designer; a more automatic selection
can be achieved on the basis of sensitivity analysis, which can easily identify
the “critical” devices even in large circuits.

Assuming that it is known which model fits to which device, there is still
an open issue: how should the coupling be done between the circuit simulation
(differential-algebraic equations) and the device simulation (partial differen-
tial equations)? Using both simulators as black box may work, but there is a
need to analyze the interaction of them. This will allow also a more efficient
coupling, especially when transient simulations are performed. The analysis
requires the extension of the index definition of the DAE and of the computa-
tion of consistent initial values. A theoretical foundation for this are abstract
differential-algebraic systems (ADASs) [28]. A main research area of the Eu-
ropean project COMSON [5] is to bring this theoretical foundation into a
demonstrator which enables a development environment to easily implement
different approaches [7].

4 Interconnect Modeling

During the design phase of a chip the connections between the elements are
treated as ideal, i. e. it is assumed that the elements do not influence each
other and there are no delays between devices. But this is not true on a real
chip, due to the length and the neighborhood of the wires there is interference
like crosstalk, and the elements themselves suffer from the actual placement
on silicon. In Fig. 3 the layout of a small portion of a waver is given consisting
of four MOSFETs. In order to simulate the real behavior of the chip, the
circuit is extracted from of the layout, and this post-layout circuit containing
all the parasitic elements has to be simulated and cross-checked against the
original design. An example of a parasitic subnet representing the interconnect
is shown in Fig. 4. Currently it is still sufficient in many cases that only
resistances and capacitances are used to model the parasitic effects. However,
to get all relevant effects due to the small structures and currents present on
a chip, the accuracy of the extraction has to be improved by extracting more
elements and using additional element types like inductances.
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Fig. 3. Layout extraction

Fig. 4. Extracted parasitics

Of course, the quantity of parasitic elements has an impact on circuit
simulation: Due to the parasitics, the number of nodes present in a circuit in-
creases significantly, which increases the dimension of the system to be solved.
This effect is amplified by the fact that due to fill-in the sparsity of the system
decreases, therefore the effort necessary for solving the underlying linear equa-
tion system becomes dominant and the simulation’s run times are no longer
acceptable. To speedup the simulation it is necessary to perform a parasitics
reduction. Several approaches are possible: One possibility is to rearrange the
parasitic elements in such a way that the influence on the circuit is unchanged
but the number of nodes is reduced, possibly at the cost of additional elements.
A typical example for this is the so-called star-delta conversion. Another way
is to remove and rearrange parasitic elements which do not significantly con-
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tribute to the circuit’s response, for example long RC trees are replaced by
shorter ones. As some errors are introduced by this reduction, a reliable error
control is necessary for this approach.

The first step of a reduction process is the separation of the linear elements
from the circuit, leaving the non-linear elements like MOSFETs untouched.
The linear elements are then assembled into matrices which transfer them
into the mathematical domain. One possibility for reduction is the spectral
decomposition, which was investigated at Bulirsch’s chair by Kahlert [18]. This
method computes the eigenvalues of the matrices and removes insignificant
eigenvalues. A very important property of this approach is that the passivity
and stability of the reduced system is guaranteed.

Model order reduction (MOR) is still an active field of research. One of the
problems is the number of inputs and outputs of the linear subnets. Standard
methods for MOR work best if the number of inputs and outputs is quite small,
which is not true in general for applications in circuit simulation. Especially
the simulation of power grids is investigated, where the huge number of inputs
and outputs renders established MOR methods unusable. Though the system’s
dimension is reduced, the sparsity of the matrices is lost yielding an even larger
effort necessary for solving. First results in maintaining the sparsity can be
found in [2, 12].

Model order reduction may not applied only to linear subnets but also to
non-linear subcircuits including MOSFETs and other semiconductor devices.
This requires non-linear MOR methods which are another field of research,
e. g. within COMSON [5].

5 Noise Simulation

One mean to accomplish smaller devices and higher frequency is the reduc-
tion of the power-supply voltage. While supplies of 5 V have been used in the
past, the supply voltage has been reduced down to 1V or even below. The
advantages of this approach is the avoidance of breakthrough and punch in
the small devices, and – as the voltage swing is reduced – a higher switching
frequency. The lower supply voltages also help in the field of mobile applica-
tions. But reducing the power supply has also a drawback: The signal-to-noise
ratio decreases which means that parasitic effects and noise become more and
more significant and can no longer be omitted from circuit simulation.

Reduced signal-to-noise ratio means that the difference between the wanted
signal and noise is getting smaller. A consequence of this is that the circuit sim-
ulation has to take noise into account. Usually noise simulation is performed
in the frequency domain, either as small-signal noise analysis in conjunction
with an AC analysis or as large-signal noise analysis as part of an harmonic
balance or shooting method. These noise analyses are well-established in the
meantime. But noise analysis is also possible in the context of transient noise
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analysis for non-oscillatory circuits. For an implementation of an efficient tran-
sient noise analysis in an analog simulator, both an appropriate modeling and
integration scheme is necessary.

Modeling of transient noise

A noisy element in transient simulation is usually modeled as an ideal, non-
noisy element and a stochastic current source which is shunt in parallel to
the ideal element. As a consequence of this approach the underlying circuit
equations

A · q̇(x(t)) + f(x(t), t) + s(t) = 0 (1)

are extended by an additional stochastic part, which extends the DAE to a
stochastic differential-algebraic equation (SDAE)

A · q̇(x(t)) + f(x(t), t) + s(t) + G(x(t), t) · ξ = 0 (2)

(for details refer to [30]). Here, x(t) is the vector of unknowns (node voltages,
some branch currents), q(x(t)) are the terminal charges and branch fluxes,
A is an incidence matrix describing the topology of the circuit, f(x(t), t) de-
scribes the static part of the element equations, and s(t) holds the independent
sources. The matrix G(x(t), t) contains the noise densities, and ξ is a vector
of noise sources.

Depending on the cause of noise there are mainly three different noise
models in use: thermal noise, shot noise and flicker noise. While the stochas-
tic current source for thermal and shot noise can be simulated using Gaussian
white noise, this is not possible for flicker noise. The memory of this process
– corresponding to the 1/fβ dependency for low frequencies f and β ≈ 1 –
does not allow a white noise modeling where the increments are stochastically
independent. One possibility to represent flicker noise for transient analysis
is to use fractional Brownian motion (fBm) for 0 < β < 1. Fractional Brow-
nian motion is a Gaussian stochastic process, and the increments of the fBm
required for a transient simulation can be realized with normal-distributed
random numbers, for details see [8].

Integration of stochastic differential-algebraic equations

The modeling of transient noise is only one part of a transient noise simula-
tion, the other one is the integration of the SDAEs. Though there are some
numerical schemes available for stochastic differential equations (SDEs), they
do not fit properly to the context of circuit simulation. Besides the fact that
the standard schemes are for SDEs and not for SDAEs, they mostly require
high-order Itô integrals and/or higher order derivatives of the noise densities.
Both is not possible in circuit simulation, this is either too expensive or even
not available. For efficiency reasons we need specialized integration schemes
which exploit the special structure of the equations.
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Restricting the noise sources to thermal noise and shot noise, it is possible
to solve the stochastic part using the Itô calculus, while some adaptions are
necessary to incorporate the charge-oriented structure of the system [22]. A
main drawback of integration methods for SDAEs is the low convergence order
– due to the stochastic part and the multiplicative character of the noise, the
theoretical order is 1/2. Fortunately, even in current chip designs, the noise
level is still smaller in magnitude compared to the wanted signal, which can
be used for the construction of efficient numerical schemes.

Numerical experiments [9] have shown that the effective integration order
of the integration scheme depends on the error tolerances and the magnitude
of the noise sources compared to the deterministic part. The effective order is a
combination of the orders of the integration schemes used for the deterministic
part A · q̇(x(t)) + f(x(t), t) + s(t) of (2) and the stochastic part G(x(t), t) · ξ,
respectively. For relaxed tolerances and small noise sources, the integration
order of the deterministic part is dominant. This order can be made high
quite easily. For strict error tolerances and large noise sources, however, the
integration order of the stochastic part is dominant, and it is almost impossible
to construct schemes of high order for the stochastic part in the context of
circuit simulation. For the drift-implicit BDF-2 scheme [4, 26] with constant
stepsize h

A · (qk − 4

3
qk−1 +

1

3
qk−2) +

2

3
h(f(xk, tk) + s(tk))

+ G(xk−1, tk−1) · ΔWk − 1

3
G(xk−2, tk−2) · ΔWk−1 = 0,

the integration order is O(h2 + ǫh + ǫ2h1/2) assuming small noise densities
G̃(x(t), t) = ǫG(x(t), t). Here, qk denotes the numerical approximation of q(tk)
at time tk = k ·h, and ΔWk is a vector of N(0, h)-distributed random numbers
describing the increment of the Brownian motion at time tk. So the integra-
tion order is 1/2 from a theoretical point of view, while it is 2 in practical
applications. Of course, the stepsize control has to be adapted to benefit from
this property.

Normally it is not sufficient to compute a single path of the transient
noise but several paths are necessary to get reliable stochastic conclusions.
It helps to improve the efficiency of a transient noise analysis, when these
paths are computed simultaneously. This requires a new stepsize control which
incorporates the stochastic nature of the paths. This has the advantage of
averaging out the outliers and results in a smoother stepsize sequence [30].

6 Further Topics

Besides the challenges described above, there are many other issues which
need to be solved for a successful and efficient circuit simulation. Most of the
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results have in common that they incorporate methods which are especially
adapted to the settings of circuit simulation.

A very time-consuming part is the time-domain simulation of circuits. It is
possible to use multirate integration [14, 27] where different parts of the circuit
with different level of activity are computed with different stepsizes. Depend-
ing on the application this may lead to a significant speedup. An even more
advantageous approach is using warped multirate partial-differential equations
[24] where the different time scales of the circuit equations are represented by
different independent variables. This transforms the differential-algebraic sys-
tem into a partial-differential equation.

Not only the coupling with device simulation as described above is of im-
portance but also the coupling to other domains. Thermal effects are getting
more and more important, so it becomes necessary to incorporate thermal
effects into circuit simulation [1]. Also interconnect issues may be resolved by
coupling the telegrapher’s equation to the circuit equations [15]. Both lead to
the coupling of differential-algebraic equations with partial-differential equa-
tions and require specialized coupling approaches and corresponding numeri-
cal methods.

The complexity of current designs requires an hierarchical design approach.
However, it is not only the design but also the solver and the modeling part
require hierarchy. It will no longer be possible to treat the overall system as one
single system, it has to be split into several subsystems, possibly from different
domains. This shows the need for hierarchical solvers especially adapted to
the situation of circuit simulation. For the models of a circuit a hierarchy of
models is needed which are adapted to the current need of the simulation.
They may range from device models with full accuracy to simplified digital
models for large subcircuits. As these models should describe the same effects,
an automated verification method is needed. Though verification is a standard
approach in the digital field, it is just at its beginning for analog circuits.

During the design process there will be some errors contained within the
circuit. These errors may result e. g. in convergence problems. As it becomes
more and more difficult to find the root of the problems, there is a need for
tools which map the numerical issues to the circuitry [11] and thus help the de-
signer to find a solution. This requires a connection of numerical mathematics
to other fields like graph theory emphasizing again the need for coupling.

7 Conclusion

Though circuit simulation is a rather old field of research, it will remain active
for the future. A major trend in circuit simulation is that it is no longer
possible to neglect the distributed structures of circuits. While it was sufficient
in the beginning to treat the devices as 0-dimensional, more and more 1-, 2-,
and even 3-dimensional effects have to be regarded in circuit simulation. It was
possible in the past to treat these effects separately but now the interaction
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must be considered. This leads to the need for co-simulation where different
aspects have to be coupled in a proper manner.

The coupling of more and more different effects in an increasing accuracy
requires more adaptivity. As it is not possible to incorporate all effects at all
levels, the numerical methods must be adapted to the designers’ need. The
schemes have to consider as much effects as necessary while they have to be as
fast as possible. This requires specialized approaches like multirate schemes
or locally adapted solvers. In addition, parallel simulation helps to increase
the efficiency.

As the time-to-market is decreasing, it is necessary to speedup the design
process. While compact models have been hand-crafted in the past, automated
procedures are needed for the future. This might be done by model-order
reduction of discretized models thus generating a hierarchy of models with
controlled errors. While reuse is already a valuable tool for design, it might
become also important for simulation. In addition, yield and reliability of
circuits have to be considered in circuit simulation.

A consequence of the increasing need for co-simulation and coupling is an
increasing need for cooperation between the mathematical research groups.
Each group brings in its own field of knowledge which has to be combined
to enable successful circuit simulation for future applications. It is very im-
portant to encourage the joint research in formerly separated areas, otherwise
the coupled simulation will not be as effective as needed for the coming needs.
It is also crucial to keep the application in mind while doing research. This
enables good opportunities for especially tailored methods which feature high
efficiency. This was always a very important concern for Roland Bulirsch which
has been handed on to his students. We highly appreciate that this attitude
has led to successful results which have found their way into industrial appli-
cations. We have indicated in this paper that there is still a lot to do, so we
hope that this approach will be continued by Bulirsch’s students.
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Basel, (2003)

[12] Feldmann, P., Liu, F.: Sparse and efficient reduced order modeling of linear
subcircuits with large number of terminals. In: Proc. Intl. Conf. on CAD, San
Jose, November 2004, 88–92 (2004)

[13] Gear, W.: Simultaneous numerical solution of differential-algebraic equations.
IEEE Trans. Circuit Theory, CT-18, 89–95 (1971)

[14] Günther, M., Rentrop, P.: Multirate ROW methods and latency of electric
circuits. Appl. Numer. Math., 13, 83–102 (1993)

[15] Günther, M.: Partielle differential-algebraische Systeme in der numerischen
Zeitbereichsanalyse elektrischer Schaltungen. network equations in chip design.
Fortschritt-Berichte VDI, Reihe 20, Nr. 343, VDI-Verlag Düsseldorf, 2001.

[16] Gummel, H.K., Poon, H.C.: An Integral Charge Control Model of Bipolar
Transistors. Bell Syst. Techn. J., 49, 827–852 (1970)

[17] International Technology Roadmap for Semiconductors (ITRS), Edition 2005.
Available at http://www.itrs.net/
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Summary. Radio frequency (RF) applications exhibit oscillating signals, where
the amplitude and the frequency change slowly in time. Numerical simulations can
be performed by a multidimensional model involving systems of warped multirate
partial differential algebraic equations (MPDAEs). Consequently, a frequency mod-
ulated signal demands a representation via a function in two variables as well as a
univariate frequency function. The efficiency of this approach depends essentially on
the determination of appropriate frequencies. However, the multidimensional repre-
sentation is not specified uniquely by the corresponding RF signal. We prove that
choices from a continuum of functions are feasible, which are interconnected by
a specific transformation. Existence theorems for solutions of the MPDAE system
demonstrate this degree of freedom. Furthermore, we perform numerical simulations
to verify the transformation properties, where a voltage controlled oscillator is used.

1 Introduction

The modified nodal analysis represents a well established strategy for mod-
elling electric circuits, see [4]. This network approach yields systems of differ-
ential algebraic equations (DAEs), which describe the transient behaviour of
all node voltages and some branch currents. In particular, the determination
of quasiperiodic solutions is a well known problem in radio frequency (RF) ap-
plications. These signals are characterised by a specific oscillating behaviour
at several time scales, where the respective magnitudes differ significantly.
Consequently, a transient analysis of the DAE system becomes inefficient,
since the size of time steps is limited by the fastest oscillation, whereas the
slowest time scale determines the time interval of the simulation. Time and
frequency domain methods have been constructed for the direct computation
of quasiperiodic solutions, see [2] and [12], for example. However, drawbacks
may occur in these techniques in view of widely separated time scales or strong
nonlinearities.

A multivariate model enables an alternative approach by decoupling the
time scales of such signals and thus generates an efficient representation of
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amplitude modulated signals. Based on this strategy, Brachtendorf et al. [1]
remodelled the DAEs into multirate partial differential algebraic equations
(MPDAEs). Narayan and Roychowdhury [7] generalised the approach in view
of frequency modulation and introduced corresponding warped MPDAEs.
Multiperiodic solutions of this system reproduce quasiperiodic signals sat-
isfying the DAEs. The determination of a suitable local frequency function
arising in the model is crucial for the efficiency of the technique.

In this article, we analyse transformations of multivariate representations
for frequency modulated signals. Thereby, the emphasis is on quasiperiodic
functions. We perform investigations in the most frequent case of two time
scales. Nevertheless, generalisations to several time rates are straightforward.
Firstly, a transformation of multivariate functions is examined, where all as-
sociated representations reproduce the same signal. Secondly, we retrieve the
same degree of freedom for solutions of the warped MPDAE system, too.
Moreover, a transformation to a representation with constant local frequency
is feasible. Thus solutions can be transferred to the ordinary MPDAE system.
Consequently, we can apply theorems referring to the ordinary system, which
are given by Roychowdhury [10], to obtain analogue results for the warped
system.

The article is organised as follows. In Sect. 2, we outline the multidimen-
sional model for signals. Consequently, we define quasiperiodic signals via cor-
responding multivariate functions. A specific transformation of multivariate
representations is constructed, which illustrates an intrinsic degree of freedom
in the model. We introduce the warped MPDAE model briefly in Sect. 3.
An underlying information transport along characteristic curves is described,
which reflects the transformation properties. Accordingly, we formulate theo-
rems concerning transformations of solutions, which represent the analogon of
the results on the level of the signals. Based on these implications, the specifi-
cation of additional boundary conditions is discussed. Finally, Sect. 4 includes
numerical simulations using the warped MPDAE system, which demonstrate
the degrees of freedom in the representations.

2 Signal Model

2.1 Multivariate Signal Representation

To illustrate the multidimensional signal model, we consider the purely am-
plitude modulated signal

y(t) :=
[
1 + α sin

(
2π
T1

t
)]

sin
(

2π
T2

t
)

. (1)

The parameter α ∈ (0, 1) determines the amount of amplitude modulation.
Figure 1a depicts this function qualitatively. Hence many time steps are re-
quired to resolve all oscillations within the interval [0, T1] if T1 ≫ T2 holds.
Therefore we describe each separate time scale by an own variable and obtain
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ŷ(t1, t2) :=
[
1 + α sin

(
2π
T1

t1

)]
sin
(

2π
T2

t2

)
. (2)

The new representation is called the multivariate function (MVF) of the sig-
nal (1). In the example, the MVF is biperiodic and thus given uniquely by its
values in the rectangle [0, T1[×[0, T2[. Figure 1b shows this function. Since the
time scales are decoupled, the MVF exhibits a simple behaviour. Accordingly,
we need a relatively low number of grid points to represent the MVF suffi-
ciently accurate. Yet the original signal (1) can be completely reconstructed by
its MVF (2), because it is included on the diagonal, i.e., it holds y(t) = ŷ(t, t).
In general, straightforward constructions of MVFs for purely amplitude mod-
ulated signals yield efficient representations.
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Fig. 1. Amplitude modulated signal y (a) and corresponding MVF ŷ (b).

The situation becomes more difficult in case of frequency modulation. For
example, we examine the modified signal

x(t) :=
[
1 + α sin

(
2π
T1

t
)]

sin
(

2π
T2

t + β cos
(

2π
T1

t
))

, (3)

where the parameter β > 0 specifies the amount of frequency modulation.
This signal is illustrated in Fig. 2a. A direct transition to a biperiodic MVF
is also feasible in this situation and we obtain

x̂1(t1, t2) :=
[
1 + α sin

(
2π
T1

t1

)]
sin
(

2π
T2

t2 + β cos
(

2π
T1

t1

))
. (4)

However, the MVF exhibits many oscillations in the rectangle [0, T1[×[0, T2[,
too, see Fig. 2b. The number of oscillations depends on the amount of fre-
quency modulation β. Hence this multidimensional description is inappropri-
ate.

Narayan and Roychowdhury [7] proposed a readjusted model to achieve an
efficient representation. Thereby, the MVF incorporates only the amplitude
modulation part
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Fig. 2. Frequency modulated signal x (a) and unsophisticated MVF x̂1 (b).

x̂2(t1, t2) :=
[
1 + α sin

(
2π
T1

t1

)]
sin (2πt2) , (5)

where the second period is transformed to 1. In the rectangle [0, T1[×[0, 1[, this
function has the same simple form as the MVF (2). The frequency modulation
part is described by an additional time-dependent warping function

Ψ(t) :=
t

T2
+

β

2π
cos
(

2π
T1

t
)

. (6)

We take the derivative of the warping function as a corresponding local fre-
quency function ν(t) := Ψ ′(t), which represents an elementary T1-periodic
function in this example. Since we assume T1 ≫ T2, it holds ν(t) > 0 for
a broad range of parameters β. The reconstruction of the original signal (3)
reads x(t) = x̂2(t, Ψ(t)), where the warping function stretches the second time
scale. Hence we obtain a powerful model for signals, which feature amplitude
as well as frequency modulation with largely differing rates.

2.2 Definition of Quasiperiodic Signals

Commonly, a univariate function x : R → C is said to be two-tone quasiperi-
odic, if it can be represented by a two-dimensional Fourier series of the form

x(t) =

+∞∑

j1,j2=−∞
Xj1,j2 exp

(
i
(

2π
T1

j1 + 2π
T2

j2

)
t
)

(7)

with rates T1, T2 > 0 and coefficients Xj1,j2 ∈ C, where i :=
√

−1 denotes the
imaginary unit. However, we have to specify the kind of convergence in the
arising series. The continuity of signals is guaranteed via absolute convergence,
i.e.,

+∞∑

j1,j2=−∞
|Xj1,j2 | < ∞ , (8)
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which implies also a uniform convergence. Moreover, the series becomes well
defined with respect to permutations of the terms. In particular, an inter-
change of j1 and j2 is allowed. Assuming (8), the biperiodic MVF x̂ : R

2 → C

of (7)

x̂(t1, t2) :=

+∞∑

j1,j2=−∞
Xj1,j2 exp

(
i
(

2π
T1

j1t1 + 2π
T2

j2t2

))
. (9)

is continuous, too. For locally integrable functions, weaker concepts of con-
vergence are feasible. However, our aim is to compute solutions of differen-
tial equations and thus smooth functions are required. Using the representa-
tion (7), just sufficient conditions can be formulated. To omit the discussion
of convergence properties, an alternative definition of quasiperiodic functions
becomes reasonable.

Definition 1. A function x : R → C is two-tone quasiperiodic with rates T1

and T2 if a (T1, T2)-periodic function x̂ : R2 → C exists satisfying the relation
x(t) = x̂(t, t).

If x̂ exhibits some smoothness, then the function x inherits the same
smoothness. For signals of the form (7), the multivariate representation is
given by (9), which implies quasiperiodicity in view of this definition, too.

Our aim is to analyse frequency modulated signals. Following the mod-
elling in the previous subsection, we consider functions x : R → C of the
form

x(t) =

+∞∑

j1,j2=−∞
Xj1,j2 exp

(
i
(

2π
T1

j1t + 2πj2Ψ(t)
))

, (10)

where Ψ : R → R represents a warping function. The above discussion of
convergence applies also to this case. Alternatively, we formulate a character-
isation according to Definition 1.

Definition 2. A function x : R → C is frequency modulated two-tone
quasiperiodic with rate T1 if there exists a (T1, 1)-periodic function x̂ : R2 → C

and a function Ψ : R → R with T1-periodic derivative Ψ ′ such that it holds
x(t) = x̂(t, Ψ(t)).

In this definition, it is not necessary that ν(t) := Ψ ′(t) > 0 holds for all t.
However, frequency modulated signals, which arise in electric circuits, feature
fast oscillations, whose frequencies vary slowly in time. Thus the positivity of
the local frequency function ν and the demand T1 > ν(t)−1 for all t is often
required to obtain an efficient representation.

We recognise that all specifications of quasiperiodic functions imply the ex-
istence of corresponding MVFs. Hence quasiperiodic signals exhibit an inher-
ent multidimensional structure and the transition to the multivariate model
becomes natural.

Furthermore, the slow time scale may be aperiodic. In this case, we obtain
a Fourier expansion of the type
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x(t) =
+∞∑

j2=−∞
Xj2(t) exp (i2πj2Ψ(t)) (11)

with time-dependent coefficients Xj2 : R → C, which are called the envelopes.
The envelopes introduce an amplitude modulation, whereas the warping func-
tion again describes a frequency modulation. A formal definition is given be-
low.

Definition 3. A function x : R → C is called envelope modulated if a func-
tion x̂ : R2 → C, which is periodic in the second variable with rate 1, and a
function Ψ : R → R exist, where x(t) = x̂(t, Ψ(t)) holds.

We take ν := Ψ ′ as a local frequency of the signal again. The generalisation
of the above definitions to vector-valued functions x : R → Ck consists in
demanding the conditions in each component separately.

2.3 Transformation of Signal Representations

For modelling a frequency modulated signal, the employed MVF and cor-
responding warping function is not unique. We obtain a fundamental result
already for general signals, which do not necessarily feature periodicities in
the time scales.

Theorem 1. If the signal x : R → C is represented by the MVF x̂ : R
2 → C

and the warping function Ψ : R → R, i.e., x(t) = x̂(t, Ψ(t)), then the MVF

ŷ : R
2 → C, ŷ(t1, t2) := x̂ (t1, t2 + Ψ(t1) − Φ(t1)) (12)

satisfies x(t) = ŷ(t, Φ(t)) for an arbitrary function Φ : R → R.

Thus if a representation of a signal exists using some MVF and warping
function, then we can prescribe a new warping function and transform to an-
other MVF, which yields the same information as before. Hence we apply the
warping function or the associated local frequency function as free parameters
to obtain an efficient multivariate representation.

In the following, we discuss the model on the level of local frequency func-
tions. Considering ν := Ψ ′, μ := Φ′ and Ψ(0) = Φ(0) = 0, the transforma-
tion (12) reads

ŷ : R
2 → C, ŷ(t1, t2) := x̂

(
t1, t2 +

∫ t1

0

ν(s) − μ(s) ds

)
. (13)

In case of envelope modulated signals, see Definition 3, the fast time scale is pe-
riodic, whereas the slow time scale may be aperiodic. The transformation (13)
preserves the periodicity in the second variable. Specifying an arbitrary local
frequency function yields a corresponding MVF in view of Theorem 1. For



Transformation Qualities of Warped MPDAEs 33

quasiperiodic signals, the slow time scale is periodic, too. Due to Definition 2,
the corresponding MVFs have to be biperiodic. Thus transformations are fea-
sible only if they preserve the periodicities. To analyse the feasibility, we define
an average frequency.

Definition 4. If ν : R → R represents a T -periodic locally integrable fre-
quency function, then the average frequency is given by the integral mean

ν :=
1

T

∫ T

0

ν(s) ds . (14)

Theorem 1 implies the following result for transformations in the quasiperi-
odic case.

Theorem 2. Let ν, μ : R → R be T1-periodic locally integrable functions
with the property ν = μ. If x̂ : R2 → C is a (T1, 1)-periodic function,
then the function ŷ : R2 → C defined by (13) is (T1, 1)-periodic, too. Fur-

thermore, if x(t) = x̂(t,
∫ t

0 ν(s) ds) holds for all t ∈ R, then it follows

x(t) = ŷ(t,
∫ t

0 μ(s) ds) for all t ∈ R.

Hence a frequency modulated quasiperiodic signal implies a continuum of
representations via MVFs and respective local frequency functions, which all
exhibit the same average frequency. We remark that the transformation (13)
can be discussed on the level of the representation (10), too, using the Fourier
coefficients.

An important consequence of Theorem 2 is that transformations to repre-
sentations with constant local frequency can be performed. Given a biperiodic
MVF and periodic local frequency function ν, the constant frequency μ ≡ ν
enables a corresponding transformation, which is feasible in view of μ = ν.
Thus the following corollary unifies the definition of quasiperiodic signals with
respect to different local frequencies.

Corollary 1. A frequency modulated quasiperiodic function characterised by
Definition 2 features a representation as quasiperiodic function with constant
rates according to Definition 1 and vice versa.

Hence no qualitative difference between quasiperiodic signals involving
constant and stretched time scales exists. Therefore we will just speak of
quasiperiodic functions in the following. Given a frequency modulated signal,
it does not make sense to assign a constant fast rate. However, an according
interpretation as an average rate is reasonable.

The choice of a local frequency function and according multivariate repre-
sentation is important for the efficiency of the multidimensional signal model.
Regarding quasiperiodic functions, we consider a MVF corresponding to a con-
stant frequency ν. Now we may transform the model to any local frequency
function of the type
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μ(s) := ν + ξ(s) with ξ = 0 . (15)

The function ξ is the degree of freedom in our design of multidimensional
models for quasiperiodic signals.

3 Warped MPDAE Model

3.1 Derivation of the Model

The numerical simulation of electric circuits employs a network approach,
which yields systems of differential algebraic equations (DAEs), see [3]. There-
by, the system describes the transient behaviour of all node voltages and some
branch currents. We write such a system in the general form

dq(x)

dt
= f (x(t)) + b(t) , (16)

where x : R → Rk represents the unknown voltages and currents. The func-
tions q, f : Rk → Rk correspond to a charge and a resistive term, respec-
tively. Predetermined input signals are included in the time-dependent func-
tion b : R → Rk. We demand f ,b ∈ C0 and q ∈ C1, since smooth solutions
of (16) are desired. DAEs cause theoretical and numerical particularities like
the index concept or the need of consistent initial values, see [6, 11].

Given some two-tone quasiperiodic input b with rates T1 and T2, a forced
oscillation arises, which often leads to amplitude modulated signals. We as-
sume that the solution inherits the time scales, i.e., x is also quasiperiodic
with same rates. Consequently, we obtain the (T1, T2)-periodic MVFs b̂ and
x̂, which represent the corresponding quasiperiodic signals. Brachtendorf et
al. [1] introduced the according system of multirate partial differential alge-
braic equations (MPDAEs)

∂q(x̂)

∂t1
+

∂q(x̂)

∂t2
= f(x̂(t1, t2)) + b̂(t1, t2) , (17)

which results from a transformation of the DAEs (16) with respect to multi-
variate functions. An arbitrary solution of the system (17) yields a solution
of the system (16) via the reconstruction

x(t) = x̂(t, t) . (18)

The proof is straightforward and can be found in [10], for example.
If the MVF is (T1, T2)-periodic, then the reconstructed signal is two-tone

quasiperiodic with rates T1, T2. Thus the determination of quasiperiodic sig-
nals leads to the boundary value problem

x̂(t1, t2) = x̂(t1 + T1, t2) = x̂(t1, t2 + T2) for all t1 ∈ R, t2 ∈ R . (19)
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If the slow time scale is aperiodic, then we obtain envelope modulated signals
by solutions of the MPDAE, too. Hence a mixture of initial and boundary
conditions is considered, namely

x̂(0, t2) = h(t2), x̂(t1, t2 + T2) = x̂(t1, t2) for all t1 ≥ 0, t2 ∈ R , (20)

where h : R → Rk represents a prescribed T2-periodic function, whose values
have to be consistent with respect to the DAEs (16). The choice of appro-
priate initial values influences the efficiency of this approach. Note that the
reconstructed signal (18) depends on the value h(0) only. For further details,
we refer to [10].

Now we assume that the input signals exhibit a slow time scale only.
Nevertheless, the DAE system (16) shall feature an inherent fast time scale.
Consequently, multitone signals arise, which may be amplitude modulated as
well as frequency modulated. Narayan and Roychowdhury [7] generalised the
MPDAE model to this problem. The transition to MVFs implies a system of
warped multirate partial differential algebraic equations, namely

∂q(x̂)

∂t1
+ ν(t1)

∂q(x̂)

∂t2
= f(x̂(t1, t2)) + b(t1) (21)

with the unknown solution x̂ : R2 → Rk. Since we assume that the input b
just acts on the slow time scale, a multivariate description is not necessary
here. A local frequency function ν : R → R arises, which depends on the same
variable as b if the input causes the frequency modulation. In the following, we
assume ν ∈ C0, since smooth solutions are discussed. An appropriate choice
for the local frequencies is unknown a priori. Furthermore, the system (21) is
autonomous in the second variable t2, since the fast time scale is not forced
by the input but inherent.

Solving the warped MPDAEs (21) for some given local frequency function,
we obtain a solution of the DAEs (16) via

x(t) = x̂(t, Ψ(t)) with Ψ(t) :=

∫ t

0

ν(s) ds . (22)

The proof operates similar to the case of constant time scales. Again peri-
odicities are necessary to solve the system (21) in a bounded domain. We
always consider a periodic fast time scale, where the period is standardised
to T2 = 1. The magnitude of the fast rate is included in the local frequency
function. Initial-boundary value problems (20) of the system (21) determine
envelope modulated signals, which exhibit frequency modulation.

If the input signals are T1-periodic, then a (T1, 1)-periodic MVF in addi-
tion to a T1-periodic local frequency function yield a two-tone quasiperiodic
signal in the reconstruction (22). Thus the boundary value problem (19) is
considered. However, given a biperiodic solution x̂, the shifted function

ŷ(t1, t2) := x̂(t1, t2 + c) for c ∈ R (23)
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also satisfies the system including the same local frequency function. Hence
a solution of the MPDAE reproduces a continuum of signals solving the un-
derlying DAE. Therefore the multidimensional approach reveals a degree of
freedom by shifting, which is not directly transparent in the according DAE
model (16). In a corresponding numerical method for the problem (19),(21),
a specific solution has to be isolated from the continuum (23).

The system (21) is underdetermined, since the local frequency function
represents a degree of freedom. A priori, we do not have sufficient knowledge
to prescribe a local frequency function appropriately. Thus alternative condi-
tions are added to the system (21) in order to fix a suitable solution. Several
strategies are feasible like criteria based on specific minimisations, cf. [5]. The
use of multidimensional phase conditions for this purpose will be discussed in
Sect. 3.4.

3.2 Characteristic Curves

The warped MPDAE system (21) exhibits a specific transport of information,
see [9]. The corresponding characteristic system reads

d

dτ
t1(τ) = 1 ,

d

dτ
t2(τ) = ν(t1(τ)) ,

d

dτ
q(x̃(τ)) = f (x̃(τ))+b(t1(τ)) (24)

with t1, t2 as well as x̃ depending on a parameter τ . Solutions of the sys-
tem (24) are called characteristic curves. For fixed local frequency function ν,
we solve the part with respect to the variables t1, t2 explicitly and obtain the
characteristic projections

t2 = Ψ(t1) + c with Ψ(t1) :=

∫ t1

0

ν(s) ds , (25)

where c ∈ R represents an arbitrary constant. Hence the characteristic pro-
jections form a continuum of parallel curves in the domain of dependence.
Figure 3 illustrates this property.

1

T1 t1

2t

1

T1 t1

2t

Fig. 3. Characteristic projections for two different choices of local frequency func-
tions with identical average.
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In the initial-boundary value problem (20) belonging to (21), we consider
the initial manifold F0 := {0} × [0, 1[. The solution of this problem can be
obtained via solving a collection of initial value problems corresponding to the
characteristic system (24), see Fig. 3. However, this approach is not efficient,
since each initial value problem demands the same amount of work as solving
the original DAE system (16).

Likewise, the determination of biperiodic solutions can be discussed with
respect to characteristic curves. Considering an arbitrary (T1, 1)-periodic so-
lution of (21), its initial values in F0 reproduce the complete solution via (24).
Consequently, a biperiodic solution of (21) is already fixed by its initial values
in the manifold F0 and the corresponding local frequency function ν. Solving
the systems (24) yields final values in F1 := {T1}× [Ψ(T1), Ψ(T1)+1[. The last
equation in system (24) does not involve the local frequency. Using another
T1-periodic local frequency μ and identical initial state in F0 produces the
same final state in F2 := {T1} × [Φ(T1), Φ(T1) + 1[ with Φ(t1) =

∫ t1
0

μ(s) ds.
Hence the MVF corresponding to μ is biperiodic, too, if Φ(T1) = Ψ(T1) holds,
i.e., ν = μ. Note that the reconstructed signal (22) is the same for all choices
of the local frequency. This behaviour of the characteristic system motivates
a transformation of solutions, which is investigated in the next subsection.

In case of widely separated time rates T1 ≫ ν−1, solving initial value
problems of the characteristic system (24) in the large time interval [0, T1]
demands the computation of a huge number of oscillations. Consequently,
methods of characteristics for solving the initial-boundary value problem (20)
are inefficient. The analysis of MPDAE solutions via the characteristic system
with initial values in F0 represents just a theoretical tool. On the other hand,
initial values in G0 := [0, T1[×{0} determine a biperiodic solution completely,
too. Characteristic projections starting in G0 can be used to construct an
efficient numerical method to solve the boundary value problem (19), see [8, 9].
Thereby, a boundary value problem for a finite number of DAEs (24) arises.
If we tackle this boundary value problem by a shooting method, cf. [11],
each corresponding initial value problem of DAEs has to be solved only in a
relatively short time interval.

3.3 Transformation of Solutions

In Sect. 2.3, Theorem 1 demonstrates that the local frequency of an according
signal is optional. Just the efficiency of a multivariate representation depends
on an appropriate choice. We recover this arbitrariness of local frequency
functions in the MPDAE model, too.

Theorem 3. Let x̂ : R2 → Rk and ν : R → R satisfy the warped MPDAE
system (21). Given a function μ : R → R, the MVF ŷ : R2 → Rk specified
by (13) represents a solution of the warped MPDAE system (21) corresponding
to the local frequency function μ.
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Hence we can transform a solution of the MPDAE corresponding to a spe-
cific local frequency to another solution with arbitrary local frequency. Note
that the deformation (13) does not change the initial manifold at t1 = 0. In
particular, we can transform a multivariate model to a corresponding constant
local frequency μ ≡ 1. Consequently, the left-hand sides of (17) and (21) co-
incide. Therefore solutions of both PDAE models can be transformed in each
other provided that the input signals involve just one time scale.

Corollary 2. If x̂ : R2 → Rk and ν : R → R satisfy the warped MPDAE
system (21), then the MVF given by (13) with μ ≡ 1 represents a solution of
the MPDAE system (17) including the input b̂(t1, t2) := b(t1). Vice versa,
if the system (17) with b̂(t1, t2) := b(t1) exhibits a solution x̂ : R2 → Rk,
then using ν ≡ 1 in (13) results in a solution of the warped system (21) for
arbitrary local frequency function μ : R → R.

The transformation (13) changes neither the initial values at t1 = 0 nor
the periodicity in t2. Thus transforming a solution of the initial boundary
value problem (21),(20) yields another solution of the problem. In case of
quasiperiodic signals, some restrictions with regard to the used transformation
arise again, which are necessary to preserve the periodicities. Theorem 2 and
Theorem 3 imply an according corollary.

Corollary 3. The following assumptions shall hold:

(i) ν : R → R is T1-periodic, (iii) ν = μ,

(ii) μ : R → R is T1-periodic, (iv) x̂ : R
2 → R

k is (T1, 1)-periodic.

If x̂ and ν fulfil the warped MPDAE system (21), then the MVF ŷ : R2 → Rk

obtained by (13) represents a (T1, 1)-periodic solution of the warped MPDAE
system (21) including the local frequency function μ.

We note that a (T1, 1)-periodic solution of (21) for constant frequency ν
can be transformed in a (T1, T2)-periodic solution of (17) with T2 = ν−1.
This connection is caused by the standardisation of the second period in the
warped system.

Moreover, these corollaries allow to apply results from the MPDAE model
with constant rates in the context of the warped MPDAE model. Especially, it
is proved that the existence of a quasiperiodic solution of the DAE system (16)
implies the existence of a corresponding biperiodic solution of the MPDAE
system (17), see [10]. Together with Corollary 2 and Corollary 3, we obtain
the following important property.

Corollary 4. Let the system of DAEs (16) have a two-tone quasiperiodic
solution x : R → Rk with rates T1, T2. Given an arbitrary T1-periodic lo-
cal frequency function ν : R → R with ν−1 = T2 in (21), the system of
warped MPDAEs features a (T1, 1)-periodic solution x̂ : R2 → Rk, where

x(t) = x̂(t,
∫ t

0 ν(s) ds) holds for all t.
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Based on Corollary 3, we can transform any multidimensional representa-
tion of a quasiperiodic signal to a reference solution including constant fre-
quency ν. However, the corresponding MVF yields an inefficient model for
frequency modulated signals as we have seen in Sect. 2.1.

The degree of freedom in the transformation of biperiodic solutions is given
by the function ξ in (15) again. Now a numerical technique for solving the
biperiodic boundary value problem of the MPDAE system (21) is imaginable,
where we prescribe a periodic function ξ with ξ = 0 and determine the scalar
unknown ν. Unfortunately, the problem becomes extremely sensitive in case of
widely separated time scales, i.e., T1ν ≫ 1. Tiny changes in the local frequency
function result in significant deformations of the corresponding MVF. Thus
we do not expect an a priori specification of the local frequency to generate a
suitable solution.

3.4 Continuous Phase Conditions

If the local frequency is an unidentified function in the MPDAE (21), then we
need an additional postulation to determine the complete solution. Houben
[5] specifies an optimisation condition, which minimises oscillatory behaviour
in MVFs and thus yields simple representations. Another possibility consists
in demanding a continuous phase condition, cf. [7]. Thereby, the phase in each
cross section with t1 = const. is controlled, which often produces elementary
MVFs, too. Without loss of generality, we choose the first component of x̂ =
(x̂1, . . . , x̂k)⊤. Examples for continuous phase conditions are

x̂1(t1, 0) = η(t1) for all t1 ∈ R (26)

or
∂x̂1

∂t2

∣∣∣∣
t2=0

= η(t1) for all t1 ∈ R (27)

including a predetermined slowly varying function η : R → R. We add such a
phase condition as additional boundary condition in time domain. In general,
we do not have a priori knowledge about the specification of the function η.
Nevertheless, applying constant choices, i.e., η ≡ const., is often successful.
Note that (26),(27) represent conditions for scalar functions depending on t1,
which agrees to the structure of the unknown parameters ν(t1).

The degree of freedom in transformations of MPDAE solutions can be
used to justify the existence of solutions satisfying some phase condition. For
example, we discuss the constraint (27) setting η ≡ 0. We assume the exis-
tence of a biperiodic solution x̂ ∈ C1 of (21). The smoothness and periodicity
implies that, for each t1 ∈ R, a corresponding Θ(t1) ∈ R exists such that
∂x̂1

∂t2
(t1, Θ(t1)) = 0. For t1 = 0, we select some Θ(0) ∈ [0, 1[. Motivated by

the implicit function theorem, we postulate that a certain choice t2 = Θ(t1)
with Θ ∈ C1 exists, which forms an isolated curve in the domain of de-
pendence. The periodicity of x̂ produces a T1-periodic function Θ. Now we
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transform the curve t2 = Θ(t1) onto the line t2 = 0, which yields the new
MVF

ŷ(t1, t2) := x̂(t1, t2 + Θ(t1)) = x̂

(
t1, t2 +

∫ t1

0

Θ′(s) ds + Θ(0)

)
. (28)

The involved translation by Θ(0) is of the type (23) and thus results in a
solution again. Furthermore, the periodicity yields

Θ′ =
1

T1

∫ T1

0

Θ′(s) ds =
Θ(T1) − Θ(0)

T1
= 0 . (29)

Hence Theorem 3 implies that the function (28) represents a biperiodic solu-
tion of the MPDAE satisfying the phase condition (27) with η ≡ 0.

4 Illustrative Example

To demonstrate the application of the multidimensional strategy, we consider
the tanh-based LC oscillator in Fig. 4. This circuit is similar to an exam-
ple investigated in [7]. The node voltage u and the branch current ı := IL

are unknown time-dependent functions. The current-voltage relation of the
nonlinear resistor reads

IR = g(u) := (G0 − G∞)U0 tanh (u/U0) + G∞u (30)

including parameters are G0 = −0.1 A/V, G∞ = 0.25 A/V , U0 = 1 V. An in-
dependent input signal b specifies the capacitance C, which produces a voltage
controlled oscillator. We write the arising mathematical model in the form

u̇ = (−ı − g(u))/(C0w) , ı̇ = u/L , 0 = w − b(t) (31)

with the unknown functions u, ı, w and parameters C0 = 100 nF, L = 1μH.
Hence system (31) represents a semi-explicit DAE of index 1. For constant
input, the system exhibits a periodic oscillation of a high frequency. We choose
the input signal b(t) = 1 + 0.9 sin(2πt/T1) with slow rate T1 = 30μs, which
produces frequency modulated signals. Consequently, we apply the respective
warped MPDAE model (21) and determine a biperiodic solution satisfying the
phase condition (27). A finite difference method employing centred differences
on a uniform grid yields a numerical approximation.

Firstly, we select the function η ≡ 0 in phase condition (27). Figure A.5
on page 327 illustrates the results of the multidimensional model. According
to the input signal, the local frequency is high in areas, where the capacitance
is low. Since this behaviour is typical for LC oscillators, the used phase condi-
tion identifies a physically reasonable frequency function. The MVFs û and ı̂
exhibit a weak and a strong amplitude modulation, respectively. The MVF ŵ
reproduces the input signal.
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Fig. 4. Circuit of voltage controlled LC oscillator.

Now we employ the solution of the MPDAE to reconstruct a corresponding
quasiperiodic response of the DAE (31) via (22). For comparison, an initial
value problem of the DAE is solved by trapezoidal rule. Figure A.6 on page 327
shows the resulting signals. We observe a good agreement of both functions,
which confirms the relations between univariate and multivariate model.

Secondly, we perform the simulation using the same techniques but con-
sidering η(t1) = 0.8 sin(2πt1/T1) in phase condition (27). We recognise that
the difference Δν := μ−ν with respect to the previous frequency, see Fig. A.7
on page 328, satisfies Δν = 0, i.e., ν = μ. However, the function Δν is non-
trivial in comparison to the difference between the two choices of the function
η. Figure A.7 illustrates the phase condition in the MVF û, too. Considering
the previous MVFs and applying the transformation (13) with the updated
frequency μ yields the same solution (except for numerical errors). These re-
sults clarify that the solutions belonging to the two different phase conditions
are located in the same continuum of transformed solutions. Moreover, the
simple choice η ≡ 0 in the phase condition (27) already yields an efficient
representation.

Finally, we simulate a case of widely separated rates with T1 = 100 ms in
the input signal. The used phase condition is (27) with η ≡ 0. To validate the
applicability of the inherent MPDAE structure outlined in Sect. 3.2, a method
of characteristics produces the numerical solution now, see [9]. Involved DAE
systems are discretised by trapezoidal rule. Nevertheless, the finite difference
method, which has been applied in the previous simulations, yields the same
solution (except for numerical errors). Figure A.8 on page 328 depicts the
results of the MPDAE model. Local frequency as well as MVFs exhibit the
same behaviour as in the previous case. Just the amplitude modulation in û
disappears. The corresponding DAE solution features about 66000 oscillations
during the period T1 here, which can be reconstructed by these results.

5 Conclusions

Multidimensional models of a quasiperiodic signal are not unique but inter-
connected by a transformation formula. We obtain quasiperiodic solutions of
DAEs via determining multiperiodic solutions of MPDAEs. Accordingly, the
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warped MPDAE system exhibits a continuum of solutions, which reproduce
the same quasiperiodic response of the underlying DAE system. However,
the average frequency of all representations coincides. Thus solutions of the
warped system can be transformed to solutions of the ordinary system, which
enables the use of respective theoretical results. In particular, the existence of
quasiperiodic solutions of DAEs implies the existence of corresponding mul-
tiperiodic solutions of warped MPDAEs for a broad class of local frequency
functions. Moreover, the arising transformation formula allows for the anal-
ysis of additional conditions for the determination of a priori unknown local
frequency functions. Numerical simulations based on the warped MPDAE
system confirm the transformation qualities of the multidimensional model.
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An Improved Method to Detect Riblets on
Surfaces in Nanometer Scaling Using SEM
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Hannover, Germany, eduard.reithmeier@imr.uni-hannover.de

Summary. An improved photometric method for recording a 3D-microtopogrpahy
of technical surfaces will be presented. The suggested procedure employs a scanning
electron microscope (SEM) as multi-detector system. The improvement in measure-
ment is based on an extended model of the electron detection in order to evaluate
the detectors signals in a different way compared to known approaches. The method
will be applied on a calibration sphere in order to demonstrate the accuracy of the
current approach.

1 Introduction

The micro-topography of technical surfaces (Fig. 1) plays an important role for
the functional behaviour of many mechanical parts in machinery. For example
a large part of the energy-loss in consequence of turbulent air-flow in aviation
occurs due to friction between the hull of the plane and the air flowing around
it.

The losses can be reduced considerably by ribbed structures aligned to the
flow; so-called riblets. A structure of a trapezoidal shape has been chosen as
base geometry for this research project. The height of these riblet structures
is about 20 μm, the approximate period length is about 40 μm, the tip radius

Fig. 1. Riblet structures on airplane
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Fig. 2. Trapezoidal base geometry for riblet structures

lies between 0.1 μm and 0.15 μm and the internal radius between 1–2 μm (see
Fig. 2).

To ensure the quality of the production process, it is required to measure
the manufactured surfaces with a horizontal and vertical resolution up to 20
nm. Due to the large areas of measurement these kind of surfaces needs to be
measured fast, sufficiently accurate and, if possible, in non contact mode. Due
to the fact that the requested lateral/vertical resolution lies within a range
from 10 to 20 nm and that the shape of the surface consists of convex and
concave regions, the measurement problem can not be solved using standard
measuring tactile or optical methods. For instance, the problem of using a
tactile measuring system lies in the insufficient sharpness of the stylus tip.
Typically, the tip radius is bigger then 2 μm and the cone angle greater than
60◦, see Fig. 3.

Stylus tip

Sample

Fig. 3. Problem with the measurement of the concave areas

Due to the high aspect ratio of the riblet structures it turned out that the
morphologic filter effects distorts the riblet structures substantially. This dis-
tortion is caused by the shape of the stylus tip. A morphologic deconvolution
in case of known tip geometry does not lead to an accurate reconstruction
of the profile. Thus tactile measurement technique is only suitable for riblet
structures in a very restricted way.
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The stylus tip of the most accurate tactile measurement device, namely
atomic force microscope, is much smaller, but the maximal measurement range
differs between 10 μm and 15 μm. Also, scanning time is too long for the
measurement of large areas.

The usage of optical measuring systems is restricted due to the fact that
these systems are based on the analysis of the light reflected by the surface of
the measured object (see Fig. 4).

Fig. 4. Problem of direct light reflection at the lateral faces of riblet structures

With increasing tilt angle of the even but rough surface the part of the
reflected light cone captured by the objective decreases. Reaching the critical
angle the signal to noise ratio finally becomes so bad that the surface cannot be
detected anymore. In addition, the horizontal resolution of the best 100x ob-
jectives with a numerical aperture NA=0.95 is d = λ

2·NA ≈ 0,55μm
2·0,95 = 0, 29μm

leads to a value which does not meet the requirements for measurement of the
riblet structures.

Employing a scanning electron microscope(SEM) uses an electron beam to
take images of the object surface. The electron beam scans the object surface
in vacuum. A detector catches the electrons emitted by the surface. In this
case the resulting image has much higher optical depth of the field as well
as higher lateral resolution. The advantage of the SEM is clearly the higher
lateral resolution (approx. 5 nm) in relation to other measuring techniques.
The 3D-Surface detection can be realized via stereometric evaluation of the
image sequence received at different tilt angles of the specimen. For evaluation
all methods require at least 2 images taken at different inclination angles of
the specimen. The vertical resolution depends on the lateral resolution and
on the tilt angle according to:

Rv =
Rh

sin(λ)
(1)

Here Rv is the vertical resolution, Rh is the horizontal resolution, and λ
states the tilt angle.
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Fig. 5. SEM-images with different tilt angles. Arrows mark identical points in the
topography whose similarity is no more recognizable, particularly in the right image

Unfortunately, the inclination angle of the lateral riblet faces is restricted
to approximately 10◦, due to the limited contrast ration of the SEM images.
(Fig. 5: The arrows mark identical points on the topography, which may not be
detected in the right image anymore). The typical tilt angle in which images
are still similar, lies within the range of 5–7◦. By these angles the vertical
resolution is approximately 10 times larger than the lateral resolution. To
reach a vertical resolution of 0.05 μm, the lateral resolution must lie within
the range of 5 nm. Such a high lateral resolution is close to the limit of the
SEM-recording technology. Additionally, the final 3d images would have a
maximum size of 10 μm x 10 μm, which is insufficient for the measurement of
riblet structures due to their period of 40 μm.

2 Solution: Photometric Method

The reconstruction of surfaces from scanning electron microscope (SEM) im-
ages is object of extensive research [1], [2], [4], but fundamental image pro-
cessing problems are still unsolved. The approach, described in this paper,
uses an alternative model for the image formation. The method is based on
the analysis of the secondary electrons registered by the Everhart-Thornley
SE detector (Fig. 6).

Before the algorithm will be introduced, let us discuss the physical pro-
cesses occurring during irradiation of the specimen’s surface with primary
electrons. The energy of the primary electrons lies in the range of 20–30kV.
Electrons, penetrated in the surface, create an electron diffusion region. De-

Photomultiplier

Plastic
Scintilator

Photocathode
Anode

Collector

Specimen

Primary
electrons

Secondary
electrons

Backscattered
electronsSignal h�

Fig. 6. Everhart-Thornley SE-detector [1]
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pending on the activation type, free electrons of different energy levels are
being produced. Inelastic scattering in the area close to the injection hole
(0.1–1 nm) yields creation of the low-energy (0–50eV), so called, pure sec-
ondary electrons (SE). Deeper areas also produce SE, but their energy is
too small to be emitted from the surface, therefore only high-energy back-
scattered electrons(BSE) leave the specimen. The typical energy distribution
of electrons emitted from the surface of the specimen is shown on Fig. 7. Due
to the fact that most part of emitted electrons are SE, only these electrons are
essential for 3D analysis of the SEM images. Furthermore, electrons with high
energy can be distinguished using SEM images with a negative bias voltage
as shown below.
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Fig. 7. Energy distribution of the secondary electron’s yield(left), low energy dis-
tribution(right) [1]

The typical energy distribution of SE’s is shown on Fig. 7. According to
[1] the probability density of secondary electrons f(Ue) as function of the
electron’s energy can be calculated as:

f(Ue) = K(Up)
Ue

(Ue + We)
4 ,K(Up) =

6W 2
e (Up + We)

3

U3
p + 3U2

pWe
(2)

Here We is so called electron’s work function, Up is the energy of the primary
electrons and Ue is the energy of the emitted electrons.

According to Lambert’s cosine law, the angle distribution of the probability
density g(ϕ) may be expressed by:

g(ϕ) =
1

2
cos(ϕ) (3)

ϕ states the angle between the normal vector of the surface and the emitting
direction of the electron.

Using distributions (2) and (3), the distribution of secondary electrons
registered by the SE-detector may be expressed by a function of the speci-
men’s tilt angle ϕ. For this purpose the SE-detector is modelled by an electric
charge, homogeneously distributed on a sphere with a radius r0. The electron
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is considered to be registered by SE-detector, if the minimal distance from the
centre of the spherical charge is less then r0. In fact the interaction with the
probe also needs to be considered; for simplification however, the influence of
the specimen’s conducting material is neglected. Due to the nature of electric
fields all closed orbits of the electrons have an elliptic shape. According to
the laws of energy and momentum conservation, this ellipse is defined by the
following parameters:

Rmin =
−Udr0e +

√
U2

d r
2
0e

2 + 4 (Ue − Udr0e/d)Ued2 sin2(α)

2 (Ue − Udr0e/d)

Rmax =
−Udr0e −

√
U2

d r
2
0e

2 + 4 (Ue − Udr0e/d)Ued2 sin2(α)

2 (Ue − Udr0e/d)

(4)

Obviously, Rmin and Rmax depend on the angle α, which is the angle be-

tween the vector of the initial velocity v0 =
√

2Ue

me
of the electron and the

centre of the SE-detector, me is the mass of the electron, Ud is the detector
bias, Ue is the energy of the emitted electron, r0 is the radius of the detector,
d is the distance to the detector and e is the charge of the electron

If Rmax < r0, the electron is considered to have been registered by the
SE-detector. Due to the properties of the sine function, for each initial veloc-
ity vector v0 there exists an angle αmax(v0, Ud, d), for which all electrons with
a start angle of [-αmax(v0, Ud, d)...αmax(v0, Ud, d)],[π − αmax(v0, Ud, d)...π +
αmax(v0, Ud, d)] will be collected by the SE detector. The amount of regis-
tered electrons as function of the angle between surface and detector can be
represented as follows:

f(β) =

U max(=50V )∫

0

Ue

(Ue + We)
4σ(Ue, β)dUe (5)
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Here σ(Ue, β) := (4π)
−1

β−αmax∫
β−αmax

|cos(ϕ)|
√

α2
max − (ϕ − β)

2
dϕ

Figure 9 shows the ration σ(Ue, β) of the registered to exposed electrons.
Low energy electrons are collected by the detector at each tilt angle (left
part of the image). With the increasing velocity v0 of the electrons, σ(Ue, β)
becomes sinusoidal (right part).

As a result f(β) and its corresponding Fourier transformation is shown in
Fig. 10:
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mation
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That is f(β) may be approximated by

f(β) = A − B cos2(β) (6)

without loss of the necessary accuracy. This approximation is used for further
calculations. Now let us describe the angle β via differential characteristics of
the surface with respect to the position of the detector:

nd =

⎡

⎣
cos(ϕ0)

0
sin(ϕ0)

⎤

⎦ ,n =

⎡
⎢⎢⎢⎣

−∂Z(x, y)

∂x

−∂Z(x, y)

∂y
1

⎤
⎥⎥⎥⎦ ,nz =

⎡

⎣
0
0
1

⎤

⎦

Here, nd is the vector to the SE-detector, n the normal to the surface and
nz is the vector to SEM electron gun (see Fig. 11).

The angle between nd and n vectors can be expressed by:

cos(β(x, y)) =
cos(ϕ0)

∂Z(x, y)

∂x
+ sin(ϕ0)

√

1 +
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2
(7)

At this stage the registered portion by the SE-detector will be used for
further calculations.

The last step is to define the intensity Ie of emitted SE’s as a function of
the tilt angle α(x, y):

Ie(α(x, y)) =
I0

cos(α(x, y))
= I0

√

1 +
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2

(8)

Here α is the angle between the tangent plane on the surface mounted in
point (x, y) and the direction to the electron gun. Finally, the intensity Ie of
electrons, registered by the SE-detector results in

n
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Fig. 11. Normal vectors (left), tilt of the specimen (right)
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I =

√

1+
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2

⎛
⎜⎜⎜⎝C1− C2

(
− cos(ϕ0)

∂Z(x, y)
∂x

+ sin(ϕ0)

)2

1 +
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2

⎞
⎟⎟⎟⎠

(9)
This expression will be used for the gradient algorithm, which is presented in
the following section. For the surface reconstruction four Everhart-Thornley
SE-detectors are used. They are symmetrically positioned in the X-Z and Y-Z
planes. The tilt angle of each detector is ϕ0 (see Fig. 12).
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Fig. 12. Measurement setup

2.1 Algorithm

Step 1: Elimination of the BSE electrons. For this purpose each detector will
be used twice. Firstly SEM image I∗ should be created using a detector bias
voltage of −20V. Then the bias voltage must be set to approx. 50V and image
I∗∗ will be produced. The difference I = I∗∗ − I∗ serves as basis for further
calculations and should be produced sequentially for each of the four detec-
tors.
Step 2: Evaluation. According to equation (9) intensities of the collected elec-
trons are estimated as follows:

I1,2 =

√

1+
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2

⎛
⎜⎜⎜⎝C1− C2

(
− cos(ϕ0)

∂Z(x, y)
∂x

±sin(ϕ0)

)2

1 +
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2

⎞
⎟⎟⎟⎠

(10)
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I3,4 =

√

1+
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2

⎛
⎜⎜⎜⎝C1−C2

(
− cos(ϕ0)

∂Z(x, y)
∂y

±sin(ϕ0)

)2

1 +
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2

⎞
⎟⎟⎟⎠

(11)
Hence, for each point (x, y) there exist four equations with four unknowns.

The Jacobian of the equation system (10)–(11) takes the following view:

J =

16 · cos4(ϕ0) ·
((

∂Z
∂x

)2 −
(

∂Z
∂y

)2
)

· C2
2 · sin2(ϕ0)

1 +
(

∂Z
∂x

)2
+
(

∂Z
∂y

)2 (12)

According to the inverse function theorem ∂Z
∂x and ∂Z

∂y can be uniquely deter-

mined, if J 
= 0, i.e.
∣∣∂Z

∂x

∣∣ 
=
∣∣∣∂Z

∂y

∣∣∣. In that case, combining of I1, I2 and I3, I4,

respectively, yields to:

I1 − I2 =
−2C2

∂Z(x, y)

∂x
sin(2ϕ0)

√

1 +
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2
(13)

I3 − I4 =

−2C2
∂Z(x, y)

∂y
sin(2ϕ0)

√

1 +
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2
(14)

Also:

I1 + I2 − I3 − I4 =

2C2

(
∂Z(x, y)

∂y

2

− ∂Z(x, y)

∂x

2
)

cos2(ϕ0)

√

1 +
∂Z(x, y)

∂x

2

+
∂Z(x, y)

∂y

2
(15)

Combining of (13)–(15) leads to the following linear system of equations:
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

I2 + I1 − (I3 + I4)

I1 − I2 + I3 − I4
=

∂Z(x, y)
∂y

− ∂Z(x, y)
∂x

2 tan(ϕ0)

I2 + I1 − (I3 + I4)

I3 − I4 − I1 + I2
=

∂Z(x, y)
∂y

+
∂Z(x, y)

∂x

2 tan(ϕ0)

(16)
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Finally the partial derivatives of the surface are determined by:

⎧
⎪⎪⎨
⎪⎪⎩

∂Z(x, y)

∂x
= 2 tan(ϕ0)

I2 + I1 − I3 − I4

(I3 − I4)
2 − (I1 − I2)

2 (I1 − I2)

∂Z(x, y)

∂y
= 2 tan(ϕ0)

I2 + I1 − I3 − I4

(I3 − I4)
2 − (I1 − I2)

2 (I3 − I4)
(17)

For the case that J = 0, the constant C2 needs to be predefined. ∂Z
∂x and

∂Z
∂y can be determined in this case from (13)–(14)

∂z

∂y

2

=
(I3 − I4)

2

− (2C2 sin(2ϕ0))
2

+ (I3 − I4)
2
+ (I1 − I2)

2 (18)

∂z

∂x

2

=
(I1 − I2)

2

− (2C2 sin(2ϕ0))
2

+ (I3 − I4)
2

+ (I1 − I2)
2 (19)

A more realistic description of the problem may be obtained by involv-
ing a random function in I1−4. In that sense the signal to noise ratio as well
as discretization errors in the measurement of I1−4 could be taken into con-
sideration. For (I1 − I2)

2 − (I3 − I4)
2 → 0, it is recommended to determine

constant C2 via calibration methods and use (18)–(19) for the definition of
the partial derivatives .

The main objective, namely to determine the surface Z(x, y) of the mea-
sured specimen, can be carried out by numerical integration [3] of the partial
derivatives Zx(x, y) and Zy(x, y). This holds for a certain range of derivatives.

3 Comparing Simulation Results with a Real Data

A calibration sphere of a radius r=775 μm was used for the verification of
the described approach. The results of the simulation were compared with
real data. As measurement device SEM EVO 60 XVP (Fa. Carl Zeiss) was
used. This SEM has 1 SE-detector, but includes the feature to rotate around
z-axis. This capability was used for taking four images as if there exist four
SE-detectors (Fig. 13).

�z=0° �z=90° �z=180° �z=270°

Fig. 13. SEM images from 4 SE-detectors
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The measurements detected the spherical structure, with a radius of r=780
μm. The average deviation from the spherical surface lies in the range of
±10μm. The maximal deviation, however, is about 30 μm. Such a big error
occurs due to neglecting of the higher frequencies in (6) as well as insufficient
precision of I1−4 functions (max 256 levels).
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Fig. 14. SEM images from 4 SE-detectors

4 Conclusion

For simplification it was assumed that the angle distribution of the registered
electrons takes the simple form of equation (6). However, this approximation
is not exact and should be expanded. Furthermore, in reality the detector is
not spherical, as well as the influence of the specimen’s material is not being
negligible. As a result the SE intensity distribution should have a more sophis-
ticated form. Nevertheless, these results are very promising and improving the
approximations, mentioned above, will certainly lead to even better results.
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Summary. The dynamical behavior of a molten carbonate fuel cell (MCFC) can
be modeled by systems of partial differential algebraic equations (PDEAs) based on
physical and chemical laws. Mathematical models for identification and control are
considered as valuable tools to increase the life time of the expensive MCFC power
plants, especially to derive control strategies for avoiding high temperature gradi-
ents and hot spots. We present numerical simulation results for a load change of
a new one-dimensional counterflow MCFC model consisting of 34 nonlinear partial
and ordinary differential algebraic-equations (PDEAs) based on physical and chem-
ical laws. The PDAE system is discretized by the method of lines (MOL) based
on forward, backward, and central difference formulae, and the resulting large sys-
tem of semi-explicit differential-algebraic equations is subsequently integrated by an
implicit DAE solver.

1 Introduction

Molten carbonate fuel cells (MCFCs) are a challenging new technology for
stationary power plants, see e.g. Bischoff and Huppmann [2], Rolf [11], or Win-
kler [19]. They allow internal reforming of a fuel gas, for example methane,
inside the cell with an operating temperature of about 650o C, and have
the advantage of producing clean exhaust gases. The dynamical behavior of
MCFCs can be modeled by one- and two dimensional systems of partial dif-
ferential algebraic equations, see Heidebrecht and Sundmacher [8, 9, 10]. One
of these particular models was recently validated for a real fuel cell operated
at the power plant of the Magdeburg university hospital, see Gundermann,
Heidebrecht, and Sundmacher [5].

The following main assumptions are made to derive the MCFC model
equations, see also Heidebrecht [7]. First, plug flow conditions for the gas phase
in anode and cathode are assumed, where different phases may have different
temperatures and may exchange heat. All solid parts of the cell are lumped
to one phase with respect to enthalpy balance. The temperatures of the two
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gas phases are calculated separately, and the MCFC is operated at nearly
ambient pressure. We do not consider pressure drops across the gas channels,
i.e., isobaric conditions are assumed. All cells in the stack behave alike, so
that the simulation of a single cell is sufficient taking insulation conditions at
boundaries of neighboring cells into account. All chemical substances have the
same heat capacity, which is independent of temperature. Reaction enthalpies
are independent of the temperature. The temperature dependent chemical
equilibrium constants and standard open circuit voltages are approximated
by affine-linear functions. Ideal gas law is applied. Reforming reactions in
the anode gas channel are modeled as quasi-homogeneous gas phase reactions
using volume-related reaction rates. Methane steam reforming and water gas
shift reactions are considered. Their heat of reaction is fully transferred to
the gas phase. Diffusion in flow direction is negligible compared to convective
transport. Heat exchange between electrode and gas phase is described by a
linear function. The corresponding heat exchange coefficient also includes the
effect of thermal radiation in a linearized form.

In this paper, we present a new one-dimensional counterflow model, see
Bauer [1], which is derived from the two-dimensional crossflow model of Hei-
debrecht and Sundmacher [7, 10]. In contrast to a previous model presented
in Chudej et al. [3], this new one has differential time index νt = 1 and MOL
index νMOL = 1, which are easily derived from the two-dimensional analysis
of Chudej, Sternberg, and Pesch [4]. The resulting dynamical system consists
of twenty partial differential equations, four partial algebraic or steady-state
equations, respectively, nine coupled ordinary differential and one coupled
ordinary algebraic equation.

The spatial derivatives are approximated at grid points by forward, back-
ward, and central difference formulae depending on the mathematical struc-
ture of the differential equation, especially the transport direction. An equidis-
tant grid is used. Neumann boundary conditions are set for the heat equation
and Dirichlet boundary conditions for the transport equations. Together with
the additional coupled system of DAEs, the method of lines leads to a large
set of differential algebraic equations, where the initial values are derived from
the given initial values of the PDAE system. The procedure is called numerical
method of lines, see Schiesser [12] or Schittkowski [15].

The nonlinear model equations are implemented in the model language
PCOMP, see Schittkowski [17], under the interactive software system EASY-
FIT, see Schittkowski [15, 16]. For a further set of practical PDAE models see
Schittkowski [18].

Section 2 contains a brief summary of the technological background and
the detailed mathematical equations. In Sect. 3, we describe the numerical
procedures in more detail and present numerical simulation results for a load
change of the fuel cell.
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2 The Molten Carbonate Fuel Cell Model

2.1 Technological Description and Mathematical Variables

The model under investigation describes the dynamical behavior of a MCFC
in a counterflow configuration with respect to anode and cathode gas streams,
see Fig. 1.

In the anode channel, the feed gas, usually methane CH4, and water H2O
are converted to hydrogen H2, carbon monoxide CO, and carbon dioxide CO2,
see Fig. 1 (ref1, ref2). This reforming process consumes heat, and only high
temperature fuel cells offer the opportunity for internal reforming.

(ref1) CH4 + H2O ⇋ CO + 3 H2 ,
(ref2) CO + H2O ⇋ CO2 + H2 .

Simultaneously, two electro-chemical reactions consume hydrogen and carbon
monoxide to produce electrons in the porous anode electrode. Both consume
carbonate ions, CO2−

3 , from the electrolyte layer which is located between the
anode and cathode electrodes,

(ox1) H2 + CO2−
3 ⇋ H2O + CO2 + 2e− ,

(ox2) CO + CO2−
3 ⇋ 2 CO2 + 2e− .

At the porous cathode electrode the reduction reaction produces new carbon-
ate ions from oxygen, O2 and carbon dioxide, CO2,

(red)
1

2
O2 + CO2 + 2e− ⇋ CO2−

3 .

(ref1,2)

(ox1,2)

(red)
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Fig. 1. 1D counterflow model of a molten carbonate fuel cell with mathematical
variables and considered chemical reactions
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Hereby, the carbonate ions produced at the cathode electrode are transferred
through the electrolyte to the anode electrode. Electric current Icell and cell
voltage Ucell can be collected at the electrodes, see Fig. 1.

The mathematical model uses the following mathematical variables, see
again Fig. 1, where j ∈ {a, c,m, in}:

χi,j - molar fractions, i ∈ I
def
= {CH4, H2O, H2, CO, CO2, O2, N2},

χj = (χi,j)i∈I ,
γj - molar flow densities,
θs - solid temperature,
θj - gas temperatures,
ΦL

a , ΦL
c - electrical potentials at anode and cathode,

Ucell - cell voltage,
Icell - cell current,
θair - temperature of air,
λair - air number,
Rback - cathode recycle switch.

The definition of molar fractions intrinsically leads to the balance
equation

∑
i∈I χi,j ≡ 1, j ∈ {a, c,m, in}, since the model equations fulfill∑

i∈I
∂χi,j

∂t ≡ 0, j ∈ {a, c}. Therefore global minimal coordinates, i.e. a suit-
able subset of the molar fractions depending on the boundary conditions, can
be applied.

The main variable is the solid temperature θs which is needed to define a
heat equation. The solution of the solid temperature should avoid high tem-
perature gradients and especially hot spots, which drastically shorten service
life and eventually damage the fuel cell irreparably.

2.2 The Dynamical Model

All variables are dimensionless. One unit of the dimensionless time corre-
sponds to 12.5 seconds. Input variable of the system is the cell current Icell(t),
which is given as a step function for modeling a load change of the fuel cell.

For performing numerical simulations, the boundary conditions for the gas
temperature θin, the molar fractions χin, and the molar flow density γin are
given in form of time dependent functions at the anode inlet (z = 0). The
quantities λair and θair are also prescribed as time dependent functions, see
Fig. 1.

Heat equation in the solid:

∂θs

∂t
= λ

∂2θs

∂z2
+ f1(θs, θa, θc, χa, χc, Φ

L
a , Φ

L
c , Ucell),

∂θs

∂z
|z∈{0,1} = 0.
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Advection equations in the gas streams:

∂χa

∂t
= −γaθa

∂χa

∂z
+ f2(θs, θa, χa, Φ

L
a ), χa|z=0 = χin(t),

∂χc

∂t
= +γcθc

∂χc

∂z
+ f3(θs, θc, χc, Φ

L
c , Ucell), χc|z=1 = χm(t),

∂θa

∂t
= −γaθa

∂θa

∂z
+ f4(θs, θa, χa, Φ

L
a ), θa|z=0 = θin(t)

∂θc

∂t
= +γcθc

∂θc

∂z
+ f5(θs, θc, χc, Φ

L
c , Ucell), θc|z=1 = θm(t).

Steady-state equations for molar flow densities:

0 =
∂(γaθa)

∂z
− f6(θs, θa, χa, Φ

L
a ), γa|z=0 = γin(t),

0 =
∂(γcθc)

∂z
− f7(θs, θc, χc, Φ

L
c , Ucell), γc|z=1 = γm(t).

Equations for potentials and current density:

∂ΦL
a

∂t
= [ia(θs, χa, Φ

L
a ) − i]/ca ,

∂ΦL
c

∂t
= [ia(θs, χa, Φ

L
a ) − i]/ca + [ie(Φ

L
a , Φ

L
c ) − i]/cc ,

i =
(
c−1
a + c−1

e + c−1
c

)−1
(

ia − Ia
ca

+
ie − Ie

ce
+

ic − Ic
cc

)
+ Icell

Integro differential algebraic equations:

dUcell

dt
=

Ia − Icell
ca

+
Ie − Icell

ce
+

Ic − Icell
cc

Ia(t) =

∫ 1

0

ia(θs, θa, χa, Φ
L
a ) dz,

Ic(t) =

∫ 1

0

ic(θs, θc, χc, Φ
L
c , Ucell) dz,

Ie(t) =

∫ 1

0

ie(Φ
L
a , Φ

L
c ) dz,

dχm

dt
= f8(θm, χm, θa|z=1, χa|z=1, γa|z=1, θc|z=0, χc|z=0, γc|z=0,

λair, θair, Rback),

dθm

dt
= f9(θm, θa|z=1, χa|z=1, γa|z=1, θc|z=0, χc|z=0, γc|z=0,

λair, θair, Rback),

γm = f10(θm, θa|z=1, χa|z=1, γa|z=1, θc|z=0, χc|z=0, γc|z=0,

λair, θair, Rback).
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Initial values:

θs|t=0 = θs,0(z), θa|t=0 = θa,0(z), θc|t=0 = θc,0(z), θm|t=0 = θm,0(z),
χa|t=0 = χa,0(z), χc|t=0 = χc,0(z), χm|t=0 = χm,0(z),
ΦL

a |t=0 = ΦL
a,0(z), Φ

L
c |t=0 = ΦL

c,0(z), Ucell|t=0 = Ucell,0

Constraints:

γa > 0, γc > 0, θa > 0, θc > 0,

0 ≤ χi,j ≤ 1, i ∈ I, j ∈ {a, c,m, in},
∑

i∈I χi,j ≡ 1, j ∈ {a, c,m, in}.

The dynamical behavior at the outlet of the reversal chamber is described by
a DAE, which couples the outlet of the anode and the inlet of the cathode
and, if the cathode recycle is switched on, with the outlet of the cathode. To
summarize, we obtain a coupled PDAE/DAE system consisting of 34 nonlinear
equations.

2.3 The Details

The missing functions are to be specified subsequently for the matter of com-
pleteness.

Right hand sides of the PDAEs:

f1 = −
∑

i=H2,CO
j=ox1,2
νi,j<0

(θa − θs)νi,jDajrj −
∑

i=CO2,O2
νi,red<0

(θc − θs)νi,redDaredrred

+qsolid − (θs − θa)Stas − (θs − θc)Stcs,

f2,i

θa
=

∑

j=ox1,2,ref1,2

(
νi,j − χi,a

∑

k∈I

νk,j

)
Dajrj ,

f4

θa
=

∑

i=H2O,CO2

j=ox1,2
νi,j>0

(θs − θa)νi,jDajrj +
∑

j=ref1,ref2

−ΔRh0
j

Dajrj

cp

+
(θs − θa)Stas

cp
,

f6 =
f4

θa
+ θa

∑

j=ox1,ox2,ref1,ref2
i∈I

νi,jDajrj ,

f3,i

θc
=

⎛

⎝νi,red − χi,c

∑

j∈I

νj,red

⎞

⎠Daredrred,
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Table 1. Constants

cp 4.5 F 3.5
8

λ 0.666/2.5

cp,s 10000 κe 1 θu 1

Stas 80.0 ca 0.00001 λair 2.2
Stcs 120.0 ce 0.00001 χO2,air 0.21
Stm 1.0 cc 0.00001 θair 1.5

j Daj Arrj θ0
j ∆Rh0

j α+
j α−

j nj

ref1 25.0 84.4 2.93 90.5
ref2 100.0 6.2 2.93 -14.5
ox1 5.0 21.6 2.93 56.0 0.5 2.0
ox2 5.0 21.6 2.93 42.0 0.5 2.0
red 0.3 31.6 2.93 156.0 2.5 0.5 2.0

i ∆Ch0
i νi,ref1 νi,ref2 νi,ox1 νi,ox2 νi,red

CH4 -323.85 -1.0 0.0 0.0 0.0 0.0
H2O 0.0 -1.0 -1.0 1.0 0.0 0.0
H2 -97.62 3.0 1.0 -1.0 0.0 0.0
CO -114.22 1.0 -1.0 0.0 -1.0 0.0
CO2 0.0 0.0 1.0 1.0 2.0 -1.0
O2 0.0 0.0 0.0 0.0 0.0 -0.5
N2 0.0 0.0 0.0 0.0 0.0 0.0

f5

θc
=

Stcs
cp

(θs − θc), f7 =
f5

θc
+ θc

∑

i∈I

νi,redDaredrred,

ia = F
∑

j=ox1,ox2

njDajrj , ie = (ΦL
a − ΦL

c )κe,

ic = −F nredDaredrred,

qsolid =
∑

j=ox1,ox2

[−ΔRh0
j + nj(Φ

S
a − ΦL

a )]Dajrj

+[−ΔRh0
j + nred(ΦS

c − ΦL
c )]Daredrred + (ΦL

a − ΦL
c )ie/F.

Reaction kinetics:

rref1 = e
Arrref1

(
1

θ0
ref1

− 1

θa

)

·
(
χCH4,aχH2O,a −

χ3
H2,aχCO,a

Kref1

)
,

rref2 = e
Arrref2

(
1

θ0
ref2

− 1

θa

)

·
(
χCO,aχH2O,a − χH2,aχCO2,a

Kref2

)
.
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rox1 = e
Arrox1

(
1

θ0
ox1

− 1

θs

) ⎡
⎢⎣χH2,ae

α+
ox1nox1(−ΦL

a − ΔΦ0
ox1)

θs

−χH2O,aχCO2,ae

−(1 − α+
ox1)nox1(−ΦL

a − ΔΦ0
ox1)

θs

⎤
⎥⎦ ,

rox2 = e
Arrox2

(
1

θ0
ox2

− 1

θs

) ⎡
⎢⎣χCO,ae

α+
ox2nox2(−ΦL

a − ΔΦ0
ox2)

θs

−χ2
CO2,ae

−(1 − α+
ox2)nox2(−ΦL

a − ΔΦ0
ox2)

θs

⎤
⎥⎦ .

rred = e
Arrred

(
1

θ0
red

− 1

θc

) ⎡
⎢⎣χ−2

CO2,ce

α+
red(Ucell − ΦL

c − ΔΦ0
red)

θc

−χ0.75
O2,cχ

−0.5
CO2,ce

−α−
red(Ucell − ΦL

c − ΔΦ0
red)

θc

⎤
⎥⎦ .

Kref1(θa) = exp(30.19 − 90.41/θa), Kref2(θa) = exp(−3.97 + 14.57/θa),

ΔΦ0
ox1(θs) = 28.26 − 19.84θs, ΔΦ0

ox2(θs) = 20.98 − 17.86θs,

ΔΦ0
red(θs) = 78.00 − 23.06θs.

Catalytic combustor and reversal chamber:

γair = γa|z=0
λair

χO2,a|z=0
(2χCH4,a|z=0 + 0.5χCO,a|z=0 + 0.5χH2,a|z=0)

γback = Rback(t)γc|z=0

In the following equations θa, χa, γa are abbreviations for θa|z=1, χa|z=1, γa|z=1.



Numerical Simulation of a Molten Carbonate Fuel Cell by PDAEs 65

γb = γa

(
1 − 1

2
χH2,a − 1

2
χCO,a

)
+ γair + γback,

χCH4,b = χH2,b = χCO,b = 0,

χH2O,b =
γa

γb
(2χCH4,a + χH2O,a + χH2,a) +

γback

γb
χH2O,c|z=0,

χCO2,b =
γa

γb
(χCH4,a + χCO,a + χCO2,a) +

γback

γb
χCO2,c|z=0,

χO2,b =
γair

γb
χO2,air − γa

γb

(
2χCH4,a +

1

2
χH2,a +

1

2
χCO,a

)
+

γback

γb
χO2,c|z=0,

χN2,b =
γair

γb
(1 − χO2,air) +

γback

γb
χN2,c|z=0,

θb = θu +
γa

γb

(
∑

i∈I

−Δch
0
i

cp
χi,a + θa − θu

)
+

γair

γb
(θair − θu)

+
γback

γb
(θc|z=0 − θu),

f8,i = γb(χi,b − θi,m)θm,

f9 = γb(θb − θm)θm − Stm
cp

(θm − θu)θm,

f10 = γb + γb
θb − θm

θm
− Stm

cp

θm − θu

θm
.

Non-zero boundary conditions:

χCH4,a = 1/3.5, χH2O,a = 2.5/3.5, θa = 3, γa = 1, Rback = 0.

Non-zero initial conditions at t = 0:

χCH4,a,0 = 1/3.5, χH2O,a,0 = 2.5/3.5, χH2O,c,0 = 0.2, χCO2,c,0 = 0.1,
χO2,c,0 = 0.1, χN2,c,0 = 0.6, θa,0 = 3, θc,0 = 3,
θm,0 = 3, θs,0 = 3.1, γa,0 = 1, γc,0 = 6,
ΦS

a,0 = 32.3, ΦS
c,0 = 32.3, Ucell,0 = 32.3, χH2O,m,0 = 0.2,

χCO2,m,0 = 0.1, χO2,m,0 = 0.1, χN2,m,0 = 0.6.

3 Numerical Methods and Results

A widely used idea is to transform partial differential equations into a system
of ordinary differential algebraic equations by discretizing the model functions
subject to the spatial variable z. This approach is known as the numerical
method of lines (MOL), see for example Schiesser [12]. We define a uniform
grid of size ng and get a discretization of the whole space interval from z = 0
to z = 1. To approximate the first and second partial derivatives of the state
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Fig. 2. Molar fraction χCH4,a in anode
gas channel
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Fig. 3. Molar fraction χH2O,a in anode
gas channel

variables subject to the spatial variable at a given point zk, k = 1, . . ., ng,
several different alternatives have been implemented in the code PDEFIT, see
Schittkowski [14] for more details, which is applied for the numerical tests of
this paper.

Spatial derivatives of the heat variable θs(z, t) are approximated by a three-
point-difference formulae for first derivatives, which is recursively applied to
get second derivative approximations. The difference formulae are adapted at
the boundary to accept given function and gradient values. First derivatives
of the remaining transport variables are approximated by simple forward and
backward differences, so-called upwind formulae, where the wind direction is
known in advance. Ordinary differential and algebraic equations are added to
the discretized system without any further modification.

In case of algebraic partial or ordinary differential equations, boundary
conditions have to satisfy the algebraic equations. Consistent initial values are
computed internally proceeding from given starting values for the nonlinear
programming algorithm NLPQL of Schittkowski [13]. It is known that the
system of PDAEs possesses the index one.

The method of lines leads to a large system of differential algebraic equa-
tions, where the size depends on the number of grid points, i.e., on ng. The
system equations are integrated by the implicit code RADAU5, see Hairer and
Wanner [6]. Because of the non-continuous input variable

Icell(t) :=

{
3 , if t ≤ 1000
3.5 , if t > 1000

,

the cell current, the right-hand side of some equations become non-continuous
subject to integration time. Thus, it is necessary to restart the integration of
the DAE at t = 1000.

Because of a complex input structure, the code PDEFIT is called from
a GUI called EASY-FIT, see Schittkowski [15, 16], to facilitate modeling,
execution, and interpretation of results. Model functions are interpreted based
on a language called PCOMP similar to Fortran, see Schittkowksi [17]. To give



Numerical Simulation of a Molten Carbonate Fuel Cell by PDAEs 67

z
-

0

10
1000

t

Fig. 4. Molar fraction χH2,a in anode
gas channel

z
-

0

10
1000

t

Fig. 5. Molar fraction χCO,a in anode
gas channel
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Fig. 6. Molar fraction χCO2,a in anode
gas channel
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Fig. 7. Molar fraction χH2O,c in cath-
ode gas channel

an example, consider the parabolic heat equation which is implemented in the
form

* FUNCTION Ts_t

sigmaTred = (-hrred + nred *(phicS - phicL))*Dared*rred

sigmaTox = (-hrox1 + nox1*(phiaS - phiaL))*Daox1*rox1)

/ + (-hrox2 + nox2*(phiaS - phiaL))*Daox2*rox2

qsolid = sigmaTox + sigmaTred - (phicL - phiaL)/F

hsc = cpm*(-ncsCO2 - ncsO2)*(Tc - Ts)

hsa = cpm*(-nasH2 - nasCO2)*(Ta - Ts)

qcond = Ts_zz*l2/Pes

Ts_t = (qcond + hsa + hsc - qas - qcs + qsolid)/cps

Here, Ts zz denotes the second partial derivative of θs(z, t) subject to the
spatial variable z.

The MOL is applied with ng = 15 lines. For our numerical tests, the
absolute stopping tolerance of RADAU5 is ǫ = 10−5. The DAE is integrated
from t = 0 to t = 2000 with a break at t = 1000.

The numerical solution of some selected components is shown in Figs. 2–13
to illustrate the qualitative behavior of the state variables.

Note that at t ≈ 800 the stationary solution for Icell = 0.3 is reached. At
t = 1000 the load change happens. At t ≈ 1800 the new stationary solution



68 K. Chudej, M. Bauer, H.J. Pesch, and K. Schittkowski

z
-

0

10
1000

t

Fig. 8. Molar fraction χCO2,c in cath-
ode gas channel

z
-

0

10
1000

t

Fig. 9. Molar fraction χO2,c in cathode
gas channel

for Icell = 0.35 is reached. The molar fraction of methane and water depicted
in Figs. 2 and 3 decrease over the entire spatial width due to the methane
and water consuming endothermic reforming reaction. In accordance with
the methane behavior, hydrogen is produced in the endothermic reforming
reaction immediately after the anode inlet, to become subsequently consumed
in the exothermic oxidation reaction, see Fig. 4. At t = 1000 the load change
takes place. More electrones are needed, therefore due to (ox1) the molar
fraction of hydrogen decreases (Fig. 4). In Figs. 5 and 6, the behavior of
the molar fractions of carbone monoxide and dioxide are plotted. The molar
fraction of water increases in flow direction of the cathode gas channel, Fig. 7,
whereas the molar fractions of carbon dioxide and oxygen decrease, see Figs. 8
and 9.

The most important results concern the temperatures shown in Figs. 10
to 11. They directly influence the reaction rates. Moreover, the solid temper-
ature of Fig. 12 must be particularly observed to avoid so-called hot spots
leading to material corrosion and consequently to a reduced service life. The
temperature distribution in the anode channel coincides with the heat de-
mand and the heat release of the reactions therein, see Fig. 10. Initially we
have the endothermic reforming reaction and thus, the temperature declines.
Subsequently, the anode gas temperature is increased again by heat exchange
with the solid, which is heated by the electro chemical reactions. Since the
cathode gas is heated up by the solid phase along the channel, the temperature
continuously increases, see Fig. 11. Finally, the current density ia is plotted
in Fig. 13. ia is almost similar to ie and ic.

4 Conclusions

A complex mathematical model describing realistically the dynamical behav-
ior of a molten carbonate fuel cell, has been presented. The semi-discretisation
in space of the large scale partial differential-algebraic equation system to-
gether with its nonstandard boundary conditions including an Integro-DAE
system yields a large system of differential-algebraic equations by the method
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Fig. 13. Current density ia

of lines. The obtained numerical results correspond to the practical experi-
ences of engineers with real fuel cells of the type investigated. The model will
be used in future for optimal boundary control purposes.
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Rigid Registration of Medical Images by
Maximization of Mutual Information

Rainer Lachner

BrainLAB AG, Kapellenstr. 12, 85622 Feldkirchen, Germany
rainer.lachner@brainlab.com

Summary. Multi-modal medical image registration is an important capability for
surgical applications. The objective of registration is to obtain a spatial transfor-
mation from one image to another by which a similarity measure is optimized be-
tween the images. Recently, new types of solutions to the registration problem have
emerged, based on information theory. In particular, the mutual information simi-
larity measure has been used to register multi-modal medical images. In this article,
a powerful, fully automated and highly accurate registration method developed at
BrainLAB AG is described. Key components of image registration techniques are
identified and a summary presented of the information-theoretical background that
leads to the mutual information concept. In order to locate the maximum of this
measure, a dedicated optimization method is presented. A derivative-free algorithm
based on trust regions specially designed for this application is proposed. The re-
sulting registration technique is implemented as part of BrainLAB’s commercial
planning software packages BrainSCANTM and iPlanR©.

1 Introduction

During the last decades many radiology departments have installed imaging
equipment for three-dimensional image modalities such as Computed Tomog-
raphy (CT), Magnetic Resonance Imaging (MRI), Positron Emission Tomog-
raphy (PET), and Single Photon Emission Computed Tomography (SPECT),
to name just a few. These systems have fundamentally changed the way many
diseases are diagnosed and even treated. Unfortunately, the full power of these
systems has not yet been realized. The software and knowledge needed to take
full advantage of the imaging systems has not kept pace with the development
of the hardware.

Since information obtained from different images acquired in the clinical
track of events is usually of complementary nature, proper integration of use-
ful data gained from the separate image modalities is often desired. A first step
in the integration process is to bring the relevant images into spatial align-
ment, a procedure commonly referred to as registration. To register images,
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Fig. 1. Malignant tumor (glioblastoma in left temporal lobe) two weeks after
surgery. Displayed are corresponding transaxial cuts through the image volumes
with region outlined for irradiation. CT (left), MRI (middle), 11C-Methionine-PET
(right). Note the poor representation of anatomic structures in the PET image.
Using only CT and MRI, residual tumor can not be distinguished from postopera-
tive blood-brain-barrier disturbances. With CT/MRI/PET registration, the residual
tumor can be defined with high accuracy

the geometrical relationship between them must be determined. Registration
of all the available patient image data allows for better data interpretation,
increases diagnostic potential and improves the planning and evaluation of
surgery and therapy.

Radiotherapy treatment planning is an example where the registration of
different modalities greatly enhances therapy planning. Currently, CT is often
used exclusively. However, the combined use of MRI and CT would be bene-
ficial, as the former is better suited for delineation of tumor tissue (and has
in general better soft tissue contrast), while the latter is needed for accurate
computation of the radiation dose. The usefulness can be enhanced even fur-
ther when taking PET into account. PET highlights metabolic processes in
the tumor and is invaluable if a clear tumor boundary can not be found from
CT or MRI alone (see Fig. 1).

2 Medical Imaging and Registration Characteristics

Pereant qui ante nos nostra dixerunt. (To the devil with those who
published before us) - Aelius Donatus

Medical images arise from image sensors, e.g., CT- or MRI scanners, which
detect properties of the patient being imaged. To create an image, values of the
detected properties are mapped into intensity, or alternatively color, scales.

An intensity (i.e. greyscale) image can be interpreted as a function f(x),
where x are the spatial coordinates, and the value of f at the point x is
the greyscale value of the image at that point. Since we are only concerned
with digital images, x and f are discrete quantities. Volumetric (3D) images
are composed of a finite number of volume elements, or voxels, located at
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equidistant points x in the image array. The discrete voxel grid Vf is a subset
of the (usually cuboid) image domain Ωf . The range of f is the range of
allowable intensity values in the image. Medical images are commonly encoded
at 8 or 16 bits per voxel.

Suppose that there are two images, A and B of an object O. The aim of
image registration is to find the spatial transformation T , which best aligns the
position of features in image A to the position of the corresponding features
in image B. The three images in Fig. 1 are registered to each other. Note how
corresponding anatomical structures are aligned.

Since medical images typically have different fields of view, their do-
mains ΩA and ΩB are different. For an object O, imaged by both A and
B, a position x is mapped to xA by image A and to xB by image B. Regis-
tration finds the transformation T , which maps xA to xB over the region of
overlap ΩT

A,B, defined as

ΩT
A,B := {xA ∈ ΩA : T (xA) ∈ ΩB} . (1)

Solving the registration problem is a surprisingly difficult task, especially when
high accuracy and robustness with minimal user interaction is required. It
boils down to an optimization problem of a given correspondence criterion in
a transformation space.

Numerous registration methods have been proposed in the literature. They
can be roughly divided into the three classes point based, segmentation based,
and grey value based. For a more thorough survey of medical image registration
techniques, see, e.g., [5]. Nevertheless, nearly all image registration methods
have the following key components in common.

• images
The images A and B involved in the registration process are often called
reference image and floating image, respectively. Technically, they are not
equivalent since to compare them, the floating image must be transformed
to the voxel grid of the reference image. In Fig. 1, the floating images MRI
and PET are transformed and resampled with respect to CT coordinates.

• search space
The most fundamental characteristic of any image registration technique
is the type of spatial transformation T needed to properly align the im-
ages. The search space contains all admissible geometric transformations T
applied to the floating image. If images of the same person are to be reg-
istered, rigid transformations are almost always sufficient.

• feature space
The feature space is the representation of the data that will be used for
registration. The choice of features determines what is matched. The set of
features may consist of the images itself, but other common feature spaces
include: edges, contours, surfaces, other salient features such as corners,
line intersections, and points of high curvature, statistical features such as
moment invariants, and higher level structural descriptions.
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• similarity measure
The similarity measure determines how matches are rated. This is closely
related with the selection of the feature space. But, while the feature space
is precomputed on the images before matching, the similarity measure is
calculated using these features for particular transformations T from the
search space. A typical similarity measure is mutual information which
will be introduced in the next section. Given the search space of possible
transformations, the similarity measure is used to find the parameters of
the final registration transformation.

• search method
For most feature spaces, finding the transformation which yields the best
value of the similarity measure requires an iterative search method. This
is almost always implemented as a more-or-less sophisticated optimization
algorithm.

3 Information Theory and Statistics

He uses statistics as a drunken man uses lamp-posts – for support
rather than illumination. - Andrew Lang

Communication theory inspired the desire for a measure of information
of a message broadcasted from a sender to a receiver. Shannon [11] focused
on characterizing information for communication systems by finding ways of
measuring data based on the uncertainty or randomness present in a given
system. He proved that for events ei occurring with probabilities pi,

H :=
∑

i

pi log
1

pi

is the only functional form that satisfies all the conditions that a measure of
uncertainty should satisfy. He named this quantity entropy since it shares the
same form as the entropy of statistical mechanics. The term log 1

pi
signifies

that the amount of information gained from an event with probability pi is
inversely related to the probability that the event takes place. The rarer an
event, the more meaning is assigned to its occurrence. The information per
event is weighted by the probability of occurrence. The resulting entropy term
is the average amount of information to be gained from a certain set of events.

3.1 Entropy and Images

In digital imaging, an intensity image X is represented as an array of intensity
values. For an image encoded at n bits per voxel, the intensity values are the
discrete greyscale values X = {0, 1, . . . , N − 1}, with N = 2n.

In order to apply information theory to digital imaging, we must consider
an image as a collection of independent observations of a random variable.
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Fig. 2. A 2D image (left), the associated histogram (middle) and probability density
estimate (right). Note the peaks in the histogram for the dark background and for
the brain tissue types “cerebrospinal fluid”, “grey matter”, and “white matter”

Given an image X , we use pX to denote the corresponding intensity value
probability distribution function, where pX(x) := P (Xi = x), for x ∈ X and
Xi the greyscale value of voxel i in image X . Note that X represents both the
image and the random variable that determines the image. Furthermore, since
the sample space X contains only discrete quantities, the random variable X
is discrete. An image composed of M voxels is therefore an array of the ele-
ments x ∈ X as determined by M independent observations of the discrete
random variable X .

Definition 1. For a discrete random variable X with probability density func-
tion pX , the entropy H(X) is defined as1

H(X) = H(pX) := −
∑

x∈X
pX(x) log pX(x) .

In order to actually calculate the entropy of a given image X , we must guess
the probability density function pX of the underlying random variable. Since
pX is usually unknown, we make use of the image data itself to estimate a
maximum-likelihood probability density function. This estimation is based on
the image histogram2 and is obtained by dividing each histogram entry by
the total number of voxels.

3.2 Joint Entropy and Mutual Information

Following the notation of the last section, we now consider two images (of
identical size) to be observations of two discrete random variables, X and
Y , with probability distributions pX and pY , and sample spaces X and Y,
respectively.

1 Here, log means log2 so that entropy is measured in bits. For reasons of continuity,
we define 0 log 0 = 0.

2 A histogram can be constructed from an image by counting the frequency of
voxels in each intensity bin.
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Joint entropy is a measure of the combined randomness of the discrete
random variables X and Y . It is a simple extension of entropy since the
pair (X,Y ) of random variables may be considered a single vector-valued
random variable.

Definition 2. For discrete random variables X and Y with joint probability
distribution pXY , the joint entropy H(X,Y) is defined as

H(X,Y ) = H(pXY ) := −
∑

x∈X

∑

y∈Y
pXY (x, y) log pXY (x, y) .

According to
∑

x∈X
pXY (x, y) = pY (y) and

∑

y∈Y
pXY (x, y) = pX(x) , (2)

the image distributions pX and pY are related to the joint distribution pXY ,
and in this respect are termed the marginals of the joint distribution.

Similar to the one-dimensional case, the joint probability distribution can
be estimated from the joint histogram (see Fig. 3). The joint histogram is
a two-dimensional array of size card(X ) × card(Y), where the value at po-
sition (x, y) is the number of voxel pairs with intensity x in image X and
intensity y at the same location in image Y .

Lemma 1. For two independent random variables X and Y , the joint entropy
simplifies to H(X,Y ) = H(X) + H(Y ).

Proof. This can be directly deduced from Def. 2 and (2), using pXY (x, y) =
pX(x) pY (y) for independent random variables.

Relative entropy, or Kullback-Leibler distance [4], is a measure of the dis-
tance between one probability distribution and another. Typically, it measures
the error of using an estimated distribution q over the true distribution p.

Definition 3. The relative entropy D(p||q) of two probability distribution
functions p and q over X is defined as

D(p||q) :=
∑

x∈X
p(x) log

p(x)

q(x)
.

A special case of relative entropy is mutual information. It measures the
amount of information shared between two random variables and can be re-
garded as the distance between their joint probability distribution and the
distribution assuming complete independence.

Definition 4. Let X and Y be two discrete random variables with probability
distributions pX and pY , respectively, and joint probability distribution pXY .
Mutual information I(X,Y ) is the Kullback-Leibler distance between pXY and
the product distribution pX pY . That is,

I(X,Y ) := D(pXY ||pX pY ) =
∑

x∈X

∑

y∈Y
pXY (x, y) log

pXY (x, y)

pX(x) pY (y)
.
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3.3 Properties of Mutual Information

In order to get a better understanding of mutual information, some of its
properties are presented below. Additional to the non-negativeness of entropy,
it can also be shown that relative entropy is a non-negative quantity3.

Lemma 2. Let p and q be two probability distribution functions over X , then
D(p||q) ≥ 0 and equality holds if and only if p(x) = q(x) for all x ∈ X .

Proof. Since log2 a = ln a/ ln 2 it is sufficient to prove the statement using the
natural logarithm. Let A = {x ∈ X : p(x) > 0} be the support of p. Then

−D(p||q) = −
∑

x∈A

p(x) ln
p(x)

q(x)
=
∑

x∈A

p(x) ln
q(x)

p(x)
≤
∑

x∈A

p(x)
( q(x)

p(x)
− 1
)

=
∑

x∈A

q(x) −
∑

x∈A

p(x) ≤
∑

x∈X
q(x) −

∑

x∈A

p(x) = 1 − 1 = 0

where we have used ln a ≤ a−1 and equality holds only if a = 1, i.e., q(x)
p(x) = 1

for all x ∈ A. In this case, equality continues to hold for the second ≤-sign.

Lemma 3. Mutual Information satisfies the following properties:

(a) I(X,Y ) = I(Y,X)
Mutual information is symmetric.

(b) I(X,X) = H(X)
The information image X contains about itself is equal to the information
(entropy) of image X.

(c) I(X,Y ) ≤ min(H(X), H(Y ))
The information the images contain about each other can never be greater
than the information in the images themselves.

(d) I(X,Y ) ≥ 0
The uncertainty about X can not be increased by learning about Y .

(e) I(X,Y ) = 0 if and only if X and Y are independent.
When X and Y are not related in any way, no knowledge is gained about
one image when the other is given.

(f) I(X,Y ) = H(X) − H(X |Y )
Mutual information measures the reduction in the uncertainty of X due
to the knowledge of Y .

(g) I(X,Y ) = H(X) + H(Y ) − H(X,Y )
Mutual information equals information of the individual images minus
joint information.

(h) I(X,X) = I(X, g(X)) if g : X �→ X is an injective mapping.
This is the justification of mutual information as a similarity measure.

3 Note that although relative entropy is a distance measure, it is not a metric since
it is not symmetric and does not satisfy the triangle inequality.
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The term “mutual information” is best explained by (f). Here, H(X |Y ) =
−∑x

∑
y pXY (x, y) log pX(x|y) denotes the conditional entropy which is based

on the conditional probabilities pX(x|y) = pXY (x, y)/pY (y), the chance of
observing grey value x in image X given that the corresponding voxel in Y
has grey value y. When interpreting entropy as a measure of uncertainty, (f)
translates to “the amount of uncertainty about image X minus the uncer-
tainty about X when Y is known”. In other words, mutual information is the
amount by which the uncertainty about X decreases when Y is given: the
amount of information Y contains about X . Because X and Y can be inter-
changed, see (a), I(X,Y ) is also the information X contains about Y . Hence
it is mutual information.

Form (g) is often used as a definition. It contains the term −H(X,Y ),
which means that maximizing mutual information is related to minimizing
joint entropy. The advantage of mutual information over joint entropy is that
it includes the entropies of the individual images. Mutual information and
joint entropy are computed for the overlapping part of the images and the
measures are therefore sensitive to the size and contents of overlap. A problem
that can occur when using joint entropy on its own as similarity measure, is
that low values (normally associated with a high degree of alignment) can be
found for complete misregistrations.

Why is mutual information at maximum when two images are aligned?
When the images show the same object and are acquired by the same sensor,
the answer is easy to see. From (b) and (c), it is obvious that I(X,X) is
an upper bound for mutual information. Hence, when an image is aligned
with itself, mutual information is at a maximum. If the mapping between
image intensities is injective, property (h) reveals that mutual information
will still peak at alignment. So, the closer the image intensities are related by
an injective mapping, the better mutual information will serve.

4 Rigid Registration Based on Mutual Information

The goal is to transform data into information, and information into
insight. - Carly Fiorina

The introduction of mutual information as a similarity measure (see the
pioneering articles [1] and [14]) has revolutionized image registration and has
especially influenced the development of intensity-based image registration
techniques. All these methods are based on the same four steps: superposition
of reference image and floating image, estimation of their probability distribu-
tion function, calculation of mutual information, and optimization of mutual
information. See [7] for a survey of the methods using the mutual information
concept.

In this section we consider the mutual information between the reference
image A and the transformed floating image B, computed in their region of
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Fig. 3. Joint histograms of an image pair displaced relative to each other. Left: Im-
ages involved. (The central slice of the image volumes is depicted. Note how different
MRI pulse sequences highlight different tissue types.) Right: Joint Histograms and
mutual information values for different displacements

overlap (see (1)). As we have seen, there are good reasons to assume that
the mutual information value reaches a maximum if the images are correctly
registered. Hence, mutual information based registration methods determine
the transformation T ∗ from a class of admissible transformations T that makes
mutual information maximal,

T ∗ = argmax
T∈T

I(A,B ◦ T ) . (3)

The joint histogram of A and B ◦ T , a key component for evaluation of I,
responds very sensitively to different transformations. Figure 3 depicts the
joint histogram of two images acquired by different MRI pulse sequences. For
correct registration, the joint histogram reveals relatively sharp clusters with a
high mutual information value. For increasing misregistration, the structures
in the joint histogram get blurry and I decreases.

4.1 Rigid Transformations

Since we are concerned mainly with registration problems involving images
of the human brain and since the shape of the brain changes very little with
head movement, we use rigid body transformations to model different head
positions of the same subject. In our implementation, the rigid body model
is parameterized in terms of rotations around and translations along each of
the three major coordinate axes,

xB = Q(xA) := R · xA + t . (4)

Here, R denotes an orthogonal 3 × 3 rotation matrix, parameterized by the
Euler angles φ, θ, and ψ (pitch, roll, yaw); and t = (tx, ty, tz)

⊤ denotes a
translation vector. Altogether, rigid transformations can be described by six
parameters or degrees of freedom, combined to a parameter vector τ ,
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τ := (φ, θ, ψ, tx, ty, tz)
⊤ .

In the framework of rigid transformations, (3) translates to

τ ∗ = arg max
τ

I
(
A(xA), B(R · xA + t)

)
, xA ∈ VA ∩ ΩQ

A,B . (5)

The computation of mutual information is restricted to voxel positions xA in
the region of overlap ΩQ

A,B. As the images have finite extent, this region will be
of different size for different transformations, introducing mutual information
discontinuities due to varying voxel numbers in ΩQ

A,B. In our implementation,

we increase the domain ΩB of the floating image to R3, either by adding
voxels of the background intensity around the image, or by utilizing some
intensity replication technique. Hence, due to ΩQ

A,B = ΩA, all the voxels in
the reference image contribute to I, regardless of the transformation. This
avoids discontinuities induced by non-constant voxel numbers.

4.2 Image Interpolation

To apply the concepts of the previous chapter, reference image and trans-
formed floating image must be of identical size. Hence, we must resample B
according to the voxel grid of A. For a given transformation Q, the trans-
formed position xB = R · xA + t in (5) will most likely not coincide with
any of the discrete voxel positions in VB . Therefore it is necessary to estimate
the image intensity at xB from the intensities at surrounding voxel positions.
This process is called image interpolation.

Image interpolation reconstructs a continuous 3D signal s(x, y, z) from its
discrete samples si,j,k with s, x, y, z ∈ R and i, j, k ∈ N. Formally, this can be
described as the convolution of a coefficient array with a continuous response
function h3D(x, y, z),

s(x, y, z) =
∑

i

∑

j

∑

k

ci,j,k · h3D(x − i, y − j, z − k) . (6)

The data-dependent discrete interpolation coefficients ci,j,k are derived from
the image samples si,j,k such that the resulting continuous signal interpolates
the discrete one. To reduce the computational complexity, symmetric and
separable interpolation kernels are used,

h3D(x, y, z) = h(x) · h(y) · h(z) . (7)

While numerous interpolation methods4 have been proposed in the literature,
three methods are most popular. These methods are nearest neighbor interpo-
lation, trilinear interpolation, and B-spline interpolation. See Fig. 4 for a plot
of their interpolation kernel functions h.

4 For band-limited signals, it is known that the sinc-kernel provides the perfect
interpolation method. As medical images are not band-limited, a perfect interpo-
lation is not possible here.
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nearest neighbor trilinear cubic B-spline

Fig. 4. Popular interpolation kernel functions h

Nearest neighbor is a rapid interpolation technique that requires no com-
putations since each interpolated output voxel is directly assigned the intensity
value at the nearest sample point in the input image. It has the advantage
that no new image intensities are introduced. The process does not blur an
image, but it may produce aliasing effects.

Trilinear interpolation provides a good trade-off between computational
cost and interpolation quality. The interpolated intensity is a weighted sum
of the intensities at eight surrounding voxels. For trilinear interpolation, the
interpolation coefficients ci,j,k in (6) are equal to the image samples si,j,k, so
no preprocessing is necessary.

Cubic B-spline interpolation offers a high-quality result for a moderate
computational cost. The interpolated intensity is a weighted sum of the coef-
ficients ci,j,k at 64 surrounding voxels. These coefficients must be calculated
in advance, either by solving sparse systems of linear equations, or (as in our
implementation) by recursive filtering of the array of image intensities. This
elegant approach is described in [13]. It is more efficient and considerably
faster that solving systems of linear equations.

Figure 5 depicts the performance of the three interpolation methods. A
2D image is repeatedly rotated by 6 degrees around the image center. After
each rotation, the resulting interpolated image serves as input image for the
next rotation step. After 60 interpolations a full turn is obtained, so ideally, the
last interpolated image should be identical to the original input image. How-
ever, the results for the three interpolation methods are remarkably different.
Nearest neighbor interpolation produces an unacceptable amount of artifacts.
Bilinear interpolation (2D analogue of trilinear interpolation) preserves the
image features better but exhibits substantial blurring. Cubic B-spline inter-
polation yields a superior result with minimal blurring.

4.3 Mutual Information Artifacts

One of the key aspects of mutual information based registration is the estima-
tion of the joint probability density function of the reference image and the
transformed floating image (see Def. 4). Usually, this estimate is based on the
the joint histogram #hA,B,

pA,B(iA, iB) =
#hA,B(iA, iB)∑

iA

∑
iB

#hA,B(iA, iB)
,
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original image nearest neighbor bilinear cubic B-spline

Fig. 5. A 2D image (left) and results of repeated interpolation with three different
interpolation methods. See text for description

where iA and iB denote intensity levels in the reference image and in the
transformed floating image, respectively.

It has been pointed out in [8] that when two images have equal sample
spacing (voxel size) in one or more dimensions, existing joint probability es-
timation algorithms may result in certain types of spurious artifact patterns
in a mutual information based registration function. These artifacts, the so-
called grid effect, interfere with the “ideal” mutual information values. They
may seriously inhibit numerical optimization of I and may have fatal impacts
on registration accuracy. Hence, an analysis of the smoothness of mutual infor-
mation is very important in an optimization context. Note that the grid effect
is less pronounced for incommensurable voxel sizes and substantial rotations.

All the examples presented in this section are calculated from the MRI
images depicted in Fig. 3. These images have identical voxel size (1.100 mm×
1.094 mm × 1.094 mm). The behavior of mutual information as a function of
translation along the transverse axis is investigated, and depicted in Fig. 6a–e
for various interpolation methods and joint histogram update schemes. For
each scheme, mutual information values between A and translated B have
been computed and plotted both far away and and in the vicinity of the
maximum. Ideally, the curves should be smooth, monotonically increasing
(far away) and bell-shaped (around the maximum), respectively.

• nearest neighbor interpolation
Obviously, the nearest neighbor interpolation scheme produces a discon-
tinuous, piecewise constant mutual information function, see Fig. 6a. Both
the interpolated intensity and I have jumps at half-integer shifts values.
As is known, optimization of a discontinuous function is not an easy task.
Hence, nearest neighbor interpolation is rarely the interpolation method
of choice, especially when high registration accuracy is desired.

• trilinear interpolation
Both trilinear interpolation and and B-spline interpolation map to R rather
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than to the discrete intensity level set of image B. Explicit calculation of
the transformed floating image requires a rounding operation on the in-
terpolated intensities. Using this image for joint histogram computation
propagates the discontinuities to mutual information. Figure 6b depicts
the situation for trilinear interpolation. Unlike the nearest neighbor case,
discontinuities can occur anywhere. The result is a highly jagged mutual
information function with many discontinuities and local maxima, a night-
mare for any optimization method.

• partial volume interpolation
The authors of [6] propose a very different approach to avoid rounding
discontinuities that they call partial volume interpolation. It is specifically
designed to update the joint histogram of two images, while no explicit
transformed image needs to be built. Like trilinear interpolation, partial
volume interpolation uses the eight neighbors of the transformed point xB .
However, instead of calculating a weighted average of the neighboring in-
tensity values and incrementing only one joint histogram entry, partial
volume interpolation updates several histogram entries at once: For each
neighbor v with intensity iv, the histogram entry #h(., iv) is incremented
by its corresponding trilinear weight. This policy does not introduce spu-
rious intensity values, ensures a gradual change in the joint histogram,
and makes mutual information continuous. However, due to the additional
histogram dispersion (or rather, due to the absence of this dispersion for
grid-aligning transformations), a typical pattern of spiky wing-like artifacts
emerges whose numerous local maxima at integer shifts might severely
hamper the optimization process, especially far away from the optimum
(see Fig. 6c).

• Parzen windowing
Another method of updating the joint histogram is based on Parzen win-
dows. Let w : R �→ R be continuous and nonnegative with

∫∞
−∞ w(ξ) dξ = 1.

Then we compute the discrete Parzen joint histogram as

#h(iA, iB) =
∑

xA∈VA

w(A(xA) − iA) · w(B(T (xA)) − iB) . (8)

Basically, this approach was also used in [14], where the estimated proba-
bility density function is a superposition of Gaussian densities. The largest
drawback is the infinite extension of the Gaussian which makes updating
the joint histogram extremely costly. We prefer Parzen window functions w
with finite support, e.g., the cubic B-spline kernel (see Fig. 4). The Parzen
window method suffers less from grid effect induced artifacts than par-
tial volume interpolation, nevertheless they are not completely suppressed.
Figure 6d shows the resulting I for trilinear interpolation and Parzen win-
dowing with a cubic B-spline kernel. The grid effect manifests itself as
ridges in I.

• random sampling
In our implementation, we use additional random sampling of the refer-
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(a) nearest neighbor interpolation

(b) trilinear interpolation

(c) partial volume interpolation

(d) parzen windowing

(e) parzen windowing + random sampling

Fig. 6. Mutual Information as a function of translational misregistration for dif-
ferent interpolation and joint histogram update schemes, far away (left) and in the
vicinity of the maximum (right)
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ence image to get rid of the interpolation artifacts. Instead of calculating
the joint histogram from the intensity values at voxel positions xA ∈ VA,
we first perturb each xA by a small random vector and interpolate the
intensity at the perturbed position. The random perturbation and inter-
polation need only be performed once and is reused for each evaluation of
mutual information. This effectively breaks the grid effect and frees mutual
information almost completely from interpolation artifacts, see Fig. 6e.

5 Derivative-free Optimization

Optimization hinders evolution. - Anonymous

Solving the registration problem (5) requires the localization of the mutual in-
formation maximum. The non-differentiability of mutual information for, e.g.,
trilinear interpolation or partial volume interpolation prevents an application
of conjugate-gradient or quasi-Newton optimization methods. Therefore, a
derivative-free approach using only function evaluations seems natural.

In the context of image registration, Powell’s method [9] is regularly pro-
posed in the literature. Nevertheless, there are more efficient derivative-free
algorithms. We implemented a trust region method based on the construction
of quadratic models of an objective function F . Each model is defined by
1
2 (n + 1)(n + 2) values of F , where n is the number of variables, six in our
case. This model is assumed to approximate the objective function sufficiently
well in a region called trust region. A typical iteration of the algorithm gen-
erates a new vector of variables x, either by minimizing the quadratic model
subject to a trust region bound, or by improving the accuracy of the model.
Then F (x) is evaluated and one of the interpolation points is replaced by x.
Explicit usage of Lagrange polynomials assists the procedure by improving
the model and providing an error estimate of the quadratic approximation to
F , which allows the algorithm to achieve a fast rate of convergence.

The user has to provide an initial vector of variables x0, and initial and
final values of the trust region radius ̺. Typical distances between succes-
sive points at which F is evaluated are of magnitude ̺, and ̺ is decreased
if the objective function stops decreasing for such changes to the variables.
Derivative estimates are given by a quadratic model

S(x) =
1

2
(x − x0)

⊤G (x − x0) + g⊤(x − x0) + c , x ∈ R
n , (9)

whose parameters are the n×n symmetric matrix G, the n-vector g, and the
real number c. Hence the linear space of quadratic polynomials over Rn has
dimension m = 1

2 (n + 1)(n + 2) and the parameters of S are defined by a
system of interpolation conditions of the from

S(xi) = F (xi) , i = 1, . . . ,m . (10)
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The model points xi, i = 1, . . . ,m are generated automatically by the al-
gorithm by taking into account the additional property that no nonzero
quadratic polynomial vanishes at all of them.

The quadratic model is used in a sequence of constrained quadratic pro-
gramming problems. Specifically, d∗ ∈ Rn is set to the vector of variables that
solves the optimization problem

d∗ = argmax
d

S(xk + d) subject to ||d|| ≤ ̺ , (11)

where xk is the point in {x1, . . . ,xm} such that F (xk) is the greatest of the
values F (xi), i = 1, . . . ,m. Depending on its F -value, xk + d∗ replaces one of
the current model points.

Also required are the Lagrange polynomials of the interpolation prob-
lem (10). For j = 1, . . . ,m, the j-th Lagrange polynomial lj is a quadratic
polynomial on R

n such that

lj(xi) = δij , i = 1, . . . ,m .

Our implementation makes explicit use of first and second derivatives of all
the Lagrange polynomials. They are also used to construct the model param-
eters G and g in (9).

The main benefit of the Lagrange polynomials is their ability to assess
and improve the quality of the quadratic model. If one or more of the dis-
tances ||xk − xj ||, j = 1, . . . ,m is greater than 2̺, where xk is defined as
in (11), we move the interpolation point xj into the neighborhood of xk. This
is accomplished by solving the auxiliary optimization problem

d∗ = arg max
d

|lj(xk + d)| subject to ||d|| ≤ ̺ , (12)

and replacing xj by xk + d∗. This choice maintains and assists the nonsingu-
larity of the interpolation problem (10). After the initial quadratic model has
been formed, each vector of variables for a new value of F is generated by one
of the two trust region subproblems in (11) and (12).

The ways of choosing between these alternatives, the details of adjustments
to the trust region radii, and analysis of convergence are beyond the scope
of this article. Descriptions of trust region methods can be found, e.g., in [2].
Our implementation is inspired by the methods described in [10].

6 Implementation Details, Results and Extensions

If I had eight hours to chop down a tree, I’d spend six hours sharpening
my axe. - Abraham Lincoln

A mutual information based image registration algorithm has been imple-
mented in the commercial BrainLAB planning software packages iPlan and
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BrainSCAN. These packages are routinely used in numerous hospitals around
the world and assist the physician in the creation of treatment plans both for
radiotherapy and neurosurgery. Multimodal rigid image registration, a key
feature of both iPlan and BrainSCAN, is performed by our algorithm in a
matter of seconds. The average registration accuracy has been evaluated and
is below 1 mm within the intracranial cavity for typical CT-MRI registrations
and around 2 mm for CT-PET registrations, as reported in [3]. The success
of the method is partially based on the following implementation details that
increase accuracy, robustness, and speed.

• region of interest
Mutual information is only calculated with respect to those parts of the
reference image containing the patient’s head. Prior to registration, large
background regions and potential non-anatomical objects like stereotactic
frames are automatically detected and excluded. Additionally, the user has
the possibility to exclude regions if he is interested in increased accuracy
within a certain region of interest.

• multi-resolution
The basic idea behind multi-resolution is to first solve the registration
problem at a coarse scale where the images have fewer voxels. The so-
lution is propagated to initialize the next step, which finds an optimal
transformation for larger, more refined images. The process iterates un-
til it reaches the finest scale. In order to not introduce artificial maxima
to mutual information, the images must be lowpass-filtered (smoothed)
before subsampling. On a coarse scale, the images have no fine details.
Hence, mutual information should have a broad maximum at the correct
transformation at that scale and the optimization method should converge
to this maximum from a large set of initial states. When applied correctly,
multi-resolution increases the robustness of the registration method by
tremendously increasing the basin of attraction of the final optimal trans-
formation. A positive side effect of multi-resolution is a reduced compu-
tation time since most optimizer iterations are performed at the coarse
levels where evaluation of mutual information is inexpensive.

• intensity rebinning
The number of grey levels (intensity bins) in the images determines the
joint histogram’s accuracy. The crucial task is to determine the number
of bins that provides an optimal trade-off between histogram variance and
bias. A simple rule for the number of bins is Sturge’s rule [12]. Fortu-
nately, the algorithm’s performance is not too sensitive to the number of
bins. An investigative study revealed that 64 bins is a good choice for
typical registration problems, so we use this number of for most modality
combinations.

• parameter space scaling
Translations are measured in millimeters in our implementation, rotations
are measured in radians. Due to this inconsistency, we rescale the param-
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Fig. 7. Mutual Information around its maximum

eter space prior to optimization to enforce comparable changes in I for
unit changes in the parameters, both for rotations and translations. This
ensures good numerical properties for the resulting optimization problem.

Exemplarily, the result of a typical CT-MRI registration is presented. The
CT scan consists of 90 slices with a resolution of 512×512, encoded at 12 bits
per voxel, the MRI has 80 slices with a resolution of 256 × 256, encoded at 8
bits per voxel. This translates to a voxel size of 0.8 mm×0.8 mm×2.0 mm for
the MRI. The CT scan has varying voxel size (0.7 mm × 0.7 mm × 2.1 mm in
the upper part and 0.7 mm × 0.7 mm × 1.5 mm in the lower part).

The colored screenshot in Fig. A.9 on page 329 depicts the registration
result and the graphical user interface of the iPlan software. Solving the opti-
mization problem (5) requires 98 function evaluations. Figure 7 shows mutual
information I around the optimal transformation parameters τ ∗. Note the
smoothness of I, even in the small range of ±1 mm and ±1 deg. around the
optimum. Integrated images obtained by means of image registration are the
base for a variety of other applications, e.g, image guided surgery, see Fig. A.10
on page 330.

6.1 Mutual Information Derivative

Some MRI pulse sequences yield images that are nonlinearly distorted due to
inhomogeneities in the main magnetic field and nonlinearities in the gradient
field. If one of the images is distorted, rigid registration will perform poorly.
Furthermore, for extracranial applications, e.g., chest or thorax registration,
rigid transformations are also insufficient. In these cases, spatial transforma-
tions with a high number of parameters are required to “warp” the floating
image in order to align it properly with the reference image. Derivative-free
algorithms are not suited for such high-dimensional search spaces.

Fortunately, the Parzen window-based technique provides a differentiable
variant of mutual information whose derivative can be calculated analytically.
According to (8), the estimated probability distribution is given by
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pA,B(iA, iB) = α
∑

xA∈VA

w(A(xA) − iA)w(B(T (xA)) − iB) , (13)

where the normalization factor α ensures that
∑

iA

∑
iB

pA,B(iA, iB) = 1.

Let T : R3 �→ R3 denote a diffeomorphism parameterized by a set of trans-
formation parameters. Formal differentiation of I (see Def. 4) with respect to
such a parameter u yields

∂

∂u
I =

∑

iA

∑

iB

∂pA,B(iA, iB)

∂u

(
1 + log

pA,B(iA, iB)

pA(iA) pB(iB)

)

− pA,B(iA, iB)

(
∂pA(iA)

∂u

pA(iA)
+

∂pB(iB)
∂u

pB(iB)

)
.

The derivatives of the probability distribution estimate exist if both the
Parzen window w and the interpolation kernel h (see (7)) are differentiable.
In our implementation, we use Parzen windows with the additional “partition
of unity” property, ∑

i∈Z

w(ξ − i) = 1 ∀ξ ∈ R ,

e.g., the cubic B-spline kernel. For such w, the normalization factor α in (13)
does not depend on the transformation and is equal to 1/card(VA). Further-
more, the marginal probability pA does not depend on the transformation and
the derivative of mutual information simplifies to

∂

∂u
I =

∑

iA

∑

iB

∂pA,B(iA, iB)

∂u
log

pA,B(iA, iB)

pB(iB)
. (14)

Numerical computation of ∂
∂uI requires the derivatives of the probability dis-

tribution estimates, given by

∂pA,B(iA, iB)

∂u
= α
∑

xA

w(A(xA)−iA)w′(B(T (xA))−iB)

(
∇B|T (xA) · ∂T

∂u
|xA

)
.

The expression in parentheses denotes the scalar product of the image gradi-
ent ∇B (which exists for differentiable interpolation schemes and is calculated
by means of (6)) and the derivatives of the transformation with respect to the
parameter u.

This approach unfolds its full potential only for transformation spaces of
high dimensions (up to several thousands for highly nonlinear warps), and
in combination with an efficient gradient-based optimization scheme. Inter-
estingly, using this method for rigid transformations yields a considerable re-
duction in the number of function evaluations during optimization. However,
the total computation time increases due to the costly computation of ∂

∂uI.
Therefore, for rigid registration, we do not compute derivatives and stick to
the faster and comparably accurate derivative-free optimization scheme.
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The collection of case studies [5], which owes a lot to Bulirsch’s inspiration,
was based on rather elementary mathematics. The prerequisite to work on
the exercises was the kind of calculus that prevailed mathematical education
until 20 years ago. That is, no computer support was needed. Today relevant
software packages are in general use, which has opened access to a much
broader range of possible cases to study. The immense pedagogical value of
the classic analytical approach remains untouched, but computational tools
with additional applications must be added. In some way, modern simulation
tools make it much easier to bridge the gap between elementary mathematics
and current research. This holds in particular for nonlinear dynamics, where
computational methods enable rapid experimental approaches into exciting
phenomena. This is the broader context of the present paper.

The scope of the paper is threefold. First, two case studies from biology and
economy are discussed. Secondly, we attempt to introduce Hopf bifurcation
for delay differential equations in an elementary way. Finally we point at
early papers by Polish scientists, which have not found the attention they
deserve, partly because their essential papers were written in Polish. In the
spirit of Bulirsch’s work, we attempt to combine fundamental applications
and constructive numerical approaches, doing justice to historical roots, all
with a strong educational motivation.

1 Delay Differential Equations

Let y be a vector function depending on time t. Further assume a “law”
defined by some vector function f . For numerous applications of dynamical
systems the prototype equation ẏ = f(y) is not adequate. Rather, the time
derivative ẏ may depend on the state y(t − τ) at a earlier time instant t − τ .
The past time is specified by the delay τ . The delay differential equation is
then ẏ(t) = f(y(t − τ)), or more general,
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ẏ(t) = f(t, y(t), y(t − τ)) .

Delay equations where solutions for t ≥ t0 are investigated, require an initial
function φ on the interval t0 − τ ≤ t ≤ t0,

y(t) = φ(t) for t ∈ [t0 − τ, t0] .

Delay equations are used to model numerous systems, in particular in engi-
neering or biology, and in economy.

2 Production of Blood Cells

A nice example of a system where delay occurs naturally is the production of
red blood cells in the bone marrow. It takes about four days for a new blood
cell to mature. When b(t) represents the number of red blood cells, then their
death rate is proportional to −b(t), whereas the reproduction rate depends on
b(t− τ) with a delay τ of about four days. A pioneering model is given in the
1977 paper [3]. Here we analyze the model of [10], an earlier and less known
paper by Polish scientists.

For positive δ, p, ν, τ the scalar delay differential equation

ḃ(t) = −δ b(t) + p e−νb(t−τ) (1)

serves as model for production of blood cells in the bone marrow. The first
term on the right-hand side is the decay, with 0 < δ < 1 because δ is the
probability of death. The second term describes the production of new cells
with a nonlinear rate depending on the earlier state b(t − τ). The equation
has an equilibrium or stationary state bs, given by

δ bs = p exp(−νbs) .

A Newton iteration for the parameter values

δ = 0.5 , p = 2 , ν = 3.694

gives the equilibrium value bs = 0.5414. This model exhibits a Hopf bifurcation
off the stationary solution bs, which will be explained in the following sections.
We postpone a discussion of the stability of bs, and start with a transforma-
tion to a framework familiar from elementary calculus: For an experimental
investigation we create an approximating map, based on a discretization by
forward Euler. (For Euler’s method, see [7].)

3 A Simple Discretization

We stay with the above example of Eq. (1). A transformation to normal delay
by means of the normalized time t̃ := t/τ and u(t̃) := b(τ t̃) leads to
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b(t − τ) = b(τ(t̃ − 1)) = u(t̃ − 1) and
du

dt̃
= ḃ · τ ,

so
du

dt̃
= −δτu + pτe−νu(t̃−1) .

Let us introduce a t-grid with step size h = 1
m for some m ∈ N, and denote

the approximation to u(jh) by uj . Then the forward Euler approximation is

uj+1 = uj − δhτuj + phτ exp(−νuj−m) . (2)

The equation has the equilibrium us(= bs), given by δus = p exp(−νus). With
y(j) := (uj , uj−1, . . . , uj−m)tr the iteration is written in vector form

y(j+1) := P(y(j) , τ) , (3)

with P defined by (2). This discretization approach has replaced the scalar
delay equation (1) by an m-dimensional vector iteration (3). The stationary
solution bs corresponds to a fixed point ys.

4 Experiments

By a computer experiment based on (2) we study the dynamical behavior
depending on the delay parameter τ . Simulations for τ = 2 and τ = 3 show
different qualitative behavior, see Fig. 1. For τ = 2 an initial oscillation caused
by the discrepancy between bs and the chosen initial φ, decays gradually: The
equilibrium is stable. For τ = 3 the discrepancy has another effect: The trajec-
tory approaches a stable periodic oscillation. For this value of the parameter
τ the equilibrium bs is unstable.

The simple experiment has revealed two different scenarios: A stable equi-
librium exists for τ = 2, and for τ = 3 an unstable equilibrium is surrounded
by oscillation. It turns out that in the parameter interval 2 < τ < 3 there is a
threshold value τH which separates the two qualitatively different states. For
τH the oscillatory realm is born (as seen from smaller values τ < τH). And
seen from the other side (τ > τH), the oscillation dies out. This mechanism at
τH is called Hopf bifurcation. (For an exposition into the field, see for instance
[6].) An analysis below will show that also the delay differential equation (1)
has a Hopf bifurcation, with the parameter value τH = 2.4184.

5 Stability Analysis of the Example

The discussion of the stability of the stationary state and of the fixed point
follow different lines. We still postpone the analysis of the scalar delay equation
and first discuss the stability of the fixed point of the discretized problem (3).
With the matrix of size (m + 1) × (m + 1)
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Fig. 1. Blood production model (1), approximation to b(t); m = 100, initial state
φ ≡ 0.55; top figure: delay τ = 2, bottom: τ = 3

A :=

⎛
⎜⎜⎜⎜⎜⎜⎝

(1 − δhτ) 0 0 0

1 0
...

0 1
. . .

...
...

. . .
. . . 0 0

0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

the iteration is written
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y(j+1) = Ay(j) +

⎛
⎜⎜⎜⎝

phτ exp(−νuj−m)
0
...
0

⎞
⎟⎟⎟⎠

The linearization about the equilibrium us (the fixed point ys) leads to a
Jacobian matrix Py which essentially consists of A with the additional top-
right element

γ := −νphτ exp(−νus) = −νhτδus .

By inspecting the structure of the Jacobian matrix we realize that its eigen-
values z are the zeroes of

(z − 1 + δhτ)zm + νhδμus = 0 . (4)

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

Fig. 2. Blood production model (1)/(2), m = 6; paths of the m eigenvalues in the
complex plane, for 0.01 ≤ τ ≤ 3

It is interesting to trace the paths of the eigenvalues of the Jacobian in
the complex plane, as they vary with the delay parameter τ , see Fig. 2. For
τ = 0 the eigenvalue equation (4) simplifies to (z − 1)zm = 0. Then z = 0 is
an m-fold root and z = 1 a simple root. For increasing τ , the eigenvalues are
initially all inside the unit circle, representing stability of the equilibrium us for
0 < τ < τH, see also [12]. For example, for m = 6, two real eigenvalues merge
at τ = 0.338 and become a complex-conjugate pair. Eventually, for growing
τ , all eigenvalues approach the unit circle (Fig. 2). For the Hopf value τH one
pair passes the circle, indicating instability of the equilibrium.
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6 General Stability Analysis of a Stationary Solution

For an analysis of delay differential equations of a fairly general type we study
the autonomous system

ẏ(t) = f(y(t),y(t − τ))

and assume a stationary solution ys,

f(ys,ys) = 0 . (5)

This equation (5) is obviously independent of the delay. We stay with the gen-
eral vector case although—as seen with the above example—Hopf bifurcation
for delay equations is already possible in the scalar case. The analysis of the
stability follows the lines of the ODE situation. Small deviations from ys are
approximated by the solution h of the linearized system

ḣ(t) =
∂f(ys,ys)

∂y(t)
h(t) +

∂f(ys,ys)

∂y(t − τ)
h(t − τ) . (6)

To find solutions of (6), we start from an ansatz h(t) = eμtw, which yields
the nonlinear eigenvalue problem

μw = (A1 + e−μτA2)w , (7)

where A1 and A2 denote the matrices of the first-order partial derivatives in
(6). The corresponding characteristic equation has infinitely many solutions
μ in the complex plane. But stability can be characterized in an analogous
way as with ODEs: In case Re(μ) < 0 for all μ, then ys is locally stable.
And in case one or more μ are in the “positive” side of the complex plane
(Re(μ) > 0), then ys is locally unstable.

As in the above example, we take the delay parameter as bifurcation pa-
rameter, and denote the real part and imaginary part of μ by α and β, so
that

μ(τ) = α(τ) + iβ(τ) .

Analogously as with ODEs, Hopf bifurcation occurs for a critical delay pa-
rameter τH that is characterized by

α(τH) = 0 , β(τH) 
= 0 ,
dα(τH)

dτ

= 0 . (8)

Of course, the analysis is more complicated in the delay case than in the ODE
case because of the infinite number of eigenvalues.
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7 Business Cycles

After a decision to invest money in a business there is a time delay (“gestation
period”) until new capital is installed and investment goods are delivered.
Following the famous Polish scientist Kalecki (already 1935, see [2]), a net
level of investment J can be modeled by the scalar delay equation

J̇(t) = aJ(t) − bJ(t − τ) (9)

for nonnegative constants a, b, which are lumped parameters. Although this
equation is linear, it can be used to study the essential mechanism of Hopf
bifurcation; just see J in the role of h, a for A1 and −b for A2. The eigenvalue
equation (7) for Kalecki’s scalar model reduces to

μ = a − be−μτ .

Separating this equation for the complex variable μ = α + iβ into real and
imaginary parts results in the pair of real equations

α = a − be−ατ cosβτ
β = be−ατ sinβτ .

To check for Hopf bifurcation according to (8), we ask whether there is a
solution β 
= 0 and α = 0 for some τ (β > 0 without loss of generality). This
amounts to the system

a

b
= cosβτ (10a)

β

b
= sinβτ , (10b)

the solution of which requires a ≤ b and β ≤ b. Squaring the equation and
adding gives

a2 + β2 = b2

or β =
√
b2 − a2. For a < b and this value of β the real part α vanishes. For

a sufficiently small, a solution τ = τH to (10) exists. By inspecting Eq. (10b)
more closely (e.g. graphically) we realize that

τH > 1/b .

For a further discussion of the Hopf bifurcation in this example (9), see [8].
With such a delay model Kalecki explained the occurrence of business cycles.
Using his numbers a = 1.5833 and b = 1.7043, we obtain β = 0.6307, and
hence a time period 2π

β = 9.962. This corresponds to the duration of a business
cycle of 10 years, as calculated and predicted by Kalecki. For more general
nonlinear versions and two-dimensional economic growth models with delay
see [9], [11].
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We leave it as an exercise to establish the value τH = 2.4184 for the blood
cell model (1).

Let us finally comment on numerical algorithms for delay equations. Some
“unusual” behavior (as seen from the ODE viewpoint) of solutions of delay
equations makes their numerical solution tricky. For the purpose of integrating
delay equations there are specifically designed methods. A popular approach
is to approximate and replace the delayed term y(t − τ) by an interpolating
function [4]. In this way the delay equation can be reduced to an ODE. An-
other approach is Bellman’s method of steps, which subdivides the t-axis into
intervals of length τ . For each subinterval [t0 +(k−1)τ, t0 +kτ ] (k = 2, 3, . . .)
a new system is added, and y(t−τ) is always given by an ODE subsystem. For
a general exposition see [1]. (Each course on ODEs should include a chapter
on delay equations.) We have chosen the simple numerical approach of Sect. 3
because it is elementary and does not require specific knowledge on numerical
analysis or delay equations.
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Summary. Protein degradation by the proteasome is one of the key steps in cell
biology and in immune biology. For degradation a mathematical model can be based
on a binomial distribution, where the wanted cleavage probabilities are characterized
by a minimization problem. The proposed method analyzes the singular values of
the Jacobian, thus giving a significant parameter reduction. The computation time
is 50 fold reduced compared to the unreduced model, which in practice means hours
instead of days for a run. The implementation is based on MATLAB.

1 The Biochemical Problem

Proteasomal protein degradation plays an important role for antigen presenta-
tion. A mathematical model should allow statistical analysis and identification
of resulting fragments. To study the proteasomal function, a protein, e. g. eno-
lase, is used as a model substrate. After incubation together with proteasomes
in vitro, the resulting degradation products of enolase are separated by high
pressure liquid chromatography (HPLC) and analyzed by mass spectrometry
and Edman sequencing as described else where [7], [13]. The obtained data
evolve from two processes, firstly from the cleaving process by proteasome and
secondly from the experimental detection process which causes a loss of in-
formation. Our investigations are based on the dataset 3039 1 from [10], [13],
which describes the start- and end-position and the frequency of the detected
fragments from the protein enolase. In [7] and [5] the same data set is treated
via a neural net approach. And the second dataset is from [12] who used the
protein prion.

The paper is organized as follows. In Sect. 2 a statistical model for the
degradation and for the experimental detection process is derived. This model
could be reduced by the properties of the binomial distribution. The singular
value decomposition (SVD), see [4], is applied in a minimization method, see
[1] and [11], in Sect. 3. Based on first numerical experiments, in Sect. 4 a
refined model for a reduced parameter set is derived and its performance is
discussed.
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2 Mathematical Model

For the derivation of the model, independence of the degradation process and
the experimental detection process is assumed, each with two possibilities for
to cut or not to cut, to detect or not to detect. This setting allows to use a
binomial distribution, see [6].

cutŦprobability 
detected fragment

iŦ1 i i+1 jjŦ1 j+1

Amino Acid

Cleavage Site 

p p pp
iŦ1 i jŦ1 j

Fig. 1. Fragments of amino acids and probabilities

Definition 1.

a) Let the splitting probability of a cleavage site in a protein after the i-th
amino acid be pi, with pi ∈ I := {p| 0 ≤ p ≤ 1}. [i, j] stands for the frag-
ment between position i and j of the substrate. Let the splitting probability
of a fragment ranging from the i-th to the j-th amino acid be pij , see Fig. 1

b) Let the detection probability be q(l, h), depending on the length l and the
frequency h of this fragment type, see discussion follows.

c) [i, j] = ν means that the fragment [i, j] was detected with frequency ν.
d) n is the maximum number of available enolase molecules.

For the fragment cleavage probability pij holds

pij := pi−1

j−1∏

k=i

(1 − pk) pj i < j . (1)

The detection probability is denoted by q(l, h) and depends on the length l
and the frequency h of this fragment type. In order to keep the model simple,
we assume the independence of the length dependent detection probability
ql(l) and the frequency dependent detection probability qh(h), i. e.

q(l, h) = ql(l)qh(h).

The functions ql (respectively qh) are assumed to be continuous, 0 below a
length l1 (a frequency h1) and 1 above l2 (h2). While ql is piecewise linear,
qh is chosen to be square of a piecewise linear function shown in Fig. 2. For
more detail see [9]. We used the parameters

l1 = 2, l2 = 6, h1 = 15, h2 = 50.
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q(h)

f5015

1

2 6 l

q(l)

1

Fig. 2. The functions ql(l) and qh(h)

Now the probability P of one special fragment [i, j] with measured fre-
quency ν is equal to the sum of all combinations where m fragments, with
frequency ν detected, exists.

A binomial distribution allows a product splitting of both probabilities,
then

P ([i, j] = ν) =
n∑

m=ν

(
m

ν

)
q(l, h)ν (1 − q(l, h))m−ν

︸ ︷︷ ︸
detection probability

(
n

m

)
pm

ij (1 − pij)
n−m

︸ ︷︷ ︸
splitting probability

.

(2)

Remark 1. n is in the range up to 4000 and ν in range of 100. This means
that for every fragment more than 3000 terms have to be computed.

With the abbreviation

bin(ν, n, p) =

(
n

ν

)
pν(1 − p)n−ν

the probability of a detected fragment is, see (2),

P ([i, j] = ν) =

n∑

m=ν

bin(ν,m, q(l, h)) bin(m,n, pij) . (3)

This expression can be reduced by Lemma 1.

Lemma 1 (Model Reduction). The probability of a fragment with detection
frequency ν is

P ([i, j] = ν) = bin(ν, n, pij)q(l, h)ν

(
1 − q(l, h)pij

1 − pij

)n−ν

. (4)

Proof.
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P ([i, j] = ν) =
n∑

m=ν

bin(ν,m, q(l, h)) bin(m,n, pij)

=
n∑

m=ν

(
m

ν

)
q(l, h)ν(1 − q(l, h))m−ν

(
n

m

)
pm

ij (1 − pij)
n−m

= pν
ijq(l, h)ν

n−ν∑

m=0

(
m + ν

ν

)(
n

m + ν

)
((1 − q(l, h))pij)

m

(1 − pij)
(n−ν)−m

=

(
n

ν

)
pν

ijq(l, h)ν
n−ν∑

m=0

(
n − ν

m

)
((1 − q(l, h))pij)

m

(1 − pij)
(n−ν)−m

=

(
n

ν

)
pν

ijq(l, h)ν (1 − q(l, h)pij)
n−ν

=

(
n

ν

)
pν

ij (1 − pij)
n−ν q(l, h)ν

(
1 − q(l, h)pij

1 − pij

)n−ν

= bin(ν, n, pij)q(l, h)ν

(
1 − q(l, h)pij

1 − pij

)n−ν

⊓⊔

Now independent of n and ν, only one term for every fragment has to
be computed. Now let k the number of possible fragments which will be dis-
cussed later on. There are 435 parameters in enolase to be identified for the
probabilities pi of a cut after the i-th amino acid.

Definition 2.

(a) The nonlinear function

M(p) =

k∏

r=1

P ([ir, jr] = νr) (5)

with p is the vector of splitting probabilities, see Def. 1

p := (p1, . . . , pk)T

defines the likelihood function.
(b) optimization problem

For a given detection probability q(l,h) find the splitting probability p̂ of
maximum likelihood, where p̂ is defined as

M(p̂) = max
p

M(p). (6)

Remark 2. Instead of (5) usually the minimum of − log(M(p)) is investigated.
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Defining

F (p) :=

⎛
⎜⎝

− log(P ([i1, j1] = ν1))
...

− log(P ([ik, jk] = νk))

⎞
⎟⎠ (7)

the maximum likelihood problem (5) can be written as the equivalent nonlin-
ear least square problem

min
p

||F (p)||2 (8)

Definition 3 (nonlinear least square problem). For a given detection
probability q(l,h) find the splitting probability p̂, where p̂ is defined as

||F (p̂)||2 = min
p∈I435

||F (p)||2 . (9)

In a first step every possible fragment, i. e. 436 amino acids from enolase,
is considered, so the number of possible fragments k in (5) results to

k =
436∑

r=1

r = (1 + 436)
436

2
= 95266

(For the prion with 260 amino acids, we get 32896.)
Tackling this problem is not meaningful. It does not make sense to consider

an optimization problem with 90000 fragments where experiments tell that
only 100–200 fragments with detectable frequency occur. The possible cleavage
sites in enolase (prion) include 114 (74) start or end positions and the available
data describe 135 (133) different fragments only. A possible way for reduction
of the original problem uses the singular value decomposition of the Jacobian.
Therefore fragments and splitting probabilities are identified via a singular
value decomposition of the Jacobian of F (p):

DF (p) =

⎛
⎜⎝

∗ · · · ∗
...

. . .
...

∗ · · · ∗

⎞
⎟⎠⇐⇒ DF (p) = U · S · V T . (10)

3 Application of the Singular Value Decomposition

Any real m × n matrix A can be decomposed

A = U · S · V T

where U is an m × m orthogonal matrix, V is an n × n orthogonal matrix,
and S is an unique m × n matrix with real non-negative elements σi, i =
1, ..,min(m,n), the singular values. These are arranged in descending order
σ1 ≥ σ2 ≥ . . . ≥ σmin(m,n) ≥ 0. S has the form
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[
Σ
0

]
if m ≥ n and

[
Σ 0

]
if m < n,

where Σ is a diagonal matrix with the diagonal elements σi. Thus the matrix
S can be used for rank determination.

It is well known that the SVD provides a numerically robust solution to
the linear least-squares problem,

x = (AT · A)−1 · AT · b .

Replacing A = U · S · V T gives

x = V · [Σ−1] · UT · b .

For more details see [3]. To compute the singular value decomposition the
function SVD in [14], [8] is used, which is equivalent to the LAPACK routine
DGESVD, see [2]. For the minimization problem the function LSQNONLIN
from the Optimization Toolbox in [8] is applied.

To check the behaviour of the algorithm three different typical sets of
initial values are tested, denoted by initial1 to initial3.

• initial1:
pi ≡ 0, ∀i

• initial2:
pi ≡ 0.1, ∀i

• initial3:

pi =

{
0 i is never
0.1 i is

cleavage site

The algorithm is insensitive to the choice of the initial values. Initial values
equal to 0.1 or 0.5 or 0.7 lead to the same solution. Only the initial data set
1, when all initial values are set to zero terminates immediately without any
changes.

In Fig. 3 (left) and in Table 1 the singular values (SV) for enolase are
presented. For initial sets initial2 and initial3: 321 SV from 435 tend to 0,
fixing the number of the non-cleavage sites. This indicates that many splitting
probabilities are redundant and many fragments imply no information.

The SV of initial3 include further information. The singular values larger
than 10−6 (total number 135) fix the number of detected fragments. The
intermediate singular values (second column of the table) influence both, the
cleavage sites and the detected fragments. This is nicely shown in Fig. 3 (left)
see the vertical marks and Table 1 (for the prion see Fig. 3 (right)).
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Fig. 3. Singular values for different p values (logarithmic scale) in test example
enolase (left) and prion (right)

Table 1. Singular Value Distribution for enolase

p Value SV ≥ 0.5 0.5 > SV > 10−6 10−6 ≥ SV

initial1 0 0 435
initial2 114 106 215
initial3 114 21 300

4 Derivation of the Reduced Model

Inner extremal values are characterized by the zeros of the first derivative
DF (p), see (7). The SVD of DF allows a parameter reduction. SV equal to
zero or near to zero characterize the terms without any or small influence on
the solution, thus reducing the complexity.

Lemma 2 (Parameter Reduction). For the r-th fragment given by [i, j]
and the splitting probability pk with i ≤ k ≤ j follows

∂Fr

∂pk
=

{
> 0 if k is cleavage site
< 0 if k is no cleavage site.

(11)

Proof. For Fr = − log(P ([ir, jr] = νr)) see (7), let [ir, jr] = [i, j] and νr = ν.
The first derivative

∂P ([i, j] = ν)

∂pij
=

(
n

ν

)
q(l, h)νpν−1

ij (1 − q(l, h)pij)
n−ν−1 [ν − nq(l, h)pij ]

possesses the zeros

first: pij = 0, second: pij =
ν

nq(l, h)
, third: pij =

1

q(l, h)
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The second candidate pij is a zero if ν
n ≤ q(l, h) and the third candidate pij

is a zero if q(l, h) = 1 ⇒ pij = 1. The second derivative gives

∂2P ([i, j] = ν)

∂2pij
=

(
n

ν

)
q(l, h)νpν−2

ij (1 − q(l, h)pij)
n−ν−2

(ν2 − ν + 2νq(l, h)pij − 2νnq(l, h)pij

−nq(l, h)2p2
ij + n2q(l, h)2p2

ij)

If the second zero pij = ν
nq(l,h) of the first derivative is inserted one gets

∂2P ([i,j]=ν)
∂2pij

=

(
n
ν

)
q(l, h)2

(
ν
n

)ν−2
(1 − ν

n )n−ν−2(−ν + ν2

n )

In this term every factor is positive except the last. Therefore

−ν +
ν2

n
≤ 0 ⇒ ν2

n
≤ ν ⇒ ν

n
≤ 1 .

That means that P ([i, j] = ν) reaches a maximum at pij = ν
nq(l,h) if

ν
n ≤ q(l, h). Otherwise for ν = 0, q(l, h) = 0, or for ν

n > q(l, h) q(l, h) = 1
holds. This explains the convergence of the non-cut position to zero because
of

∂Fl

∂pk
= − 1

P ([i, j] = ν)

∂P ([i, j] = ν)

∂pij

∂pij

∂pk

with (consider ν = 0)

∂P ([i, j] = ν)

∂pij
= (1 − q(l, h)pij)

n−1(−n)q(l, h)

and

∂pij

∂pk
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

i) k = i − 1
∂pij

∂pi−1
=

j−1∏
l=i

(1 − pl)pj

ii) k = j
∂pij

∂pj
= pi−1

j−1∏
l=i

(1 − pl)

iii) k 
= i, j
∂pij

∂pk
= −pi−1

k−1∏
l=i

(1 − pl)
j−1∏

l=k+1

(1 − pl)pj

This gives
∂Fr

∂pk
=

{
> 0 if k is cleavage site
< 0 if kis no cleavage site

and justifies the two cases
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• i or j are never start or end po-
sition of a fragment with ν > 0
⇒ pi−1 = 0, pj = 0 thus pij = 0.
This creates the zero-entries in the
first derivative.

DF =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

@

∗ · · · ∗
...

. . .
...

∗ · · · ∗
0 · · · 0
∗ · · · ∗
...

. . .
...

∗ · · · ∗

1

C

C

C

C

C

C

C

C

C

C

C

C

C

A

• Position k is never a cut position
⇒ pk = 0. This creates the zero-
entries in the first derivative.

DF =

0

B

@

∗ · · · ∗ 0 ∗ · · · ∗
...

...
...

...
...

∗ · · · ∗ 0 ∗ · · · ∗

1

C

A
.

⊓⊔

Remark 3. As a consequence of these results the first derivative has the struc-
ture below and thus the corresponding singular value is equal to 0.

DF =

0

B

B

B

B

B

B

B

B

B

B

B

@

∗ . . . ∗ 0 ∗ . . . ∗
...

. . .
...

...
...

. . .
...

∗ . . . ∗ ∗ . . . ∗
0 . . . 0 . . . 0
∗ . . . ∗ ∗ . . . ∗
...

. . .
...

...
...

. . .
...

∗ . . . ∗ 0 ∗ . . . ∗

1

C

C

C

C

C

C

C

C

C

C

C

A

.

This means that fragments denoted by [i, j] are never in a cut-position, i. e.
one has to show maxP ([i, j] = 0) = 1. Both cases from above gives pi−1 = 0
or pj = 0, thus

⇒ P ([i, j] = 0) =

N∑

m=0

(
m

0

)
q(l, h)0(1 − q(l, h))m

(
N

m

)
0m1N−m

︸ ︷︷ ︸
=0 form �=0

=

(
0

0

)
q(l, h)0(1 − q(l, h))0

(
N

0

)
001N = 1

The same arguments hold for fragments where only one side is never a cut
position, i.e. only pi−1 or pj is equal to zero.

These considerations reduce the complexity of the model drastically. For an
optimization only those fragments have to be considered with both sides define
possible cut positions. In our case 114 cut positions are found and therewith
for k
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k = Number of possible fragments =

114∑

r=1

r = (1 + 114)
114

2
= 6555

and nontrivial parameters
dim(p) = 114.

With Def. 1, Def. 3 and (7) we have the two problems:
The non-reduced minimization problem

min
p

‖F (p)‖2

with
p ∈ I435 and F (p) : I435 → IR95266 .

The reduced minimization problem, denoted by ∼

min
p̃

∥∥∥F̃ (p̃)
∥∥∥

2

with
p̃ ∈ I114 and F̃ (p̃) : I114 → IR6555 .

The overall work to compute the first derivative DF is reduced from 435 ·
95266 = 41440710 to 114 · 6555 = 747270 function evaluations. For the prion
it is reduced from 255 · 32896 = 8388480 to 74 · 8411 = 659414 function
evaluations. The acceleration factor for the reduced model is larger than 50.

The solutions of the original and the reduced model are given in Fig. 4 by
plotting (poriginal, preduced), where only seven positions differ significantly. A
more detailed database analysis revealed that little information is available
for these parameters, i.e. in a special cut position only one fragment with
low frequency is found. On the other hand the gain in computing time is
significant. Whereas the original problem uses several days on a 1,6 GHz
Centrino the reduced model is solved in 3–4 hours.
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Fig. 4. Comparison of the solutions from the model and the reduced model
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The presented approach can be summarized as a Probability Method for
Protein Cleavages whereby the last step corresponds to the original problem
and the acceleration is reached by the dimension reduction.
Given:

data-set: Set of N different data entries with same structure

data set = {dr, r = 1, . . . , N}

initial sets: different initial sets pinit,j

model-function: Function depending on m parameters and a data set entry dr,

Fr(p) := Fdr(p) : Im → IR, F (p) := (F1(p), . . . , FN (p))T

minimization problem: see (7)

min
p

‖F (p)‖2

Singular-Value based Method

1. Model Reduction (Lem. 1): Simplify Fr(p) (in example use the proper-
ties of the binomial distribution) ⇒ F̃r(p)

2. Parameter Reduction (Lem. 2):
a) Compute singular value decomposition for initial value pinit,j from

DF (pinit,j)

DF (pinit,j) = Uinit,j · Sinit,j · V T
init,j

b) Analyse the singular values
c) Identify with help of Uinit,j and Vinit,j unnecessary data set entries

and parameters ⇒ p̃ and F̃ (p̃) (Fig. A.11 on page 331)
3. Parameter Identification: Solve the reduced model

min
p̃

∥∥∥F̃ (p̃)
∥∥∥

2

As a last result in Fig. A.11 the entries (with values bigger than 10−5)
of the matrix U (in extracts) and the matrix V are plotted. The matrices
are from the SVD of the Jacobian of the model function for the data set
Enolase and for the initial values initial3. The positions 114, 135 and 435 are
highlighted as they correspond to the stages within the singular values. With
the interrelations

ui,j = part from i-th fragment of j-th singular value

vi,j = part from i-th parameter of j-th singular value

from step 2 (c) obviously, these figure allow the identification of the essential
input data (fragments) and parameters (probabilities).
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Summary. The discretization of transient and static magnetic field problems with
the Whitney Finite Element Method results in differential-algebraic systems of equa-
tions of index 1 and nonlinear systems of equations. Hence, a series of nonlinear
equations have to be solved. This involves e.g. the solution of the linear(-ized) equa-
tions in each time step where the solution process of the iterative preconditioned
conjugate gradient method reuses and recycles spectral information of previous lin-
ear systems. Additionally, in order to resolve induced eddy current layers sufficiently
and regions of ferromagnetic saturation that may appear or vanish depending on the
external current excitation a combination of an error controlled spatial adaptivity
and an error controlled implicit Runge-Kutta scheme is used to reduce the number
of unknowns for the algebraic problems effectively and to avoid unnecessary fine
grid resolutions both in space and time. Numerical results are presented for 2D and
3D nonlinear magneto-dynamic problems.

1 Magneto-Quasistatic Fields

1.1 Continuous Formulation in 3D

Electro-magnetic phenomena are described by a set of partial differential equa-
tions known as Maxwell’s equations [4]. These are given by Faraday’s law

∂B

∂t
+ curlE = 0 in R

3, (1)

the nonexistence of magnetic monopoles

div B = 0 in R
3, (2)

Ampère’s law
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curlH = J +
∂D

∂t
in R

3 (3)

and Gauss’ law

div D = ρ in R
3 (4)

with the electric field E, the electric displacement D, the current density J,
the magnetic field H, the magnetic flux density B and the magnetization M.
These equations are joined by the material relations

B = μ(H + M), J = σE + Je, D = εE, (5)

where Je denotes the impressed current density, μ, σ and ε the magnetic per-
meability, the electric conductivity and the electric permittivity.
The solenoidal character of the magnetic flux density B according to (2) im-
plies the existence of a magnetic vector potential A such that

B = curlA. (6)

Hence, Ampère’s law (3) together with the material relation (5) yields

curl(μ−1curlA) = J + curlM +
∂D

∂t
. (7)

Faraday’s law (1) can be rewritten as

curl(E +
∂A

∂t
) = 0 (8)

from which the existence of an electric scalar potential φ can be postulated
with

E = −∂A

∂t
− gradφ. (9)

The eddy current equation arises from Maxwell’s equations as the magneto-
quasistatic approximation by neglecting the displacement current ∂D/∂t. This
is reasonable for low-frequency and high-conductivity applications. Finally,
Eq. (7) with the additional gauging gradφ = 0 results in

σ
∂A

∂t
+ curl(μ−1curlA) = Je + curlM. (10)

In order to solve the eddy current equation (10) numerically a bounded domain
Ω ⊂ R3 as well as an artificial boundary Γ := ∂Ω sufficiently removed from
the region of interest are introduced. The parabolic initial-boundary value
problem for the magnetic vector potential A(r, t) can be formulated as

σ
∂A

∂t
+ curl(μ−1curlA) = Je + curlM in Ω, (11)

A × n = 0 on Γ, (12)

A(r, 0) = A0 in Ω, (13)
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where A0 describes the initial state and n represents the outward unit vector
of Γ . If only magneto-static problems are considered (11)-(13) reduce to

curl(μ−1curlA) = Je + curlM in Ω, (14)

A × n = 0 on Γ. (15)

Another formulation for magneto-static problems can be derived if the source
current Je vanishes. Hence, from Ampère’s law curlH = 0 (3) the existence
of a magnetic scalar potential ψm can be derived with

H = −gradψm. (16)

Equation (2) and the material relation (5) yield

−div (μgradψm) = −divμM in Ω, (17)

ψm = 0 on Γ, (18)

where the homogeneous Dirichlet boundary condition (18) is introduced to
simulate the decay of the magnetic field. An example of a homogeneously
magnetized sphere is shown in Fig. A.14 on page 332.

1.2 Continuous Formulation in 2D

If only planar problems with a current

Je = (0, 0, Jz)
T

(19)

perpendicular to the xy-plane of a Cartesian coordinate system and a mag-
netization of the form

M = (Mx,My, 0)
T

(20)

are considered the magnetic vector potential

A = (0, 0, Az)
T

(21)

is shown to have only a component Az in z-direction. Hence, Eq. (10) yields

σ
∂

∂t
Az − divμ−1gradAz = Jz + curl2D(Mx,My) in R

2, (22)

with

curl2D(Mx,My) :=

[
∂My

∂x
− ∂Mx

∂y

]
. (23)

Again, the problem is posed in a bounded domain Ω ⊂ R2 and an artifi-
cial boundary Γ := ∂Ω is introduced. The parabolic initial-boundary value
problem for the magnetic scalar potential Az(x, y; t) can be formulated as



114 G. Wimmer, M. Clemens and J. Lang

σ
∂

∂t
Az − divμ−1gradAz = Jz + curl2D(Mx,My) in Ω, (24)

Az = 0 on Γ, (25)

Az(x, y; 0) = A0
z in Ω. (26)

The magnetic flux density B vanishes in z-direction and can be computed
from Az by

B =

⎛

⎝
Bx

By

0

⎞

⎠ =

⎛

⎝
∂Az/∂y

−∂Az/∂x
0

⎞

⎠ . (27)

In materials with nonlinear behaviour μ is a function of the absolute value of
magnetic flux density B and can be written as

μ(|B|) = μ(|gradAz|). (28)

The magneto-static problem with σ = 0 can be stated as

−divμ−1gradAz = Jz + curl2D(Mx,My) in Ω, (29)

Az = 0 on Γ. (30)

2 The Finite Element Method

2.1 Time Dependent Eddy Current Equation

A numerical solution of (24)-(26) is sought in a space of continuous functions,
which are not differentiable according to the classical definition. Since the
strong solution of (24) needs to be at least twice differentiable an appropriate
formulation which is called the weak formulation has to be found. For this,
the Sobolev spaces H1(Ω) and H1

0 (Ω) are introduced as

H1(Ω) := {v ∈ L2(Ω) : v′ ∈ L2(Ω)}, (31)

H1
0 (Ω) := {v ∈ H1(Ω) : v = 0 on Γ}, (32)

V (T,Ω) := {v ∈ H1
0 (Ω) for nearly all t ∈ (0, T )}. (33)

Under the assumption Jz ∈ L2(Ω) and curl2D(Mx,My) ∈ L2(Ω) Eq. (24) is
multiplied by u ∈ H1

0 (Ω) and Green’s formula

−
∫

Ω

△uv dΩ =

∫

Ω

gradu gradv dΩ −
∫

Γ

∂u

∂n
v ds ∀u, v ∈ H1(Ω) (34)

is applied which yields
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σ

∫

Ω

∂

∂t
Azv dΩ +

∫

Ω

(gradAz)
TMμgradv dΩ −

∫

Γ

∂Az

∂n
v ds (35)

=

∫

Ω

Jzv dΩ +

∫

Ω

curl2D(Mx,My) v dΩ, (36)

where

Mμ :=

(
μ−1 0
0 μ−1

)
∈ R

2×2. (37)

Since v ∈ H1
0 (Ω) the line integral in (35) vanishes and the last term in the

right hand side of (35) can be written as
∫

Ω

curl2D(Mx,My) v dΩ =

∫

Ω

Mx
∂v

∂y
− My

∂v

∂x
dΩ. (38)

Hence, the variational or weak formulation can be statet as: Find Az(x, y; t) ∈
V (T,Ω) such that

b(Az , v; t) + a(Az , v; t) = l(v; t) ∀v ∈ H1
0 (Ω) (39)

for nearly all t ∈ (0, T ) and the initial value condition

g(Az(x, y; 0), v) = g(A0
z , v) ∀v ∈ H1

0 (Ω) (40)

is fulfilled with

b(Az, v; t) := = σ

∫

Ω

∂

∂t
Azv dΩ, (41)

a(Az, v; t) :=

∫

Ω

(gradAz)
TMμgradv dΩ, (42)

l(v; t) :=

∫

Ω

Jzv dΩ +

∫

Ω

Mx
∂v

∂y
− My

∂v

∂x
dΩ, (43)

g(u, v) :=

∫

Ω

uv dΩ. (44)

T ∈ R denotes the end point of the simulation. In order to obtain a discretiza-
tion of (39) and (40) Lagrangian nodal finite elements Ni(x, y) ∈ H1

0 (Ωh) for
every node which does not belong to the boundary Γ are introduced with a
triangulation of the computational domain Ωh which is generally an approxi-
mation of Ω (see Fig. 1). In order to state the discrete variational formulation
the function spaces

V0h(Ωh) := {vh(x, y) : vh(x, y) =
n∑

i=1

viNi(x, y)}, (45)

Vh(T,Ωh) := {vh(x, y; t) : vh(x, y; t) =

n∑

i=1

vi(t)Ni(x, y)} (46)
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x

y
z

Pi

Ni

Fig. 1. Ansatz function Ni with Ni(Pi) = 1.

are introduced, where n denotes the number of nodes which are not contained
in the boundary of Ωh. Hence, the variational or weak formulation in the finite
dimensional function spaces can be statet as: Find Azh(x, y; t) ∈ Vh(T,Ω) such
that

b(Azh, vh; t) + a(Azh, vh; t) = l(vh; t) ∀vh ∈ V0h(Ωh) (47)

for nearly all t ∈ (0, T ) and the initial value condition

g(Azh(x, y; 0), vh) = g(A0
z, vh) ∀v ∈ V0h(Ωh). (48)

is fulfilled. If the expansion Azh(x, y; t) =
∑n

i=1 vi(t)Ni(x, y) and vh =
Nj(x, y) for all j = 1, . . . , n is applied to (47) and (48) the differential equation
for vh(t) := (v1(t), . . . , vn(t))T

Mh
d

dt
vh(t) + Kh(t)vh(t) = fh(t) for nearly all t ∈ (0, T ), (49)

Mhvh(0) = gh, (50)

is obtained, where matrix and vector entries in row i ∈ {1, . . . , n} and column
j ∈ {1, . . . , n} of Mh, Kh(t), fh(t) and gh are defined as

M
(ij)
h := σg(Ni, Nj), (51)

K
(ij)
h (t) := a(Ni, Nj ; t), (52)

f
(i)
h := l(Ni; t), (53)

g
(i)
h := g(A0

z, Ni). (54)

Since the conductivity σ vanishes in non-conducting regions, Mh is singular
and positive semi-definite. Therefore, (49) and (50) represents a differential
algebraic equation of index 1 [8]. If the material behaviour is nonlinear the
stiffness matrix Kh(t) = Kh(vh; t) is additionally dependent on vh.
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2.2 Magneto-Static Equation

In magneto-static problems with σ = 0 the weak formulation of (29)-(30)
according to the derivation of (39) can be stated as: Find Az ∈ H1

0 (Ω) such
that

a(Az , v) = l(v) ∀v ∈ H1
0 (Ω), (55)

where

a(Az , v) :=

∫

Ω

(gradAz)
T Mμgradv dΩ, (56)

l(v) :=

∫

Ω

Jzv dΩ +

∫

Ω

Mx
∂v

∂y
− My

∂v

∂x
dΩ. (57)

is defined. Discretization with Azh(x, y) =
∑n

i=1 viNi(x, y) and vh = Nj(x, y)
for all j = 1, . . . , n yields a system of equations for vh := (v1, . . . , vn)T

Khvh = fh, (58)

where matrix and vector entries in row i ∈ {1, . . . , n} and column j ∈
{1, . . . , n} of Kh and fh are defined as

K
(ij)
h := a(Ni, Nj), (59)

f
(i)
h := l(Ni). (60)

If nonlinear materials are considered (58) is replaced by the nonlinear system
of equations

Kh(vh)vh = fh. (61)

3 Discrete Differential Forms

In the last section the magnetic scalar potential Azh was approximated in
the space V0h(Ωh) of continuous functions which are in the range of the nodal
Lagrangian basis functions. This approach is reasonable because the magnetic
scalar potential is continuous. Since other electromagnetic quantities such as
electric field or magnetic flux density possess different mathematical proper-
ties (continuity, differentiability, etc.) adjusted basis functions have to be used
[3]. Therefore Discrete Differential Forms (DDF) which are finite element ba-
sis functions defined on a mesh have been devised. DDF exist for 2D elements
and 3D elements such as triangle, quadrilateral, tetrahedron, hexahedron and
prism. In the C++ library FEMSTER [1] also higher-order DDF basis func-
tions for 3D elements are implemented. Higher-order DDF basis functions for
2D elements have been added by the authors. Classic nodal basis functions
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are used for continuous scalar quantities such as magnetic scalar potentials (0-
form field), H(curl) basis functions for quanities which are tangential continous
across different elements for the magnetic vector potential (1-form), H(div) ba-
sis functions for quantities which have a continuous normal component such
as the magnetic flux density (2-form) and piecewise constant functions are
used for the charge density (3-form). Table 1 shows different electromagnetic
quantities (field) the corresponding degree of the form (form), the topological
quantity to which the form is associated (integral), the continuity property of
the form (continuity) and the derivative operator that can be applied to the
form (derivative). The magnetic flux density B for example can be integrated

Table 1. Different electromagnetic quantities and the properties of the associated
form

form field integral continuity derivative

0-form scalar magnetic potential ψm, Az point total gradient
electric potential

1-form electric field E edge tangential curl
magnetic field H
magnetization M
magnetic vector potential A

2-form magnetic flux density B surface normal div
electric displacement D
current density J

3-form charge density ρ volume - none

over a surface giving the value of flux flowing through this surface, the normal
component of B is continuous across elements and the divergence of B is well
defined. In order to derive a variational formulation of (14)-(15) the Sobolev
spaces H(curl,Ω), H0(curl,Ω) and H(div,Ω) are introduced as

H(curl,Ω) := {v ∈ L2(Ω) : curlv ∈ L2(Ω)}, (62)

H0(curl,Ω) := {v ∈ H(curl,Ω) : v × n = 0 on Γ}, (63)

H(div,Ω) := {v ∈ L2(Ω) : div v ∈ L2(Ω)}. (64)

Equation (14) is multiplied by a test function v ∈ H0(curl,Ω) and integrated
over the domain Ω which results in

∫

Ω

curl
(
μ−1curlA − M

)
v dΩ =

∫

Ω

Jev dΩ. (65)

Finally, Greens formula for vector valued functions yields
∫

Ω

(curlA)T Mμ curlv dΩ =

∫

Ω

Jev dΩ +

∫

Ω

M curlv dΩ, (66)
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where

Mμ :=

⎛

⎝
μ−1 0 0
0 μ−1 0
0 0 μ−1

⎞

⎠ ∈ R
3×3. (67)

The variational formulation amounts to the computation of A ∈ H0(curl,Ω)
such that

a(A,v) = l(v) ∀ v ∈ H0(curl,Ω). (68)

Here, the bilinear form a : H0(curl,Ω) × H0(curl,Ω) → R and the linear form
l : H0(curl,Ω) → R are given by

a(A,v) =

∫

Ω

(curlA)T Mμ curlv dΩ, (69)

l(v) =

∫

Ω

Jev dΩ +

∫

Ω

M curlv dΩ. (70)

The variational equation (66) is discretized by lowest order edge elements.
The basis functions are associated with the edges of the finite element mesh
and can be written in the form

w
(1)
ij := NigradNj − NjgradNi, (71)

where Ni and Nj are the nodal basis functions associated with node i and j.

The edge basis function has the property that the line integral of w
(1)
ij along

the edge Eij connecting the nodes i and j is one and along other edges it is
zero, that means

∫

Eij

tij · w(1)
ij ds = 1, (72)

∫

Ekl

tkl · w(1)
ij ds = 0 for Ekl 
= Eij . (73)

Here, tij denotes the unit vector pointing from node i to node j. The magnetic
vector potential in (66) is expressed as a linear combination of edge elements

A =

ne∑

i=1

aiw
(1)
ei , (74)

where ne denotes the number of edges in the mesh and w
(1)
ei the basis function

associated to edge i. As test functions v the basis functions w
(1)
ej , j = 1, . . . , ne

are chosen. Equation (68) results in a linear equation for ah := (a1, . . . , ane)
T

Khah = fh, (75)
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where matrix and vector entries in row i ∈ {1, . . . , n} and column j ∈
{1, . . . , n} of Kh and fh are defined as

K
(ij)
h := a(w

(1)
ei ,w

(1)
ej ), (76)

f
(i)
h := l(w

(1)
ei ). (77)

The structure of Kh is investigated in more detail. The magnetic flux den-
sity B is obtained from A by B = curlA and is an element of H(div,Ω).
The lowest order basis functions of the discretized space are known as
Raviart-Thomas elements and are associated to the surfaces. A basis is
given by {w(1)

f1 ), . . . ,w
(1)
fnf

)}. The number of surfaces is denoted by nf . Since

curlH(curl,Ω) ⊂ H(div,Ω) and this relation also for the discretized spaces of

edge elements and Raviart-Thomas elements holds, the curl of w
(1)
ei can be

expressed as a linear combination

curlw
(1)
ei =

nf∑

k=1

ckiw
(1)
fk . (78)

The matrix element K
(ij)
h of Kh can be expressed as

a(w
(1)
ei ,w

(1)
ej ) =

∫

Ω

(
curlw

(1)
ei

)T

Mμcurlw
(1)
ej dΩ

=

∫

Ω

nf∑

k=1

cki

(
w

(1)
fi

)T

Mμ

nf∑

l=1

cljw
(1)
fl dΩ. (79)

It follows that Kh can be written in the form Kh = CTNhC with the curl
matrix C ∈ Rnf×ne and the stiffness matrix Nh ∈ Rnf×nf . The matrix entries
N

(ij)
h in row k ∈ {1, . . . , nf} and column l ∈ {1, . . . , nf} of Nh are defined as

N
(kl)
h :=

∫

Ω

(
w

(1)
fk

)T

Mμw
(1)
fl dΩ. (80)

Since gradH1(Ω) ⊂ H(curl,Ω) the matrix entry K
(ij)
h of (58) and (59) can be

written as

K
(ij)
h =

∫

Ω

(gradNi)
T MμgradNj dΩ

=

∫

Ω

ne∑

k=1

gki

(
w

(1)
ek

)T

Mμ

ne∑

l=1

gljw
(1)
el dΩ, (81)

for some coefficients gki ∈ R. Here, Ni and w
(1)
ek denote the lowest order nodal

and edge basis functions related to a two dimensional mesh. It follows that
Kh in (58) can be written as GT ThG with the gradient matrix G ∈ Rne×n

and the matrix Th ∈ Rne×ne whose components are defined by
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T
(kl)
h :=

∫

Ω

(
w

(1)
ek

)T

Mμw
(1)
el dΩ. (82)

The structure of the matrices CT NhC and GT ThG is identical to the structure
that is obtained by discretizing the Maxwell equation by the finite integration
theory (FIT) [2]. Scalar quantities are directly associated to nodes, edges,
surfaces and volumes on a primal and a dual grid. The Maxwell equations
are transfered to the Maxwell grid equations (MGE). The equations on the
primal and dual grid are then connected by the material relations. Lowest
order finite element theory is closely related to the FIT.

4 Subspace Recycling Methods

The application of Newton- or Quasi-Newton methods on Eqs. (49), (58) and
(75) results in a sequence of linear systems of equations

Alxl = bl, l = 1, . . . ,m (83)

with similar positive or positive semi definite system matrices and different
right-hand sides. For these multiple right-hand side (mrhs) problems usually
preconditioned conjugate gradient or algebraic multigrid methods are applied,
which do not reuse information from previous solution processes. In [5] it is
shown that cg methods can also applied to singular systems which are posi-
tive semi definite. If (83) is solved with the conjugate gradient (cg) method
the smallest eigenvalues in Al slow down the convergence. Consequently, if
the smallest eigenvalues could be ”removed” in some way the convergence is
expected to be improved. This removal is generally achieved by a deflated
cg method (see [7], [9]) where search directions are orthogonal to the eigen-
vectors belonging to the extremal eigenvalues. Hence, the cg method does
not ”see” these eigenvalues. The effectivity of the method depends mainly on
the closeness of the approximation of the subspace that is spanned by the
eigenvectors belonging to the extremal eigenvalues. If a series of linear equa-
tions (83) have to be solved the Krylov subspace Q = [z0, . . . , (M

−1A)kz0],
z0 := M−1(b − Ax0) that is created when solving the first linear system with
a cg method will be useful when solving all subsequent equations. M is a
preconditioning matrix, x0 the start vector and k the number of cg iterations.
The i-th Krylov subspace is augmented by the range of Q and the augmented
preconditioned cg method is characterized by

xi ∈ {x0} + K̄i(M
−1A, z0, Q) with ri ⊥ K̄i(M

−1A, z0, Q), (84)

K̄i(M
−1A, z0, Q) := Ki(M

−1A, z0) ⊕ Range(Q). (85)

The algorithm can be considered as a continuation of the classical cg method
with constructed Krylov subspace Q. This leads to the algorithm (PPCG-1).
The dependence on the index l is omitted:
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1: initial value x00 from previous linear system
2: i = 0
3: x0 = Q(QTAQ)−1QT b + PQx00

4: r0 = b − Ax0)
5: while ‖ri‖ 
= 0 do
6: zi = PQM−1ri

7: if i = 0 then
8: pi = zi

9: else
10: βi = rT

i zi/r
T
i−1zi−1

11: pi = βipi−1 + zi

12: end if
13: αi = rT

i zi/p
T
i Api

14: xi+1 = xi + αipi

15: ri+1 = ri − αiApi

16: i = i + 1
17: end while

5 Numerical Examples

5.1 Magneto-Static Motor Simulation

A nonlinear magneto-static simulation is shown in Fig. A.12 on page 332. The
motor consists of rotor, stator and two exciting coils and is surrounded by air.
The different algorithms are compared with the classical cg method (PCG)

Table 2. Comparison of different cg methods for a nonlinear magneto-static simu-
lation with 2804 nodes.

solver type # newton iterations # cg iterations cpu in s

PCG 18 490 24.4
PPCG-1 18 330 17.9

Table 3. Comparison of different cg methods for a nonlinear magneto-static simu-
lation with 25945 nodes.

solver type # newton iterations # cg iterations cpu in s

PCG 16 798 367.3
PPCG-1 16 514 278.7
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concerning the number of cg iterations and computing time for a mesh with
2804 nodes, dim(PQ)=64 (Table 2) and 25945 nodes, dim(PQ)=106 (Table
3). The preconditioned augmented cg method PPCG-1 reduces the number
of iterations and the computing time considerably.

5.2 3D Nonlinear Electro Motor Simulation

A 3D model of an electro motor design (Fig. A.13 on page 332) with ferromag-
netic, nonlinear material characteristic and two current coils was discretized
resulting in 379313 degrees of freedom (dof). The results in Table 4 show a
significant decrease in the time required for the nonlinear iteration even for a
rather high dimension of 108 vectors in the augmented space Q.

Table 4. 3D electro motor: nonlinear magneto-static model (379313 dof).

solver type # newton iterations # cg iterations cpu in s

PCG 11 680 17409.0
PPCG-1 11 347 8834.0

5.3 Sinusoidal Excited C-Magnet

A c-magnet structure which consists of an iron core surrounded by air is in-
vestigated. The current density of the exciting coils at the long side of the
core has a sinusoidal form over 60 ms. The magnetic potential is set to zero
at the boundaries to approximate infinity. Figure 2 depicts the geometry with
the coarse mesh of level 0. The initial coarse mesh consists of 96 nodes and
165 triangles. A combination of simultaneous error controlled adaptivity for
the space and time discretization is presented. The time integration is per-
formed using a Singly-Diagonal-Implicit-Runge-Kutta method (SDIRK3(2))

-0.8

-0.4

 0

 0.4

 0.8

60 20 0  40

accepted steps rejected steps

+I(t) -I(t) I/kA

t/ms

coil iron

air

Fig. 2. Geometry with initial coarse mesh and excitation.
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of order 3 with embedded order 2 solution for error control. This approach fea-
tures a time evolving mesh where an error controlled refinement of the mesh
resolution takes into account appearing and disappearing local transient sat-
uration effects. In the field of parabolic partial differential equations related
to advection-diffusion type computational fluid dynamics a similar combina-
tion has been investigated by Lang [6]. The error tolerances for the space
δH = 10−8 and time δT = 10−5 are used. The simulation over the three pe-
riods needs 46 time steps where 17 steps are rejected at a specific grid level.
Figure 2 shows the current excitiation in the coils together with the accepted
and rejected steps.
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Summary. We present an efficient method to automatically compute a smooth
approximation of large functional scattered data sets given over arbitrarily shaped
planar domains. Our approach is based on the construction of a C1-continuous
bivariate cubic spline and our method offers optimal approximation order. Both
local variation and non-uniform distribution of the data are taken into account by
using local polynomial least squares approximations of varying degree. Since we only
need to solve small linear systems and no triangulation of the scattered data points
is required, the overall complexity of the algorithm is linear in the total number of
points. Numerical examples dealing with several real world scattered data sets with
up to millions of points demonstrate the efficiency of our method. The resulting
spline surface is of high visual quality and can be efficiently evaluated for rendering
and modeling. In our implementation we achieve real-time frame rates for typical
fly-through sequences and interactive frame rates for recomputing and rendering a
locally modified spline surface.

1 Introduction

The problem of scattered data fitting is to efficiently compute a suitable sur-
face model that approximates a given large set of arbitrarily distributed dis-
crete data samples. This problem arises in many scientific areas and fields of
application, for instance, in chemistry, engineering, geology, medical imaging,
meteorology, physics, and terrain modeling. Moreover, scattered data methods
play an important role in scientific visualization to get a better understanding
of a given set of scattered data points and for subsequent treatment needed
in many applications.

In this paper we concentrate on the problem of functional scattered data
fitting, which can be described as follows: Given a finite set of points (xi, yi) ∈
Ω, i = 1, . . . , N , where Ω is a bounded domain in the plane, and corresponding
values zi, i = 1, . . . , N , find a method to construct a surface s : Ω �→ R that
meets as many as possible of the following goals:
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• Approximation: s should approximate the data, i.e. s(xi, yi) ≈ zi

(i = 1, . . . , N), while offering optimal approximation order
• Quality: s should be of high visual quality (i.e., for “smooth data”, s

should be at least C1-continuous) and have convenient properties for fur-
ther processing.

• Usability: Large real world data sets, where N is typically at least of
order 106, should be manageable.

• Efficiency: Both the computation and the evaluation of s should be fast
and efficient.

• Stability: The computation of s should be numerically stable, i.e., the
method should work for any distribution of scattered points.

• Adaptiveness: The local variation and distribution of the data should be
taken into account.

• Simplicity: The method should be easy to implement.

Although many approaches have been developed in the last 30 years, the
literature shows that it is a difficult task to meet all of the above goals by using
one single method. In fact, the algorithms proposed in the literature typically
have at least one of the following drawbacks: limitations in approximation
quality, severe restrictions on the number of points, limited visual quality of
the resulting surface, high computation times, and restrictions on the domain
and distribution of the data.

In this paper, we develop a new approach to scattered data fitting which
is based on differentiable bivariate cubic splines. We decided to construct a
smooth surface since such surfaces look more pleasant and have nice properties
for further processing and rendering. The method we propose belongs to the
class of so-called two-stage methods [40]: In the first step of the algorithm, we
compute discrete least squares polynomial pieces for local parts of the spline s
by using only a small number of nearby points. Then, in the second step, the
remaining polynomial pieces of s are obtained directly by using C1 smoothness
conditions. Our approach uniquely combines the following advantages: The
data need not be triangulated, the domain Ω can be of arbitrary shape, no
estimations of derivatives need to be computed, and we do not perform any
global computations. As a result, we obtain a fast method that is applicable to
large real world data, local data variations do not have an undesirable global
effect, and the differentiable approximating spline is of high visual quality.
Thus, we have a fully automatic method which is stable, easy to implement,
and the local distribution and variation of the data are taken into account.

The spline representation of our surface model allows to employ Bernstein-
Bézier techniques efficiently for evaluation and rendering of the spline. In
contrast to previous methods for terrain visualization, we render smooth sur-
faces and thus do not need to decimate or (re-)triangulate the scattered data.
Moreover, we have fast and robust algorithms for view frustum culling and
computation of surface points, true surface normals, and texture coordinates.



Smooth Approximation and Rendering of Large Scattered Data Sets 129

2 Previous Work

In this section we give an overview on previous and related work in the fields of
scattered data fitting and rendering of large terrain data sets. There are many
different approaches to scattered data fitting, see for instance the surveys and
overview in [19, 26, 30, 35, 40]. A very active area of research are radial basis
methods [2, 20, 35, 38]. However, these methods usually require solving large,
ill-conditioned linear systems. Therefore, sophisticated iterative techniques
are needed for the computation of the radial function interpolants [2]. An
approach based on regularization, local approximation, and extrapolation has
been proposed in [1].

Motivated by some classic results from approximation theory, various
methods based on bivariate splines were proposed. There are several types
of splines that can be used. The simplest approach is to consider tensor prod-
uct splines [13, 18, 22, 23] and their generalizations to NURBS surfaces [37],
which have important applications, e.g., in modeling and designing surfaces.
These spaces are essentially restricted to rectangular domains. In general, ten-
sor product methods are straightforward to apply only for data given on a grid.
If the data points are irregularly distributed, there is no guarantee that the
interpolation problem has a solution. Also, global least squares approximation
and related methods have to deal with the problem of rank deficiency of the
observation matrix. Alternatively, lower dimensional spaces and/or adaptive
refinement combined with precomputation in those areas where the approx-
imation error is too high can be employed [39, 28, 45]. In [39], parametric
bicubic splines possessing G1 geometric continuity are adaptively subdivided
to approximate 3D points with a regular quadmesh structure. Multilevel B-
splines are used in [28] to approximate functional scattered data.

Other spline methods are based on box splines [9, 24], simplex splines [46],
or splines of finite-element type. The simplest example of finite-element splines
are continuous piecewise linear functions with respect to a suitable triangu-
lation of the planar domain. It is well-known that the approaches based on
piecewise linear functions can not exceed approximation order 2. To achieve
higher smoothness and approximation order, polynomial patches of greater
degree have to be considered. In particular, there are scattered data methods
based on classical smooth finite elements such as Bell quintic element, Fra-
jies de Veubecke-Sander and Clough-Tocher cubic elements, and Powell-Sabin
quadratic element, see the above-mentioned surveys and more recent papers
[10, 14, 31]. In general, these methods are local, and it is obvious that these
splines possess much more flexibility than tensor product splines. Many meth-
ods require that the vertices of the triangulation include all data points or a
suitable subset of these points obtained by a thinning procedure. Such a tri-
angulation is not very expensive to obtain (computational cost O(N logN)),
but the arising spline spaces can become difficult to deal with if the triangu-
lation is complicated and its triangles are not well-shaped. In addition, the
above-mentioned methods based on finite elements require accurate estimates
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of derivatives at the data points, which is a nontrivial task by itself assum-
ing the data points are irregularly distributed. To overcome these difficulties,
global least squares approximation and other global methods were considered,
e.g., in [14, 21, 34, 46].

The basic idea of our method is related to the interpolation scheme
of [33, 32]. Essential differences are, however, that we neither triangulate
(quadrangulate) the data points, nor make use of any interpolation scheme
as for instance in [10, 31, 32]. In particular, we do not need any estimates
of z-values at points different from the given data points. Instead, we com-
pute local least squares approximations directly in the Bernstein-Bézier form,
and then settle the remaining degrees of freedom by using the standard C1

smoothness conditions [16], which results in very short computation times.
Since our method does not even require a triangulation of the data points,
it is very well suited for extremely large datasets. In addition, our method
allows (local) reproduction of cubic polynomials and hence offers optimal ap-
proximation order. Theoretical aspects of the method are treated in [11].

A large number of techniques for efficient rendering of terrain data has
been proposed in the literature. However, these techniques usually operate on
piecewise linear surface representations only. Moreover, many of these meth-
ods are restricted to data that are regularly sampled on a rectangular grid.
This kind of data is commonly referred to as a digital elevation map (DEM)
or, in the case of additional color values associated to each data point, as a
digital terrain map (DTM).

Among the early methods based on DEM /DTM data we mention tech-
niques such as clipping surface cells against the view frustum for ray trac-
ing [8], extracting feature points from the data set by curvature analysis and
constructing a Delaunay triangulation [41], and using quadtree data struc-
tures to accelerate ray casting [6]. More recent approaches achieve interac-
tive frame rates for rather low resolution DTM by determining visible and
occluded terrain regions [7] or by exploiting vertical ray coherence for ray
casting [27]. Several methods incorporate level-of-detail (LOD) techniques to
speed up rendering. Such LOD techniques can be embedded in multiresolu-
tion BSP trees [43] or combined with hierarchical visibility for culling occluded
regions [42]. However, changing the LOD during an animation might result
in visual discontinuities. This problem has led to the development of con-
tinuous LOD techniques [17, 29, 15]. In [29], a continuous LOD rendering is
obtained through on-line simplification of the original mesh data while main-
taining user-specified screen-space error bounds. A related approach is pro-
posed in [15], where additional optimizations such as flexible view-dependent
error metrics, incremental triangle stripping, and predefined triangle counts
are introduced.

The methods that do not require data to be sampled on a uniform grid
typically construct a triangulated irregular network (TIN) from the data. A
multiresolution representation of arbitrary terrain data is presented in [5],
where every resolution level consists of a TIN that is obtained through incre-
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mental Delaunay triangulation. The approximation error can be chosen to be
constant or variable over the data domain. The approach in [25] is similar to
the one before, but here the triangulation is computed on-the-fly, avoiding the
storage requirements of the hierarchy.

3 Construction of the Spline

3.1 Overview and Basic Idea

Many of the methods mentioned in the previous section are based on global
least squares approximation and related procedures, thus facing the problem
of rank deficiency. One possibility to overcome this is by applying well known
numerical techniques for rank deficient matrices, such as singular value de-
composition. However, this procedure is very expensive for large coefficient
matrices arising from the global methods and destroys their sparse structure.
In contrast, our method only relies on local least squares computations, which
allows us to employ the singular value decomposition efficiently.

Given a finite set of points (xi, yi), i = 1, . . . , N , in a bounded domain
Ω ⊂ R2 and corresponding values zi, i = 1, . . . , N , we first determine a
suitable space S consisting of smooth bivariate splines of degree 3 such that the
total number of degrees of freedom (i.e., the dimension of S) is approximately
N . We construct a quadrilateral mesh covering the domain Ω, see Fig. 1,
and define S to be the space of C1-continuous piecewise cubics with respect
to the uniform triangle mesh Δ obtained by adding both diagonals to every
quadrilateral. We call the union of these quadrilaterals the spline domain Q.
The basic idea of the method is to choose a subset T of triangles in Δ with
the following properties:

(i) the triangles of T are uniformly distributed in Δ;
(ii) the polynomial patches s|T (T ∈ T ) can be chosen freely and indepen-

dently from each other;
(iii) if a spline s ∈ S is known on all triangles in T , then s is also completely

and uniquely determined on all other triangles that cover the domain;
(iv) each patch s|T , where T ∈ Δ\T has a non-empty intersection with Ω, can

be computed using only a small number of nearby patches corresponding
to triangles in T .

The approximating spline is constructed in two steps. First, we compute
for every triangle T ∈ T a least squares polynomial pq

T in its Bernstein-Bézier
form by using singular value decomposition (SVD) and taking into account
only points in T and several adjacent triangles. The degree q of pq

T may vary
from triangle to triangle, though not exceeding 3, and is chosen adaptively in
accordance with the local density of the data points. We set s = pq

T on each
T ∈ T . Then, in the second step, the remaining polynomial pieces of s on
the triangles T ∈ Δ \ T are computed by using Bernstein-Bézier smoothness
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conditions. In order to guarantee property (iii), it is necessary to add some
auxiliary border cells containing both diagonals to Δ as shown in Fig. 1.

ΩQ

Fig. 1. Layout of the Bézier triangle patches for an arbitrarily shaped domain Ω
of scattered data points. In addition to the Bernstein-Bézier coefficients of the grey
triangles inside the spline domain Q, the coefficients of the light grey triangles in the
dashed border cells are needed to determine all remaining triangle patches in Q by
smoothness conditions. The bold circle shows the position of one of the circles CT .

3.2 The Spline Space

Our method is implemented for arbitrary domains as shown in Fig. A.17 on
page 334. For a detailed description of the spline space and its Bernstein-Bézier
representation it is sufficient to consider the square domain Ω = [0, 1]2.

For given scattered points (xi, yi) ∈ Ω, i = 1, . . . , N , we set n = ⌊
√

N/5⌋
and we cover the domain Ω with squares Qij , i, j = 1, . . . , n of edge length
h = 1/n. This choice of n ensures that the dimension of the spline space
approximately coincides with the number of scattered data points. In addition,
a ring of square border cells surrounding the union Q =

⋃
Qij is needed to

completely determine the approximating spline on Q. A uniform triangle mesh
Δ (a so-called Δ2 partition) is obtained by adding both diagonals to every
square Qij as shown in Fig. 1.

We consider the space of bivariate splines S consisting of all cubic C1

piecewise polynomials with respect to Δ. It is well-known that the dimension
of the spline space S is 5n2 + 8n + 3 ≈ N [3]. Moreover, this space combines
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a number of attractive features. First, the splines of this kind are highly flexi-
ble in contrast to, e.g., tensor product splines [13]. Second, the comparatively
low degree allows fast and efficient computation of the approximating splines.
Third, the approximation order of the space S is optimal [3], i.e., any suffi-
ciently smooth function can be approximated by a spline s ∈ S with the error
O(h4), which is the best possible approximation order for piecewise cubics.

For computing the cubic patches of the approximating spline, we use the
well-known Bernstein-Bézier representation of a cubic polynomial p3

T defined
on a triangle T = [t0, t1, t2] ∈ Δ:

p3
T (u) =

∑

|α|=α0+α1+α2=3

Bα,3
T (u) bα, u ∈ T. (1)

Here,

Bα,3
T (u) :=

3!

α0!α1!α2!
λα0

0 (u)λα1
1 (u)λα2

2 (u)

are the ten Bernstein basis polynomials of degree 3, where λν(u), ν = 0, 1, 2,
are the barycentric coordinates of u with respect to T . The bα ∈ R are called
Bernstein-Bézier coefficients of p and represent the local degrees of freedom
of the polynomial patch.

The advantages of the Bernstein-Bézier techniques include the stability of
the Bernstein-Bézier basis, easily implementable smoothness conditions (see
Sect. 3.4 below), and an efficient algorithm for the evaluation of the spline
and its corresponding normal (de Casteljau algorithm).

3.3 Adaptive Least Squares Approximation

We start our algorithm by choosing a subset T of the triangles in Δ as in
Fig. 1 and initial circles CT , T ∈ T , with radius 5

4h and midpoint at the
barycenter of T . This choice of the circles ensures that the domain Ω is com-
pletely covered by the union of the circles CT , T ∈ T . In the first step of our
algorithm we determine the polynomial pieces of the approximating spline s
on the triangles of T . To this end we compute n2/2 different local discrete
least squares approximations for bivariate polynomials by using singular value
decomposition.

Since we treat scattered data, there is in principle no restriction on the
number m of points within a particular circle CT . However, both too few and
too many points are not desirable. Therefore, we use the initial circle only if
m satisfies Mmin ≤ m ≤ Mmax with Mmin,Mmax chosen as described below.
Thus, two different situations that require further processing can occur:

1. the number of data points within CT is too large: m > Mmax;
2. the number of data points within CT is too small: m < Mmin.

In the first case (m > Mmax), we thin the data inside of CT down to at
most Mmax points. This is done by sorting all data points from within CT
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into an auxiliary regular grid, which is constructed in such a way that at most
Mmax grid cells lie inside of CT . Then we choose the most central data point
from each non-empty grid cell to be taken into account for computing the local
polynomial patch. Such thinning of the data is justified by the assumption that
unreasonably large sets of local data points carry redundant information. By
thinning the data points, we avoid expensive computation of SVD for large
matrices.

In the second case (m < Mmin), we simply increase the radius of CT

until at least Mmin scattered points are inside of CT . The parameter Mmin

controls the minimal local approximation order of the spline surface, while
Mmax acts as a balancing parameter between detail reproduction and overall
smoothness. In order to locally reproduce at least linear functions in the areas
of very sparse data, we choose Mmin = 3. Since we need at least 10 scattered
data points to fit a cubic polynomial, we require Mmax ≥ 10. In our tests, we
found a good heuristic choice to be 20 ≤ Mmax ≤ 60.

The process of finding the data points that lie inside of a given circle CT

is accelerated using an additional uniform grid data structure G constructed
during the initial input of the data. This grid covers the domain Ω and its
resolution is chosen such that an average number of K data points lie within
each grid cell. By experiment we found that values of 10 ≤ K ≤ 20 lead to a
reasonable speed up. Every grid cell is assigned a list of the data points inside
that cell. Thus, we can reduce the number of point-in-circle tests significantly
by considering only those data points, which are associated to the cells of G
partially or completely covered by CT . These grid cells can be determined
efficiently by using pre-computed two-dimensional bit masks that depend on
the radius of CT and the position of its midpoint relative to the grid cells of
G.

The above procedure determines for each T ∈ T a set of data points
(x̃i, ỹi), i = 1, . . . ,m, that is either the set of all scattered points lying in the
circle CT , or a subset of it obtained by thinning. Figure A.18 on page 335
shows some examples of such sets of data points. We now consider the system
of linear equations

∑

|α|=q

Bα,q
T (x̃i, ỹi) bα = z̃i, i = 1, . . . ,m, (2)

where the z̃i are the z-values at points (x̃i, ỹi) and q is the local degree of
pq

T (q ≤ 3). Denote by Aq the matrix of the system (2). The number Mq of
unknown coefficients bα depends on q and is equal to 10, 6, 3, or 1 if q is 3, 2,
1, or 0, respectively. Depending on m, we initially choose q so that m ≥ Mq.
If, for instance, m ≥ 10, we choose q = 3.

To solve (2) in the least squares sense, we compute the singular value de-
composition Aq = UDV ⊤, where U ∈ R

m,Mq and V ∈ R
Mq,Mq are (column-)

orthogonal matrices and D = diag{σ1, . . . , σMq} is a diagonal matrix contain-
ing the singular values σj of Aq (j = 1, . . . ,Mq). We use the algorithm given
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in [36] for the computation of the SVD. Since the dimension of Aq is at most
Mmax × 10, we compute the SVD for small matrices only, making this step
fast and robust. The least squares solution of (2) can be efficiently computed
as b = V D−1U⊤z̃, since the inverse of D is again a diagonal matrix with
reciprocal diagonal elements.

In general, the condition number of the system (2) is given by the ratio
maxj{σj}/minj{σj}. If at least one of the singular values σj is smaller than a
prescribed bound εcond, i.e., the points (x̃i, ỹi) lie close to an algebraic curve
of degree q, we consider the system (2) to be ill-conditioned and drop the
degree q of the least squares polynomial. If the initial degree was q = 3, this
means that we consider the system (2) once again, but this time for quadratic
polynomials, i.e., q = 2. If the system (2) for q = 2 is ill-conditioned again,
we drop the degree further down to q = 1 or even q = 0. The bound εcond

is obtained from a user-specified condition number κ: εcond := maxj{σj}/κ.
Extensive numerical simulations show that the quality of the resulting spline
surface is quite sensitive to the choice of κ, see also Fig. A.19 on page 335.
If κ is chosen too high, the spline patches constructed over the triangles in
T tend to be of a higher degree. Although this behavior can reduce the av-
erage approximation error at the data points, our tests show that individual
data points may exhibit a larger approximation error. On the other hand, if
κ is chosen too low, more and more spline patches possess a lower degree,
thereby decreasing the local approximation order of the spline. In our tests,
we successfully use κ ∈ [80, 200].

In this way, for every T ∈ T we determine a polynomial pq
T = s|T on T .

If the degree q of pq
T is less than three, the cubic Bernstein-Bézier represen-

tation (1) of

pq
T (u) =

∑

|α|=q

Bα,q
T (u) aα, u ∈ T, (3)

is finally obtained by degree raising. The corresponding relations between
the coefficients of pq

T in its two representations (1) and (3) result from the
following equation [16]:

⎛
⎝
∑

|α|=q

Bα,q
T aα

⎞
⎠ (λ0 + λ1 + λ2)

3−q =
∑

|α|=3

Bα,3
T bα .

3.4 C1-Conditions

In the second step of the algorithm, we determine the approximating spline s
on the remaining triangles T ∈ Δ \ T that have non-empty intersection with
Ω.

For computing the remaining coefficients of s we use the well-known C1

smoothness conditions for two adjacent triangular Bézier patches [16]. By
using these simple formulas, we compute the Bernstein-Bézier coefficients of
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the polynomial pieces of the smooth spline s on the triangles T ∈ Δ \ T that
have a non-empty intersection with Ω. In particular, we do not need to perform
this step for the remaining triangles in the border cells. This computation
works step by step as illustrated in Fig. A.16 on page 334. Here, so-called
domain points in the part of the domain surrounded by four triangles in T
are shown. Each domain point represents a Bernstein-Bézier coefficient of the
spline. In particular, the points shown in black correspond to the Bernstein-
Bézier coefficients on the triangles in T . We first use these coefficients and the
above C1 smoothness conditions to compute the coefficients corresponding to
the red points. Then we compute successively the coefficients shown in blue,
green, and yellow. Note that in the last step there are several possibilities to
compute the coefficient shown in yellow. We just choose one of them since the
result is unique as follows by a standard argument.

4 Rendering

To efficiently render our spline surface, we adapted several techniques from
[8, 17, 29, 44] to smooth Bézier spline surfaces. We start by overlaying the
domain Ω with a uniform, axis-aligned render grid. The resolution of this grid
is adjustable, we typically use about 30×30 grid cells. Each of the grid cells cij

is assigned a minimum and a maximum z-value zmin
ij and zmax

ij , which are taken
from the minimum and the maximum Bernstein-Bézier coefficient of all the
Bézier triangles covered by cij , respectively. Since the spline surface is known
to lie completely inside the convex hull of its Bernstein-Bézier control points,
we can use the boxes bij defined by the grid cells cij and their associated
z-values zmin

ij and zmax
ij as bounding boxes for a cheap visibility test. Our

rendering algorithm is organized as follows:

for each box bij

cull bij against view frustum;

if bij not completely culled

mark bij as visible;

compute bounding rectangle of projection

of bij into screen space;

compute LOD from max bounding rect extent;

for each visible box bij

if LOD 
= bij.LOD

evaluate spline on uniform sub-grid of

level LOD over cij;

draw triangle strips into bij.displayList;

bij.LOD = LOD;

execute bij.displayList;

The culling of the axis-aligned bounding boxes bij is performed in a con-
servative but cheap way: Each of the eight vertices of a box is projected into
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screen space. The box is rejected from visibility if and only if all of the pro-
jected vertices lie completely inside the same of one of the four half planes
above, below, left, or right of the viewport. An early acceptance of the box is
found, if any of the projected vertices lies inside the viewport. We found that
this conservative test performs better than a more accurate test that includes
2D line clipping for each of the twelve edges of a box.

For each box bij that passes the culling test, we compute the bounding
rectangle of the projected vertices. The maximum width / height of all these
bounding rectangles is used to compute the global level-of-detail (LOD) for
the current viewpoint. Obviously, it would be more efficient to have an indi-
vidual LOD for each box: grid cells that are projected onto only a few pixels
need not be subdivided as finely as grid cells that cover a large area of the
viewport. However, such an adaptive LOD might result in visible gaps be-
tween adjacent grid cells, since the common boundary curve of the spline
surface between two grid cells might be represented by a different number of
linear segments for each cell. To overcome these problems, we are currently
investigating the applicability of view-dependent sampling and triangle mesh
generation as suggested for instance in [15].

Fig. 2. Sub-grids and resulting triangle meshes corresponding to LOD = 1 (left)
and LOD = 2 (right). The spline surface is evaluated at the positions • for level one.
For level two, the spline needs to be evaluated only at the new positions •.

After the global LOD has been computed, the spline surface is evaluated
within every visible box bij on a uniform sub-grid over the domain of the
grid cell cij . The resolution of the sub-grid is determined by the LOD. In our
implementation we use a discrete LOD such that incrementing the LOD by
one doubles the resolution of the sub-grid along both of its dimensions (see
Fig. 2). This approach has the advantage that all surface points and normals
from level j can be re-used for level j+1. Thus the spline surface has to be
evaluated only at the new positions for a higher level. In the case of going
down from level j+1 to level j, we do not need to evaluate the spline at all –
all the surface points and normals we need have already been computed. Since
the number of triangles quadruples when going from level j to level j+1, it
might seem reasonable to split every triangle into only two triangles, instead.
In this case, however, it is not possible to generate optimal triangle strips for
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efficient rendering: Either the triangle strips are running diagonally, so that
additional expensive texture binding calls are needed, or the triangle strips
become much shorter than in our current approach.

To avoid possible visual discontinuities (“popping effects”) when changing
the LOD during an animation, we blend the surfaces Snew (corresponding to
the new LOD) and Sold (corresponding to the previous LOD) over k successive
frames using the alpha buffer and a blend function provided by our graphics
hardware. Since we achieve real-time frame rates for rendering, we found that
k = 20 yields visually smooth transitions from Sold to Snew.

The evaluation of the spline within every visible box bij is done using the
de Casteljau algorithm [12]. In contrast to tensor product patches of the same
degree, the de Casteljau algorithm for bivariate triangle patches takes about
half as many multiplications and additions to compute a point on the spline
surface. If, like in our case for proper shading, the surface normal has to be
computed as well, the advantage of bivariate triangle patches becomes even
more evident: In addition to the costs of evaluating a surface point, we need
only three multiplications and additions each to compute the (unnormalized)
exact normal vector in that point.

5 Results

In order to verify the working of our method, we performed numerical tests on
several real world scattered data sets which vary widely in size and quality. All
simulations were run on an sgi Octane with a 300MHz R12k processor and
1GB main memory. The approximation quality of a spline is measured using
the one-sided Hausdorff distance dH : R3 × S → R between the scattered
data points (xi, yi, zi) ∈ R3 and the spline s ∈ S. To facilitate comparison
of different data sets, we divide the maximum approximation error by the
length δ of the diagonal of the scattered data’s bounding-box. The results of
our simulations are summarized in Table 1.

The results in Table 1 clearly show that both the runtime and the mem-
ory usage of our algorithm is linear in the number N of scattered data points.
The approximation quality of the spline depends on the quality of the input
data: The more densely the scattered data points lie, the more least squares
polynomial patches of higher order will be created in general, thereby increas-
ing the local approximation order of the spline. Our simulations show that
large real world scattered data can be approximated well within some sec-
onds: The maximum approximation error for our largest data set (588 km2

with 360 meters elevation range) is about 14 meters (relative error 5.2 ·10−4).
In particular, in the case of huge and dense data sets, the deviation of the
approximating spline to the majority of data points is less than one meter.

Once a spline approximation to a scattered data set has been computed,
this spline surface can be efficiently evaluated for rendering using the tech-
niques described in Sect. 4. On our Octane with a Vpro/8 graphics board
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Table 1. Results of smooth approximation for different real world scattered data
sets. Timings are given for the construction of the spline; see Sect. 5 for details on
operating platform and Hausdorff distance dH . The diameter of the scattered data’s
bounding-box is denoted by δ.

N 9,704 45,324 736,577 2,958,078

avg. density (data / km2) 81 278 5,001 5,020

memory usage 1.8 MB 4.2 MB 48MB 189 MB

CPU time 0.3 s 1.4 s 19.9 s 92.9 s

percentage of patches of degree 3 61.9% 95.6% 77.6% 78.1%

percentage of patches of degree 2 8.4% 1.4% 20.4% 20.6%

percentage of patches of degree 1 13.7% 2.8% 1.4% 0.8%

percentage of patches of degree 0 16.0% 0.2% 0.6% 0.5%

max(|dH |/δ) 3.1E-3 2.4E-3 8.5E-4 5.2E-4

percentage of data with |dH | > 10 m 3.3% 9.0% 0.002% 0.002%

percentage of data with |dH | > 5m 17.5% 28.5% 0.06% 0.07%

percentage of data with |dH | > 1m 95.3% 84.7% 8.4% 8.5%

we achieve real-time frame rates of 30–60 fps in typical fly-through sequences
with up to 100k Gouraud-shaded and textured triangles per frame. Moreover,
it is possible to locally modify the data, e.g., for animation or modeling, and
render the adapted spline surface at interactive frame rates. We have cre-
ated an animation sequence of a surface that has been constructed from 736k
scattered data points. In an area that covers about 0.4% of the surface, the
scattered data points are moved from frame to frame. Due to the locality of
the method, we are able to recompute the Bernstein-Bézier coefficients of the
polynomial pieces for each frame and render the spline surface at about 10 fps.

An additional area of application for our method is (lossy) geometric com-
pression (see Fig. A.17 on page 334). Storing the 5n2 Bernstein-Bézier coeffi-
cients that have been computed as described in Sect. 3.3 allows to reconstruct
the complete spline due to C1-conditions. For n = ⌊

√
N/5⌋, this requires stor-

age of approximately N floating point numbers only, since the position of the
Bernstein-Bézier coefficients is implicitly defined by our scheme3. Since the
scattered data require storage of 3N floats, we obtain a compression ratio of
about 3 : 1. By decreasing the resolution n of the spline grid, we can control
the compression ratio. Unlike many other compression techniques, our method
becomes faster when using higher compression ratios. Compressing three mil-
lion scattered data points from an area of 588 km2 with an elevation range
of 360 meters by a ratio of 30 : 1 takes about 15 seconds and yields a maxi-
mum approximation error of 20 meters. Although our method will probably

3 In addition, the number n and the min/max coordinates of the scattered data in
the xy-plane have to be stored.
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not achieve the same reconstruction quality as state-of-the-art geometric com-
pression or mesh reduction techniques [4], it can compete very well with such
techniques concerning run-time complexity. Most of these techniques operate
on polygonal meshes. If, however, the input data are given as unorganized
scattered data, it takes O(N logN) time to compute a triangulation. Since
our method computes the Bernstein-Bézier coefficients of a smooth approxi-
mation of the scattered data in O(N) time, it might be the method of choice
for very large N .

6 Conclusion and Future Work

We have presented an efficient method to automatically compute smooth ap-
proximations of large sets of unorganized scattered data points. The method
is based on the construction of a differentiable bivariate spline with respect
to a uniform triangle mesh over an arbitrarily shaped planar domain. For a
uniformly distributed subset of triangles we compute local polynomial least
squares approximations by using singular value decomposition (SVD) of small
matrices. The smooth approximating spline is constructed by gluing together
these patches using Bernstein-Bézier smoothness conditions. We emphasize
the following key features of our method:

• We develop a completely local approach, which means that we do not use
any global optimization or other techniques involving computation with
large portions of the data set.

• We employ the rank-revealing features of SVD to control the polynomial
degree of the initial patches, which allows to take into account the local
variation and distribution of the data points.

• The algorithm does not make use of any interpolation scheme. In partic-
ular, no estimation of derivatives is needed.

• Our method offers optimal approximation order and the constructed spline
is by its nature C1-continuous. In addition, the spline surface does not have
artifacts like, for instance, peaks or flat spots close to the data points.

• The use of a uniform triangle mesh also contributes to great savings in
computation time. As a result, the overall complexity of the algorithm is
linear in the number of scattered data points.

The numerical examples with millions of scattered points of real world
data sets show that the approximating spline can be computed very fast, the
approximation error is very small, the resulting surfaces are of high visual
quality and can be easily used for further processing in the context of render-
ing, modeling, and geometric compression.

In addition we note that the most expensive step of our algorithm is the
computation of local discrete least squares approximations (more than 95%
of the overall computation time). Since these approximations are computed
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independently from each other, this step can be easily parallelized, thus lead-
ing to savings proportional to the number of processors on a multi-processor
machine.

Considering these results, a variety of generalizations and applications of
the new method can be thought of. In particular, the local adaptiveness of the
method can be increased by designing multilevel spline spaces and adjusting
the local dimension of the spline space adaptively to the local distribution
of data points. However, because of the additional computational complexity,
it is not clear if this approach will increase the overall efficiency of the algo-
rithm. Other natural and important questions that include generalizations of
the method to the reconstruction of surfaces of higher smoothness and more
general topology or to the reconstruction of trivariate functions using, e.g.,
Bézier tetrahedra are currently under investigation.
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Summary. Usually, the fast evaluation of a convolution integral
R

R
f(y)g(x− y)dy

requires that the functions f, g are discretised on an equidistant grid in order to
apply FFT. Here we discuss the efficient performance of the convolution in locally
refined grids. More precisely, f and g are assumed to be piecewise linear and the
convolution result is projected into the space of linear functions in a given locally
refined grid. Under certain conditions, the overall costs are still O(N log N), where
N is the sum of the dimensions of the subspaces containing f , g and the resulting
function.

1 Introduction

We consider the convolution integral

ωexact (x) := (f ∗ g) (x) :=

∫

R

f(y)g(x − y)dy (1)

for functions f, g of bounded support.
The computations are restricted to functions f, g which are piecewise lin-

early defined on locally refined meshes with possible discontinuities at the grid
points. A simple example of such a locally refined mesh is depicted below,

1/20 1/4 1 (2a)

showing a typical refinement towards x = 0. The depicted mesh can be de-
composed into different levels as indicated below:

0 1/4

1/2
1

level 1

level 2

level 0 

(2b)

The latter representation uses several levels, but each level ℓ is associated with
an equidistant grid of size
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hℓ := 2−ℓh (0 ≤ ℓ ≤ L) . (3)

The largest level number appearing in the grid hierarchy is denoted by L.
In principle, one can approximate f ∗g via Fourier transform: Also for non-

equidistant grids there are ways to approximate the Fourier transform f̂ and ĝ
(see [6]) and the back transform of f̂ · ĝ would yield an approximation of f ∗g.
A fast algorithm for a generalised convolution is described in [7]. However,
in these approaches the approximation error depends on the interpolation
error and we do not guarantee any smoothness of f or g. In contrary, the use
of locally refined meshes indicates a nonsmooth situation. In our approach
we avoid interpolation errors, since the quantities of interest are computed
exactly.

To cover the general case, we will allow that the functions f and g involved
in the convolution belong to possibly different locally refined meshes. Also the
resulting convolution will be described by a third locally refined grid, which
may be different from the grids for f and g.

Since the locally refined meshes have the purpose to approximate some
functions fexact and gexact in an adaptive way by f and g, it is only natural
to approximate ωexact also by a piecewise linear function ω in a third given
locally refined mesh. We use the L2-orthogonal projection onto this space to
obtain the final result ω from ωexact.

Therefore, the goal of the algorithm is to compute ω as the L2-orthogonal
projection of f ∗ g . Note that we compute the exact L2-orthogonal projection,
i.e., there is no approximation error except the unavoidable projection error.

The computation of f ∗ g for functions from locally refined grids is also
discussed in the previous papers [2], [3], [4]. In [2, §§3-6], f, g are assumed to
be piecewise constant. [2] describes how to evaluate ωexact := f ∗ g at the grid
points of the given locally refined grid. [3] explains in general how the convolu-
tion of piecewise polynomial functions f, g defined on locally refined grids can
be projected L2-orthogonally into another piecewise polynomial space. How-
ever, the concrete algorithm given in [3] is restricted to piecewise constant
functions, while for polynomial degree p > 0 only a general guideline is given
(cf. [3, §8]). The present paper can be considered as the concretisation of the
technique for polynomial degree p = 1. The paper [4] is also dealing with the
piecewise constant case, but describes the necessary modifications in order to
obtain local mass conservation for certain population balance models.

The organisation of this paper is as follows.
Section 2 gives a precise definition of locally refined meshes and of the

corresponding ansatz spaces Sf ,Sg which f and g belong to and of the target
space Sω for the projection ω of ωexact = f∗g. In particular, the basis functions
are introduced in §2.3.

Section 3 introduces some notations and formulates the basic problem.
Section 4 introduces the γ, G, and Γ -coefficients which are essential for

the representation of the projected values. The Γ -coefficients will appear in
the algorithm.
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The main chapter of this paper is Sect. 5 describing the algorithm. Here
we have to perform discrete convolutions of sequences by means of the FFT
technique. The precise implementation of the discrete convolution is described
in [3, §6] and need not repeated here. Also the estimation of the computational
cost is contained in [3]. There, under certain conditions, the bound

O (N logN)

is derived, where N describes the data size of the factors f, g and the projected
convolution ω = P (f ∗ g).

So far we have treated the case of piecewise linear but discontinuous func-
tions. The last section 6 discusses the case of globally continuous piecewise
linear functions and proposes an efficient algorithm for the projected convo-
lution. Applications involving convolutions can be found in [1] and [2].

Due to lack of space, some derivations and proofs omitted here can be
found in the extended version [5].

2 Spaces

2.1 The Locally Refined Meshes

The grids depicted in (2b) are embedded into infinite grids Mℓ which are
defined below. With hℓ from (3) we denote the subintervals of level ℓ by

Iℓ
ν := [νhℓ, (ν + 1)hℓ) for ν ∈ Z, ℓ ∈ N0. (4)

This defines the meshes with the grid points {νhℓ : ν ∈ Z}:
Mℓ :=

{
Iℓ
ν : ν ∈ Z

}
for ℓ ∈ N0. (5)

A finite and locally refined mesh M is a set of finitely many disjoint inter-
vals from various levels, i.e.,

M ⊂
⋃

ℓ∈N0

Mℓ, all I, I ′ ∈ M with I 
= I ′ are disjoint, #M < ∞ . (6)

2.2 The Ansatz Spaces

The piecewise linear space S corresponding to the mesh M is defined by

S = S (M) = {φ ∈ L∞(R) : φ|I linear if I ∈ M, φ|R\
S

I∈M I = 0}.
The two factors f, g of the convolution ωexact from (1) as well as the

(projected) image ω may be organised by three different locally refined meshes

Mf , Mg, Mω, (7)

which are all of the form (6). These meshes give rise to three spaces

Sf := S
(
Mf
)
, Sg := S (Mg) , Sω := S (Mω) .

We recall that f ∈ Sf and g ∈ Sg are the input data, while the result is the
exact L2-orthogonal projection of f ∗ g onto Sω .
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2.3 Basis Functions

Functions from S (M) may be discontinuous at the grid points of the mesh.
This fact has the advantage that the basis functions spanning S (M) have
minimal support (the support is just one interval of M).

Here, we consider the case of piecewise linear functions. The following basis
functions of level ℓ are derived from the Legendre polynomials:

Φℓ
i,0(x) := 1/

√
hℓ if x ∈ Iℓ

i , (8a)

Φℓ
i,1(x) :=

√
12
(
x − xℓ

i+1/2

)
/h

3/2
ℓ if x ∈ Iℓ

i , (8b)

and Φℓ
i,α(x) = 0 (α = 0, 1) otherwise. xℓ

i+1/2 := (i + 1/2)hℓ is the midpoint

of the interval Iℓ
i = supp(Φℓ

i,α). Note that Φℓ
i,α are orthonormal. Since the

intervals I ∈ M are non-overlapping, the functions in the right-hand side of

S (M) = span
{
Φℓ

i,α : α ∈ {0, 1}, Iℓ
i ∈ M

}

form an orthonormal system of S (M) .
Sℓ is the space of piecewise linear functions of level ℓ on the mesh Mℓ :

Sℓ := span
{
Φℓ

i,α : α ∈ {0, 1}, i ∈ Z
}

(ℓ ∈ N0) . (9)

For fixed ℓ, the basis
{
Φℓ

i,α : α ∈ {0, 1}, i ∈ Z
}

is orthonormal due to the
chosen scaling.

The spaces Sℓ are nested, i.e., Sℓ ⊂ Sℓ+1. In particular, Φℓ
i,α can be repre-

sented by means of Φℓ+1
i,α :

Φℓ
i,0 = 1√

2

(
Φℓ+1

2i,0 + Φℓ+1
2i+1,0

)
,

Φℓ
i,1 = 1

2
√

2

(
Φℓ+1

2i,1 + Φℓ+1
2i+1,1 +

√
3
(
Φℓ+1

2i+1,0 − Φℓ+1
2i,0

))
.

(10)

3 Notations and Definition of the Problem

3.1 Representations of f ∈ Sf and g ∈ Sg

Following the definition of Sf , we have Sf = span
{
Φℓ

i : Iℓ
i ∈ Mf

}
. We can

decompose the set Mf into different levels: Mf =
⋃Lf

ℓ=0 Mf
ℓ , where Mf

ℓ :=
Mf ∩ Mℓ. This gives rise to the related index set

If
ℓ :=

{
i ∈ Z : Iℓ

i ∈ Mf
ℓ

}
(11)

and to the corresponding decomposition

Sf =
⋃Lf

ℓ=0
Sf

ℓ with Sf
ℓ = span

{
Φℓ

i,α : α = 0, 1, i ∈ If
ℓ

}
.
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Here, Lf is the largest level ℓ with Mf
ℓ 
= ∅. Similarly, Ig

ℓ , Sg
ℓ and Lg corre-

spond to Mg and Sg.
We start from the representation

f =

Lf∑

ℓ=0

fℓ, fℓ =
∑

i∈If
ℓ

1∑

α=0

f ℓ
i,αΦ

ℓ
i,α ∈ Sf

ℓ , (12a)

g =

Lg∑

ℓ=0

gℓ, gℓ =
∑

i∈Ig
ℓ

1∑

α=0

gℓ
i,αΦ

ℓ
i,α ∈ Sg

ℓ . (12b)

Similarly, the final L2-orthogonal projection ω of f ∗ g will have the form

ω =

Lω∑

ℓ=0

ωℓ, ωℓ =
∑

i∈Iω
ℓ

1∑

α=0

ωℓ
i,αΦ

ℓ
i,α ∈ Sω

ℓ . (12c)

3.2 Projections P and Pℓ

The L2-orthogonal projection P onto Sω
ℓ is defined by

Pϕ :=
∑

i∈Iω
ℓ

1∑

α=0

〈
ϕ,Φℓ

i,α

〉
Φℓ

i,α ∈ Sω
ℓ

with the L2-scalar product 〈ϕ, ψ〉 =
∫

R
ϕψdx. We will also use the L2-ortho-

gonal projection Pℓ onto the space Sℓ from (9) defined by

Pℓ ϕ :=
∑

i∈Z

1∑

α=0

〈
ϕ,Φℓ

i,α

〉
Φℓ

i,α. (13)

3.3 Definition of the Basic Problem

We use the decomposition into scales expressed by f =
∑Lf

ℓ′=0 fℓ′ and g =∑Lg

ℓ=0 gℓ (see (12a,b)). The convolution f ∗ g can be written as

f ∗ g =

Lf∑

ℓ′=0

Lg∑

ℓ=0

fℓ′ ∗ gℓ .

Since the convolution is symmetric, we can rewrite the sum as

f ∗ g =
∑

ℓ′≤ℓ

fℓ′ ∗ gℓ +
∑

ℓ<ℓ′

gℓ ∗ fℓ′ , (14)

where ℓ′, ℓ are restricted to the level intervals 0 ≤ ℓ′ ≤ Lf , 0 ≤ ℓ ≤ Lg. Hence,
the basic task is as follows.
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Problem 1. Let ℓ′ ≤ ℓ, fℓ′ ∈ Sℓ′ , gℓ ∈ Sℓ, and ℓ′′ ∈ N0 a further level.
Then, the projection Pℓ′′(fℓ′ ∗ gℓ) is to be computed. More precisely, only the
restriction of Pℓ′′(fℓ′ ∗ gℓ) to indices related to intervals of Mω

ℓ′′ is needed.

Because of the splitting (14), we may assume ℓ′ ≤ ℓ without loss of gen-
erality. In the case of the second sum one has to interchange the rôles of the
symbols f and g.

Before we present the solution algorithm in Sect. 5, we introduce some
further notations in the next section 4.

4 Auxiliary Coefficients

4.1 γ-Coefficients

For level numbers ℓ′′, ℓ′, ℓ ∈ N0 and integers i, j, k ∈ Z we define

γℓ′′,ℓ′,ℓ
(i,α),(j,β),(k,κ) :=

∫∫
Φℓ′′

i,α(x)Φℓ′

j,β(y)Φℓ
k,κ(x − y)dxdy (15)

(all integrations over R). The connection to the computation of the projection

ωℓ′′ = Pℓ′′ (fℓ′ ∗ gℓ) (16)

of the convolution fℓ′ ∗ gℓ from Problem 1 is as follows. ωℓ′′ is represented by

ωℓ′′ =

ℓ∑

i∈Z

1∑

α=0

ωℓ′′

i,αΦ
ℓ′′

i,α ,

where the coefficients ωℓ′′

i,α result from

ωℓ′′

i,α =

∫
(fℓ′ ∗ gℓ)(x)Φℓ′′

i,α(x) dx =
∑

j,k∈Z

1∑

β,κ=0

f ℓ′

j,β gℓ
k,κ γℓ′′,ℓ′,ℓ

(i,α),(j,β),(k,κ) . (17)

The recursion formulae (10) can be applied to all three basis functions in

the integrand Φℓ′′

(i,α)(x)Φℓ′

(j,β)(y)Φℓ
(k,κ)(x − y) of γℓ′′,ℓ′,ℓ

(i,α),(j,β),(k,κ). Some of the

resulting recursions for γℓ′′,ℓ′,ℓ
(i,α),(j,β),(k,κ) are given in the next Remark.

Remark 1. For all ℓ′′, ℓ′, ℓ ∈ N0 and all i, j, k ∈ Z we have

γℓ′′,ℓ′,ℓ
(i,0),(j,β),(k,κ) =

1√
2

(
γℓ′′+1,ℓ′,ℓ
(2i,0),(j,β),(k,κ) + γℓ′′+1,ℓ′,ℓ

(2i+1,0),(j,β),(k,κ)

)
, (18a)

γℓ′′,ℓ′,ℓ
(i,1),(j,β),(k,κ) =

1

2
√

2

⎛
⎝−

√
3 γℓ′′+1,ℓ′,ℓ

(2i,0),(j,β),(k,κ) +
√

3 γℓ′′+1,ℓ′,ℓ
(2i+1,0),(j,β),(k,κ)

+ γℓ′′+1,ℓ′,ℓ
(2i,1),(j,β),(k,κ) + γℓ′′+1,ℓ′,ℓ

(2i+1,1),(j,β),(k,κ)

⎞
⎠ ,

(18b)
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γℓ′′,ℓ′,ℓ
(i,α),(j,0),(k,κ) =

1√
2

(
γℓ′′,ℓ′+1,ℓ
(i,α),(2j,0),(k,κ) + γℓ′′,ℓ′+1,ℓ

(i,α),(2j+1,0),(k,κ)

)
, (18c)

γℓ′′,ℓ′,ℓ
(i,α),(j,1),(k,κ) =

1

2
√

2

⎛
⎝−

√
3 γℓ′′,ℓ′+1,ℓ

(i,α),(2j,0),(k,κ) +
√

3 γℓ′′,ℓ′+1,ℓ
(i,α),(2j+1,0),(k,κ)

+ γℓ′′,ℓ′+1,ℓ
(i,α),(2j,1),(k,κ) + γℓ′′,ℓ′+1,ℓ

(i,α),(2j+1,1),(k,κ)

⎞
⎠ .

(18d)

4.2 Simplified γ-Coefficients

For levels ℓ, ℓ′, ℓ′′ with ℓ ≥ max{ℓ′, ℓ′′} we set

γℓ′′,ℓ′,ℓ
ν,(α,β,κ) :=

∫∫
Φℓ′′

0,α(x)Φℓ′

0,β(y)Φℓ
ν,κ(x − y)dxdy (ν ∈ Z) . (19)

We call these coefficients simplified γ-coefficients, since only one subindex ν
is involved instead of the triple (i, j, k) .

Lemma 1. Let ℓ ≥ max{ℓ′, ℓ′′}. Then for any i, j, k ∈ Z, α, β,κ ∈ {0, 1}

γℓ′′,ℓ′,ℓ
(i,α),(j,β),(k,κ) = γℓ′′,ℓ′,ℓ

k−i2ℓ−ℓ′′+j2ℓ−ℓ′ ,(α,β,κ)
. (20)

Remark 2. The values of γℓ,ℓ,ℓ
ν,(α,β,κ) are zero for ν /∈ {0, 1} and, otherwise,

γℓ,ℓ,ℓ
0,(0,0,0) = γℓ,ℓ,ℓ

−1,(0,0,0) =
√

hℓ/2,

γℓ,ℓ,ℓ
0,(1,0,0) =

√
hℓ/12, γℓ,ℓ,ℓ

−1,(1,0,0) = −
√

hℓ/12,

γℓ,ℓ,ℓ
0,(0,1,0) = γℓ,ℓ,ℓ

0,(0,0,1) = −
√

hℓ/12, γℓ,ℓ,ℓ
−1,(0,1,0) = γℓ,ℓ,ℓ

−1,(0,0,1) =
√

hℓ/12,

γℓ,ℓ,ℓ
0,(1,1,0) = γℓ,ℓ,ℓ

−1,(1,1,0) = γℓ,ℓ,ℓ
0,(1,0,1) = γℓ,ℓ,ℓ

−1,(1,0,1) = 0,

γℓ,ℓ,ℓ
0,(0,1,1) = γℓ,ℓ,ℓ

−1,(0,1,1) = 0,

γℓ,ℓ,ℓ
0,(1,1,1) = −

√
3hℓ/5, γℓ,ℓ,ℓ

−1,(1,1,1) =
√

3hℓ/5.

4.3 G- and Γ -Coefficients

As stated in (17), we have to compute
∑

j,k∈Z

∑1
β,κ=0 f ℓ′

j,β gℓ
k,κ γℓ′′,ℓ′,ℓ

(i,α),(j,β),(k,κ).

Performing only the summation over k and κ, leads us to

Gℓ′′,ℓ′,ℓ
(i,α),(j,β) =

∑

k∈Z

1∑

κ=0

gℓ
k,κ γℓ′′,ℓ′,ℓ

(i,α),(j,β),(k,κ). (21)

Note that the identity Gℓ′,ℓ′,ℓ
(i,α),(j,β) = Gℓ′,ℓ′,ℓ

(i−j,α),(0,β) holds for ℓ′′ = ℓ′.

Using the recursions (18a-d) from Remark 1, one proves
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Remark 3. For all ℓ′′, ℓ′, ℓ ∈ N0 and all i, j ∈ Z we have

α = 0 : Gℓ′′,ℓ′,ℓ
(i,0),(j,β) = 1√

2

(
Gℓ′′+1,ℓ′,ℓ

(2i,0),(j,β) + Gℓ′′+1,ℓ′,ℓ
(2i+1,0),(j,β)

)
,

β = 0 : Gℓ′′,ℓ′,ℓ
(i,α),(j,0) = 1√

2

(
Gℓ′′,ℓ′+1,ℓ

(i,α),(2j,0) + Gℓ′′,ℓ′+1,ℓ
(i,α),(2j+1,0)

)
,

α = 1 : Gℓ′′,ℓ′,ℓ
(i,1),(j,β) =

1

2
√

2

⎛

⎝−
√

3Gℓ′′+1,ℓ′,ℓ
(2i,0),(j,β) +

√
3Gℓ′′+1,ℓ′,ℓ

(2i+1,0),(j,β)

+Gℓ′′+1,ℓ′,ℓ
(2i,1),(j,β) + Gℓ′′+1,ℓ′,ℓ

(2i+1,1),(j,β)

⎞

⎠ ,

β = 1 : Gℓ′′,ℓ′,ℓ
(i,α),(j,1) =

1

2
√

2

⎛

⎝−
√

3Gℓ′′,ℓ′+1,ℓ
(i,α),(2j,0) +

√
3Gℓ′′,ℓ′+1,ℓ

(i,α),(2j+1,0)

+Gℓ′′,ℓ′+1,ℓ
(i,α),(2j,1) + Gℓ′′,ℓ′+1,ℓ

(i,α),(2j+1,1)

⎞

⎠ .

(22)

If the first two levels are equal: ℓ′′ = ℓ′ ≤ ℓ, the coefficients are denoted by

Γ ℓ′,ℓ
i,(α,β) := Gℓ′,ℓ′,ℓ

(i,α),(0,β) = Gℓ′,ℓ′,ℓ
(0,α),(−i,β) =

∑

k∈Z

1∑

κ=0

gℓ
k,κ γℓ′,ℓ′,ℓ

k−i2ℓ−ℓ′ ,(α,β,κ)
. (23)

In order to compute Γ ℓ′,ℓ
i,(0,0) from Γ ℓ′+1,ℓ

i,(0,0) , one has to combine the first

two lines of (22): Γ ℓ′,ℓ
i,(0,0) = Gℓ′,ℓ′,ℓ

(i,0),(0,0) = 1√
2

(
Gℓ′+1,ℓ′,ℓ

(2i,0),(0,0) + Gℓ′+1,ℓ′,ℓ
(2i+1,0),(0,0)

)
=

1
2Γ

ℓ′+1,ℓ
2i−1,(0,0) +Γ ℓ′+1,ℓ

2i,(0,0) + 1
2Γ

ℓ′+1,ℓ
2i+1,(0,0). Analogously, one obtains for all values of

(α, β) the results of Lemma 2b.

Lemma 2. a) For ℓ′ = ℓ, Γ ℓ,ℓ
i,(α,β) =

∑1
κ=0

(
gℓ

i,κ γℓ,ℓ,ℓ
0,(α,β,κ)+gℓ

i−1,κ γℓ,ℓ,ℓ
−1,(α,β,κ)

)

can be computed from the γ-values given in Remark 2.
b) For ℓ′ < ℓ, one can make use of the following recursions:

Γ ℓ′,ℓ
i,(0,0) =

1

2
Γ ℓ′+1,ℓ

2i−1,(0,0) + Γ ℓ′+1,ℓ
2i,(0,0) +

1

2
Γ ℓ′+1,ℓ

2i+1,(0,0), (24)

Γ ℓ′,ℓ
i,(1,0) =

√
3

4

(
Γ ℓ′+1,ℓ

2i+1,(0,0)−Γ ℓ′+1,ℓ
2i−1,(0,0)

)
+

1

4

(
Γ ℓ′+1,ℓ

2i−1,(1,0)+Γ ℓ′+1,ℓ
2i+1,(1,0)

)
+

1

2
Γ ℓ′+1,ℓ

2i,(1,0),

Γ ℓ′,ℓ
i,(0,1) =

√
3

4

(
Γ ℓ′+1,ℓ

2i−1,(0,0)−Γ ℓ′+1,ℓ
2i+1,(0,0)

)
+

1

4

(
Γ ℓ′+1,ℓ

2i−1,(0,1)+Γ ℓ′+1,ℓ
2i+1,(0,1)

)
+

1

2
Γ ℓ′+1,ℓ

2i,(0,1),

Γ ℓ′,ℓ
i,(1,1) = −3

8

(
Γ ℓ′+1,ℓ

2i−1,(0,0)+Γ ℓ′+1,ℓ
2i+1,(0,0)

)
+

3

4
Γ ℓ′+1,ℓ

2i,(0,0)+
1

8

(
Γ ℓ′+1,ℓ

2i−1,(1,1)+Γ ℓ′+1,ℓ
2i+1,(1,1)

)

+
1

4
Γ ℓ′+1,ℓ

2i,(1,1)+

√
3

8

(
−Γ ℓ′+1,ℓ

2i−1,(0,1)+Γ ℓ′+1,ℓ
2i+1,(0,1)+Γ ℓ′+1,ℓ

2i−1,(1,0)−Γ ℓ′+1,ℓ
2i+1,(1,0)

)
.

4.4 Notation for ℓ2 Sequences

Let, e.g., f ℓ
i,α be the coefficients of fℓ =

∑
i∈If

ℓ

∑1
α=0 f ℓ

i,αΦℓ
i,α. We extend

these coefficients by f ℓ
i,α := 0 for i /∈ If

ℓ and obtain an ℓ2 sequence

fℓ,α :=
(
f ℓ

i,α

)
i∈Z

.
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We use the convention that an upper level index ℓ indicates a coefficient, while
the sequence has a lower index ℓ. Here α ∈ {0, 1} is a further parameter.

For general sequences a, b ∈ ℓ2 (i.e, a = (ai)i∈Z
, b = (bi)i∈Z

), the discrete
convolution c := a ∗ b is defined by

ci =
∑

j∈Z
ajbi−j .

For its computation using FFT compare [3, §6].

5 Algorithm

In Problem 1 three level numbers ℓ′′, ℓ′, ℓ appear. Without loss of generality
ℓ′ ≤ ℓ holds. Below we have to distinguish the following three cases:

A: ℓ′′ ≤ ℓ′ ≤ ℓ, B: ℓ′ < ℓ′′ ≤ ℓ, C: ℓ′ ≤ ℓ < ℓ′′. (25)

5.1 Case A: ℓ′′ ≤ ℓ′ ≤ ℓ

The convolution fℓ′ ∗ gℓ is a piecewise linear function, where the pieces corre-
spond to the smaller step size hℓ. The projection Pℓ′′ of fℓ′ ∗ gℓ is required in
two intervals. Because of ℓ′′ ≤ ℓ′ ≤ ℓ the step size hℓ′′ is equal or larger than
the other ones.

The following algorithm has to compute the projection of ωℓ′′ = Pℓ′′ωexact

of ωexact := fℓ′∗gℓ. A straightforward but naive approach would be to compute
ωexact first and then its projection. The problem is that in the case ℓ′ ≪ ℓ,
the product fℓ′ ∗ gℓ requires too many data (corresponding to the fine grid in
the third line of the figure above). The projection Pℓ′′ would map the many
data into few ones. The essence of the following algorithm is to incorporate
the projection before a discrete convolution is performed.

Step 1 computes the Γ -Coefficients. We start with the sequences
Γℓ,ℓ,(α,β) = (Γ ℓ,ℓ

i,(α,β))i∈Z. Following Lemma 2a, we obtain

Γ ℓ,ℓ
i,(0,0) =

√
hℓ

2

(
gℓ

i,0 + gℓ
i−1,0

)
+

√
hℓ

12

(
gℓ

i−1,1 − gℓ
i,1

)
, (26a)

Γ ℓ,ℓ
i,(1,0) = −Γ ℓ,ℓ

i,(0,1) =

√
hℓ

12

(
gℓ

i,0 − gℓ
i−1,0

)
, (26b)

Γ ℓ,ℓ
i,(1,1) =

√
3hℓ

5

(
gℓ

i−1,1 − gℓ
i,1

)
(26c)

for all i ∈ Z. Then we compute the sequences Γℓ′,ℓ,(α,β) := (Γ ℓ′,ℓ
i,(α,β))i∈Z for

ℓ′ = ℓ − 1, ℓ − 2, . . . , 0 using the recursions from Lemma 2b.
Step 2a: Let ℓ′ be any level in [0, ℓ]. For each ℓ′′ = ℓ′, ℓ′ − 1, . . . , 0 the

projection Pℓ′′ (fℓ′ ∗ gℓ) is to be computed (see Problem 1). Following (16)
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and (17), the coefficients ωℓ′′

i,α =
∑

j,k,β,κ f ℓ′

j,β gℓ
k,κ γℓ′′,ℓ′,ℓ

(i,α),(j,β),(k,κ) are needed.

The sequence is denoted by ωℓ′′,α = (ωℓ′′

i,α)i∈Z.

For the starting value ℓ′′ = ℓ′ we have

ωℓ′

i,α =
∑

j,k∈Z

1∑

β,κ=0

f ℓ′

j,β gℓ
k,κ γℓ′,ℓ′,ℓ

(i,α),(j,β),(k,κ)

=
(20)

∑

j,k∈Z

1∑

β,κ=0

f ℓ′

j,β gℓ
k,κ γℓ′,ℓ′,ℓ

k−(i−j)2ℓ−ℓ′ ,(α,β,κ)

=
(23)

1∑

β=0

∑

j∈Z

f ℓ′

j,β Γ ℓ′,ℓ
i−j,(α,β) for all i ∈ Z.

The four sums
∑

j∈Z
f ℓ′

j,β Γ ℓ′,ℓ
i−j,(α,β) for all combinations of α, β ∈ {0, 1} de-

scribe the discrete convolution of the two sequences fℓ′,β := (f ℓ′

j,β)j∈Z and

Γℓ′,ℓ,(α,β) := (Γ ℓ′,ℓ
k,(α,β))k∈Z. Concerning the performance of the following dis-

crete convolutions we refer to [3, §6]:

ωℓ′,α =

1∑

β=0

fℓ′,β ∗ Γℓ′,ℓ,(α,β) (α = 0, 1; 0 ≤ ℓ′ ≤ ℓ) . (27)

Step 2b: Given ωℓ′,α from (27), we compute ωℓ′′,α for ℓ′′ = ℓ′ − 1, . . . , 0
by the following recursions.

Lemma 3. The recursions

ωℓ′′

i,0 = 1√
2

(
ωℓ′′+1

2i,0 + ωℓ′′+1
2i+1,0

)
,

ωℓ′′

i,1 =
√

3
2
√

2

(
ωℓ′′+1

2i+1,0 − ωℓ′′+1
2i,0

)
+ 1

2
√

2

(
ωℓ′′+1

2i,1 + ωℓ′′+1
2i+1,1

) (28)

holds for all i ∈ Z and for all 0 ≤ ℓ′′ ≤ ℓ′.

Proof. Use ωℓ′′

i,0 =
∑

j,k,β,κ f ℓ′

j,β gℓ
k,κ γℓ′′,ℓ′,ℓ

(i,0),(j,β),(k,κ) and apply (18a). Similarly,

ωℓ′′

i,1 =
∑

j,k,β,κ f ℓ′

j,β gℓ
k,κ γℓ′′,ℓ′,ℓ

(i,1),(j,β),(k,κ) and (18b) yields the result for ωℓ′′

i,1. ⊓⊔

Intertwining the Computations for all ℓ′′ ≤ ℓ′ ≤ ℓ

The superindex ℓ in Γ ℓ′,ℓ
i,(α,β) indicates that this sequence at level ℓ′ is originat-

ing from the data gℓ,κ. Since the further treatment of Γ ℓ′,ℓ
i,(α,β) does not depend

on ℓ, we can gather all Γ ℓ′,ℓ
i,(α,β) into

Γ ℓ′

i,(α,β) :=

Lg∑

ℓ=ℓ′

Γ ℓ′,ℓ
i,(α,β) (0 ≤ ℓ′ ≤ Lg) . (29)



Convolution of Piecewise Linear Functions on Non-equidistant Grids 155

Hence, their computation is performed by the loop

for ℓ′ := Lg downto 0 do explanations:
begin if ℓ′ = Lg then ΓLg

i,(α,β) := 0 starting values,

else compute Γ ℓ′

i,(α,β) from Γ ℓ′+1
i,(α,β) using (24); see Lemma 2b,

Γ ℓ′

i,(α,β) := Γ ℓ′

i,(α,β) + Γ ℓ′,ℓ′

i,(α,β) Γ ℓ′,ℓ′

i,(α,β) defined

end; in (26a-c).

(30)

Having available Γ ℓ′

i,(α,β) for all 0 ≤ ℓ′ ≤ Lg, we can compute ωℓ′,α for any

ℓ′ (cf. (27)). For a moment, we use the symbols ωℓ′,ℓ′,α, ωℓ′−1,ℓ′,α, . . ., ωℓ′′,ℓ′,α

for the quantities computed in Step 2a,b. Here, the additional second index
ℓ′ expresses the fact that the data stem from fℓ′ at level ℓ′ (see (27)).

The coarsening ωℓ′,ℓ′,α �→ ωℓ′−1,ℓ′,α �→ . . . �→ ωℓ′′,ℓ′,α can again be done
jointly for the different ℓ′, i.e., we form

ωℓ′′,α :=

Lg∑

ℓ′=ℓ′′

ωℓ′′,ℓ′,α

(
0 ≤ ℓ′′ ≤ min{Lω, Lf , Lg}

)
.

The algorithmic form is

for ℓ′′ := min{Lf , Lg} downto 0 do explanations:
begin if ℓ′′ = min{Lf , Lg} then ωℓ′′,α := 0 starting values,

else compute ωℓ′′

i,α from ωℓ′′+1
i,α via (28); see Lemma 3,

ωℓ′′,α := ωℓ′′,α + ωℓ′′,ℓ′′,α ωℓ′′,ℓ′′,α defined
end; in (27).

(31)

This algorithm yields ωℓ′′ = Pℓ′′
∑

ℓ′,ℓ with ℓ′′≤ℓ′≤ℓ fℓ′ ∗gℓ involving all com-
binations of indices with ℓ′′ ≤ ℓ′ ≤ ℓ.

5.2 Case B: ℓ′ < ℓ′′ ≤ ℓ

In Case B the step size hℓ′′ used by the projection Pℓ′′ is smaller than the
step size hℓ′ but larger than hℓ.

We use a loop of ℓ′′ from ℓ′ + 1 to ℓ. First, we discuss the first value
ℓ′′ = ℓ′ + 1 and assume ℓ′ + 1 ≤ ℓ.

We recall that Sℓ′ ⊂ Sℓ′+1. The function fℓ′ =
∑

j,β f ℓ′

j,βΦ
ℓ′

j,β ∈ Sℓ′ can be
rewritten as a function of level ℓ′ + 1 by using (10):

fℓ′ =

1∑

β=0

∑

j

f̂ ℓ′+1
j,β Φℓ′+1

j,β with (32)

f̂ ℓ′+1
2j,0 := 1√

2
f ℓ′

j,0 −
√

3
2
√

2
f ℓ′

j,1, f̂ ℓ′+1
2j+1,0 := 1√

2
f ℓ′

j,0 +
√

3
2
√

2
f ℓ′

j,1,

f̂ ℓ′+1
2j,1 := 1

2
√

2
f ℓ′

j,1, f̂ ℓ′+1
2j+1,1 := 1

2
√

2
f ℓ′

j,1.
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Let f̂ℓ′+1,β := (f̂ ℓ′+1
j,β )j∈Z be the sequences of the newly defined coefficients.

Since ℓ′′ = ℓ′+1 ≤ ℓ, the three level numbers ℓ′′, ℓ′+1, ℓ satisfy the inequalities
of Case A. As in Step 2a of Case A (see §5.1) the desired coefficients of the

projection at level ℓ′′ = ℓ′ + 1 are ωℓ′+1
i,α =

∑
j,β f̂ ℓ′+1

j,β Γ ℓ′+1,ℓ
i−j,(α,β), i.e., discrete

convolutions f̂ℓ′+1,β ∗ Γℓ′+1,ℓ,β are to be performed.
Now we consider the complete recursion. Step 1 in Case A has already

produced the coefficients Γ ℓ′

j,(α,β) gathering all Γ ℓ′,ℓ
j,(α,β) (ℓ ≥ ℓ′, cf. (29)). For

ℓ′′ = ℓ′ + 1, ℓ′ + 2, . . . , ℓ we represent the function fℓ′ at these levels ℓ′′ by
computing the coefficients f̂ ℓ′′

j,β as in (32):

f̂ ℓ′

j,β := f ℓ′

j,β (starting value), (33a)

compute f̂ ℓ′′

j,β from f̂ ℓ′′−1
j,β via (32) (ℓ′ + 1 ≤ ℓ′′ ≤ ℓ) . (33b)

Note, however, that only those coefficients are to be determined which are
really needed in the next step, which are four discrete convolutions

ωℓ′′,α =

1∑

β=0

f̂ℓ′′,β ∗ Γℓ′′,(α,β) (ℓ′ + 1 ≤ ℓ′′ ≤ ℓ) (33c)

of the sequences f̂ℓ′′,β := (f̂ ℓ′′

j,β)j∈Z with Γℓ′′,(α,β).
The combined computations for all ℓ′ < ℓ′′ ≤ ℓ is performed by

f̂0
j := 0; explanations:

for ℓ′′ := 1 to min{Lω, Lg} do

begin f̂ ℓ′′−1
j,β := f̂ ℓ′′−1

j,β + f ℓ′′−1
j,β ; starting value (33a),

compute f̂ ℓ′′

j,β from f̂ ℓ′′−1
j,β via (32); see (33b),

ωℓ′′,α :=
∑1

β=0 f̂ℓ′′,β ∗ Γℓ′′,(α,β) see (33c).

end;

(34)

The sum f̂ ℓ′′−1
j,β + f ℓ′′−1

j,β in the third line defines f̂ ℓ′′−1
j,β as coefficients of

∑ℓ′′−1
ℓ′=0 fℓ′ =

∑
j,β f̂ ℓ′′−1

j,β Φℓ′′−1
j,β . Therefore the next two lines consider all com-

binations of ℓ′ < ℓ′′. Since Γℓ′′ contains all contributions from ℓ ≥ ℓ′′, ωℓ′′ is
the projection Pℓ′′

∑
ℓ′,ℓ with ℓ′<ℓ′′≤ℓ fℓ′ ∗ gℓ.

5.3 Case C: ℓ′ ≤ ℓ < ℓ′′

Now the step size hℓ′′ used in the projection is smaller than hℓ′ and hℓ.

Explanations

The exact convolution ωexact(x) :=
∫

fℓ′(y)gℓ(x− y)dy (x ∈ R) is a piecewise
cubic and globally continuous function with possible jumps of the deriva-
tive at the grid points νhℓ (ν ∈ Z) of the grid at level ℓ. The projection
Pℓ′′ωexact =

∑
i,α ωℓ′′

i,αΦℓ′′

i,α involves all scalar products
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ωℓ′′

i,α =

∫
Φℓ′′

i,α(x)ωexact(x)dx.

The whole support of Φℓ′′

i,α belongs to one of the intervals [νhℓ, (ν + 1)hℓ],
where ωexact(x) is a cubic function.

We define the point values and one-sided derivatives

δℓ
ν := ωexact(νhℓ), δℓ

ν,+ := ω′
exact(νhℓ + 0), δℓ

ν,− := ω′
exact(νhℓ − 0).

Then ωexact can be represented in the interval Iℓ
i ∈ M by the cubic polynomial

δℓ
i + (x − ihℓ)

δℓ
i+1−δℓ

i

hℓ

− (x−ihℓ)(x−(i+1)hℓ)
hℓ

(
δℓ
i,+− (x−ihℓ)

δℓ
i,++δℓ

i+1,−

hℓ
+ 2x−(2i+1)hℓ

hℓ

δℓ
i+1−δℓ

i

hℓ

)
.

(35)

Its values at the midpoint xℓ
i+1/2 := (i + 1/2)hℓ are

ωexact(x
ℓ
i+1/2) = 1

2

(
δℓ
i + δℓ

i+1

)
+ hℓ

8

(
δℓ
i,+ − δℓ

i+1,−
)
,

ω′
exact(x

ℓ
i+1/2 ± 0) = 3

2hℓ

(
δℓ
i+1 − δℓ

i

)
− 1

4

(
δℓ
i,+ + δℓ

i+1,−
)
.

(36)

Pointwise Evaluations

Let ωexact be described in Iℓ
ν by the data δℓ

ν , δℓ
ν+1, δ

ℓ
ν,+, δℓ

ν+1,− (cf. (35)). Then

ωℓ
i,α =

∫
Φℓ

i,α(x)ωexact(x)dx (37)

=

⎧
⎨

⎩

√
hℓ

2

(
δℓ
ν + δℓ

ν+1

)
+

h
3/2
ℓ

12

(
δℓ
ν,+ − δℓ

ν+1,−
)

for α = 0,
√

3hℓ

5

(
δℓ
ν+1 − δℓ

ν

)
−

√
3h

3/2
ℓ

60

(
δℓ
i,+ + δℓ

i+1,−
)

for α = 1,

yields the coefficients of the projection. It remains to determine δℓ
ν , δℓ

ν,±.

Computation of δ, δ±

We define new γ-coefficients

0γℓ
i,(j,β),(k,κ) :=

∫
Φℓ

j,β(y)Φℓ
k,κ(ihℓ − y)dy (i, j, k ∈ Z, β,κ ∈ {0, 1})

involving only one level ℓ. Simple substitutions yield

0γℓ
i,(j,β),(k,κ) = 0γℓ

k−i+j,(β,κ)

for the “simplified” γ-coefficient 0γℓ
ν,(β,κ) := 0γℓ

ν,(0,β),(0,κ) .
The δ-values of fℓ ∗ gℓ are
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δℓ
i = (fℓ ∗ gℓ) (ihℓ) =

∑

j,k∈Z

1∑

β,κ=0

f ℓ
j,β gℓ

k,κ

∫
Φℓ

j,β(y)Φℓ
k,κ(ihℓ − y)dy (38a)

=
∑

j,k∈Z

1∑

β,κ=0

f ℓ
j,β gℓ

k,κ
0γℓ

i,(j,β),(k,κ) =
∑

j,k∈Z

1∑

β,κ=0

f ℓ
j,β gℓ

k,κ
0γℓ

k−i+j,(β,κ)

=

1∑

β=0

∑

j∈Z

f ℓ
j,β

0Γ ℓ
i−j,β , where 0Γ ℓ

i,β :=

1∑

κ=0

∑

k∈Z

gℓ
k,κ

0γℓ
k−i,(β,κ) .

Analogously, we set ±γℓ
i,(j,β),(k,κ) = limεց0

d
dx

∫
Φℓ

j,β(y)Φℓ
k,κ(ihℓ ± ε − y)dy

and obtain

δℓ
i,± =

1∑

β=0

∑

j∈Z

f ℓ
j,β

±Γ ℓ
i−j,β , where ±Γ ℓ

i−j,β :=
1∑

κ=0

∑

k∈Z

gℓ
k,κ

±γℓ
k−i+j,(β,κ).

(38b)

Remark 4. Coefficients not indicated below are zero:

0γℓ
−1,(0,0) = 1, 0γℓ

−1,(1,1) = −1,
+γℓ

0,(0,0) = 1/hℓ,
+γℓ

−1,(0,0) = −1/hℓ,
+γℓ

0,(1,0) = +γℓ
0,(0,1) = −

√
3/hℓ,

+γℓ
−1,(1,0) = +γℓ

−1,(0,1) =
√

3/hℓ,
+γℓ

0,(1,1) = +γℓ
−1,(1,1) = 3/hℓ,

−γℓ
−1,(0,0) = 1/hℓ,

−γℓ
−2,(0,0) = −1/hℓ,

−γℓ
−1,(1,0) = −γℓ

−1,(0,1) =
√

3/hℓ,
−γℓ

−2,(1,0) = −γℓ
−2,(0,1) = −

√
3/hℓ,

−γℓ
−1,(1,1) = −γℓ

−2,(1,1) = −3/hℓ.

Remark 5. Remark 4 implies

0Γ ℓ
i,0 = gℓ

i−1,0,
0Γ ℓ

i,1 = −gℓ
i−1,0 ,

+Γ ℓ
i,0 = 1

hℓ

(
gℓ

i,0 − gℓ
i−1,0 +

√
3
(
gℓ

i−1,1 − gℓ
i,1

))
,

+Γ ℓ
i,1 = 1

hℓ

(√
3
(
gℓ

i−1,0 − gℓ
i,0

)
+ 3
(
gℓ

i−1,1 + gℓ
i,1

))
,

−Γ ℓ
i,0 = 1

hℓ

(
gℓ

i−1,0 − gℓ
i−2,0 +

√
3
(
gℓ

i−1,1 − gℓ
i−2,1

))
,

−Γ ℓ
i,1 = 1

hℓ

(√
3
(
gℓ

i−1,0 − gℓ
i−2,0

)
− 3
(
gℓ

i−1,1 + gℓ
i−2,1

))
.

Since fℓ ∗ gℓ is cubic in Iℓ
i , the recursions derived from (36) are

δℓ′′

2i =δℓ′′−1
i , δℓ′′

2i+1 = 1
2

(
δℓ′′−1
i + δℓ′′−1

i+1

)
+

hℓ′′−1

8

(
δℓ′′−1
i,+ − δℓ′′−1

i+1,−

)
,

δℓ′′

2i,±=δℓ′′−1
i,± , δℓ′′

2i+1,±=
3

2hℓ′′−1

(
δℓ′′−1
i+1 − δℓ′′−1

i

)
− 1

4

(
δℓ′′−1
i,+ + δℓ′′−1

i+1,−

) (39)

for ℓ′′ > ℓ.
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Combined Computations for all ℓ′ ≤ ℓ < ℓ′′

The data f̂ ℓ
i,α have the same meaning as in Case B. Similarly, δ̂ℓ

i , δ̂
ℓ
i,± collect

all δ-data from ℓ′ < ℓ.

f̂0
i,α := 0; δ̂0

i := δ̂0
i,± := 0;

for ℓ := 0 to Lω do
begin if ℓ > 0 then

begin compute f̂ ℓ
i,α from f̂ ℓ−1

i,α by (32);

compute δ̂ℓ
i , δ̂

ℓ
i,± from δ̂ℓ−1

i , δ̂ℓ−1
i,± by (39);

compute ωℓ
i,α from δ̂ℓ

i by (37)
end;

if ℓ ≤ min{Lf , Lω − 1} then f̂ ℓ
i,α := f̂ ℓ

i,α + f ℓ
i,α ;

if ℓ ≤ min{Lg, Lω − 1} then
begin compute δℓ

i , δ
ℓ
i,± by the convolutions (38a,b);

δ̂ℓ
i := δ̂ℓ

i + δℓ
i ; δ̂ℓ

i,± := δ̂ℓ
i,± + δℓ

i,±
end end;

(40)

The quantities f̂ ℓ
i,α used in the lines 4-6 are the coefficients of

∑ℓ−1
ℓ′=0 fℓ′ =∑

i,α f̂ ℓ
i,αΦ

ℓ
i,α. The convolutions in (39) called at line 5 involve the Γ -sequences

defined in Remark 5. The coefficients ωℓ
i,α in line 6 belong to the projection

Pℓ′′
∑

ℓ′,λ with 0≤ℓ′≤λ≤ℓ fℓ′ ∗ gλ at level ℓ′′, where ℓ′′ is the actual value ℓ of the
loop index.

5.4 Range of Products

In the previous subsections we have reduced the problem to a number of spe-
cific discrete convolutions (the first example is (27)). The resulting products
are infinite sequences (cν)ν∈Z

. The first reasonable reduction would be to de-
termine (cν)

ν2

ν=ν1
only in the support [ν1, ν2] ∩ Z of the sequence. But it is

essential to go a step further. Even if we need the function fℓ′ ∗gℓ (see (14)) in
the whole support S := supp(fℓ′ ∗gℓ), the projections Pℓ′′(fℓ′ ∗gℓ) are required
in disjoint subsets Sℓ′′ ⊂ S. In terms of the sequences (cν)ν∈Z

this means that
we are interested in the components cν in an index interval [ν′

1, ν
′
2] ∩ Z which

is possibly much smaller than the support [ν1, ν2]. The restriction to the min-
imal range of the discrete convolution is an essential part of the algorithm.
The appropriate treatment of the fast discrete convolution is explained in [3].

6 Globally Continuous and Piecewise Linear Case

The space S = S(M) consists of discontinuous piecewise linear functions. An
alternative is the subspace

S1 := S(M) ∩ C0(R)
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of globally continuous and piecewise linear functions. Next we consider the
projection ωS1

of the convolution ωexact := f ∗ g into the space S1. The direct
computation of ωS1 ∈ S1 cannot follow the same lines as before, since the
standard basis functions of S1 (the usual hat functions) are not orthogonal
and any orthonormal basis has a larger support.

Nevertheless, there is a simple indirect way of computing ωS1

. The inclu-
sions

S1 ⊂ S ⊂ L2(R)

allow the following statement: Let PS : L2(R) → S be the L2-orthogonal
projection onto S and PS1 : S → S1 the L2-orthogonal projection onto S1.
Then the product

P := PS1 ◦ PS : L2(R) → S1

is the L2-orthogonal projection onto S1. This leads to the following algorithm.
Step 1: Let f, g ∈ S1. Because of S1 ⊂ S, the data f, g can be used

as input of the algorithm described in the previous part. The result is the
projection ω = PS (f ∗ g) ∈ S.

Step 2: The projection ω �→ ωS1

= PS1ω ∈ S1 can be computed
by solving a tridiagonal system (the system matrix is the Gram matrix(∫

bibjdx
)

i,j=1,...,n
generated by the piecewise linear hat functions bi).
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Summary. In this paper we compare an intrusive with an non-intrusive method
for computing Polynomial Chaos expansions. The main disadvantage of the non-
intrusive method, the high number of function evaluations, is eliminated by a special
Adaptive Gauss-Quadrature method. A detailed efficiency and accuracy analysis is
performed for the new algorithm. The Polynomial Chaos expansion is applied to a
practical problem in the field of stochastic Finite Elements.

1 Introduction

In this paper we deal with solving mechanical systems with multiple stochas-
tic inputs. We restrict ourselves to stationary problems solved by the Finite
Element method. The described techniques may be applied to other fields as
well, e.g. in fluid dynamics or chemistry. The uncertainties may occur e.g.
for material parameters, system parameters, boundary conditions, layout and
outer forces. They can be modeled by using stochastic fields or in simple cases
stochastic variables. Therefore we have to solve a stochastic Finite Element
system. There are two approaches to treat such kind of problems. The first
is a statistic one using sampling methods. The simplest is the Monte-Carlo
method requiring several ten-thousands samples which is by far too time con-
suming for solving a Finite Element problem. There are improved sampling
methods such as Latin Hypercube Sampling [1], Quasi-Monte-Carlo Method
[2], Markov Chain Monte Carlo Method [3] and Response Surface Method
[4] but they have restrictions on the stochastic modeling. We use instead the
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Polynomial Chaos (PC) expansion which discretizes the stochastic problem.
Ghanem first applied this to Finite Elements based on Wiener-Hermite Chaos
[5]. Later this work was generalized to the Wiener-Askey PC in [6], [7] and [8].
The principle of the PC expansion is to approximate stochastic fields by se-
ries of orthogonal polynomials. The PC expansion allows to cheaply compute
interesting stochastic quantities such as mean value, deviation or skewness.
Computing PC expansions is much cheaper than sampling methods in terms
of function evaluations. Therefore it can be used for solving stochastic Finite
Element Systems.

The PC expansion was also successfully applied to other fields: e.g. for
stochastic advection equation see [9] or for stochastic perturbations in fluid
flows see [10] and [11].

In this paper first we give a short explanation of the PC expansion. Next
we describe the intrusive and non-intrusive method which are used to set up
the expansion series. Subsequently we compare the both methods. In the fol-
lowing section we present a new algorithm for the non-intrusive method called
Adaptive Gauss-Quadrature. We perform a detailed efficiency and accuracy
analysis for this algorithm applied to nonlinear stochastic functions. Finally
we demonstrate our method by a stochastic Finite Element application.

2 Polynomial Chaos Expansion

Wiener [12] introduced the Homogeneous PC, an infinite series expansion
of orthogonal Hermite Polynomials, to express stochastic processes. Due to
the theorem of Cameron-Martin [13] such series expansions are convergent
for any L2 functional. Therefore the Homogeneous PC converges for every
stochastic process with finite second moments. In [6] and [7] this is generalized
to orthogonal polynomials of the Askey scheme.

Let X(ω) be a stochastic field mapping X : Ω → V from a probability
space (Ω,A,P) to a function space V . Let V be a Hilbert space with inner
product 〈., .〉 : V ×V → R. Then X : Ω → V is a stochastic field with a finite
second moment if

〈X(ω)X(ω)〉 =

∫

ω∈Ω

X(ω)2 dP (ω) < ∞. (1)

With a PC expansion it is possible to represent such a random field paramet-
rically through a set of independent stochastic variables {ξi(ω)}N

i=1, N ∈ N

X(ξ(ω)) =

∞∑

j=0

ajΦj(ξ(ω)). (2)

The polynomials {Φj(ξ(ω))} are orthogonal satisfying the relation

〈ΦiΦj〉 = 〈Φ2
i 〉δij (3)
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The inner product in (3) respective to the probability measure of the random
vector ξ is

〈f(ξ)g(ξ)〉 =

∫

ω∈Ω

f(ξ)g(ξ) dP (ω) =

∫

ω∈Ω

f(ξ)g(ξ)w(ξ) dξ, (4)

where P (ω) is the probability measure with respect to the density function
w(ξ(ω)).

For computational use the expansion (2) is truncated. The highest order
P of the polynomials Φj is set according to the accuracy requirements and
the dimension N of the random vector ξ is the number of stochastic inputs.
The truncated expansion has the form

X(ξ(ω)) ≈
M∑

j=0

ajΦj(ξ(ω)) (5)

where (M + 1) is the number of the N -dimensional orthogonal basis polyno-
mials with maximum degree P

(M + 1) =

P∑

i=0

(N + i − 1)!

i!(N − 1)!
=

(N + P )!

N !P !
. (6)

The orthogonal polynomials Φj can be constructed as a tensor product of
one-dimensional orthogonal polynomials φk(ξi)

Φj(ξ) =

N∏

i=1

φηji (ξi), 0 ≤ j ≤ M (7)

where η is a (M +1)×N dimensional matrix which includes all multi-indices
satisfying

N∑

i=1

ηji ≤ P, 0 ≤ j ≤ M. (8)

For more details setting up the multidimensional orthogonal polynomials, see
[6], [7] and [8].

In the following two sections we present the intrusive and non-intrusive
method based on the truncated PC expansion (5).

2.1 Intrusive Method

We consider an intrusive method where the PC expansion is applied to the
stochastic input and output of Finite Elements. The resulting system is pro-
jected onto the basis given by the PC expansion. The general application
to stochastic differential equations is described in [7]. In case of elastic solid
bodies we have to solve the d-dimensional linear equation system
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KU = F (9)

where K is the stiffness matrix, U is the solution vector of the displacement
and F is the load vector. The stiffness matrix K depends e.g. in the isotropic
case on the Young’s modulus E and on the Poisson ratio ν (material parame-
ters). We assume the material parameters to be stochastic. Therefore also the
stiffness matrix K and the solution vector U (displacements) become stochas-
tic. The stochastic quantities K and U may be approximated by a truncated
PC expansion

K(ξ) ≈
M∑

j=0

KjΦj(ξ) (10)

U(ξ) ≈
M∑

i=0

UiΦi(ξ) (11)

Inserting the expansions (10) and (11) into the linear system (9) leads to

M∑

i=0

M∑

j=0

KjUiΦiΦj ≈ F.

Next we perform a Galerkin projection onto the orthogonal basis polynomials
of the Chaos space

M∑

i=0

M∑

j=0

KjUi〈ΦiΦjΦk〉 = 〈FΦk〉 = Fδ0k k = 0, 1, . . . ,M.

This system of equations can be written as linear system

⎡
⎢⎢⎣

∑M
j=0 Kj〈Φ0ΦjΦ0〉 · · · ∑M

j=0 Kj〈ΦMΦjΦ0〉
...

...∑M
j=0 Kj〈Φ0ΦjΦM 〉 · · · ∑M

j=0 Kj〈ΦMΦjΦM 〉

⎤
⎥⎥⎦

︸ ︷︷ ︸
Kpc

⎡
⎢⎣

U0

...
UM

⎤
⎥⎦

︸ ︷︷ ︸
Upc

=

⎡
⎢⎢⎢⎣

F
0
...
0

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
Fpc

. (12)

We can easily see that the dimension of the linear system increases linear
with the number of basis polynomials of the PC space. The matrix Kpc is
block-symmetric. For the solution of system (12) we developed an efficient
Block-Gauss-Seidel algorithm in [14] which utilizes the properties of the ma-
trix Kpc, see appendix B. A similar algorithm was developed on [15] for steady
state diffusion problems. In our algorithm only the right upper blocks need
to be saved in the original FE sparse structure. In addition only the diagonal
blocks need to be LU factorized. Due to the fact, that the Block-Gauss-Seidel
converges in a few iterations the complexity increases almost linear with the
number of basis polynomials.
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Another advantage of the intrusive method is that we do not make use of
an expensive multi-dimensional quadrature formula. Appendix A shows that
the multi-dimensional inner products 〈ΦiΦjΦk〉 can be calculated as a product
of one-dimensional inner products.

A general application of the method to other physical quantities (than
the displacements) e.g. for the von Mises stress can only be realized by large
effort. Even for simple cases a separate algorithm must be developed, thus the
computations can not be performed by the existing Finite Element tools.

Advantages and disadvantages of intrusive method:

+ size of linear system of equations grows linear with number of
basis polynomials

+ no multi-dimensional Gauss-Quadrature necessary
+ better handling for transient problems
− changes in the source code of deterministic solver
− high memory usage
− difficult to implement for some interesting values (e.g von

Mises stress)

2.2 Non-Intrusive Method

An alternative is the non-intrusive method, which is the common Fourier
projection in a Hilbert space. This method can be applied for arbitrary output
quantities. Again we are interested in the random displacements in terms of
a a PC expansion

U(ξ) ≈
M∑

i=0

UiΦi(ξ). (13)

Equation (13) is a Fourier type series and we obtain the coefficients by projec-
tion of U(ξ) to the PC space. This space is spanned by the multi-dimensional
orthogonal basis polynomials:

Ui =
〈U(ξ)Φi(ξ)〉
〈Φi(ξ)Φi(ξ)〉 (14)

=

∫
ω∈Ω

U(ξ)Φi(ξ)w(ξ) dξ(ω)∫
ω∈Ω

Φi(ξ)Φi(ξ)w(ξ) dξ(ω)
(15)

Due to the theorem of Cameron-Martin [13] the above series expansion con-
verges to every L2-functional for M → ∞. This means that the second central
moment of the stochastic process approximated by the PC expansion needs
to be finite

〈U(ξ)2〉 < ∞. (16)
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The big advantage of this method is that we can use a deterministic Finite
Element tool as a black box in order to obtain realizations of U(ξ). We use
these realizations to calculate the numerator of the coefficients Ui (14) with a
multi-dimensional Gauss-Quadrature formula. The problem is that the num-
ber of function evaluations for the quadrature grows exponentially with the
number of stochastic input variables which is also reported in [16]. We have
developed an algorithm (see Sect. 3) which drastically reduces the number of
function evaluations.

Advantages and disadvantages of non-intrusive method:

+ usage of deterministic solver as black box
+ easily applicable to different quantities
+ independent coefficients of PC expansion
+ little additional memory usage
− number of function evaluations increases exponentially with

independent stochastic inputs
− number of abscissae values must be chosen in advance
− discretization of time for transient problems necessary before

PC expansion

3 Adaptive Gauss-Quadrature

The Adaptive Gauss-Quadrature algorithm, we present in this section, is suit-
able for solving multi-dimensional integrals as they occur in the non-intrusive
method. The goal is to reduce the number of function evaluations of the
multi-dimensional Gauss-Quadrature. The quadrature formula with S abscis-
sae values in each of the N dimensions approximates the integral with the
weighted sum

E(f) =

∫

Ω

f(ξ)w(ξ) dξ ≈
SN∑

i=1

Wif(ξi). (17)

The formula is exact if f(ξ) is a polynomial of degree 2S−1. The idea is that
we evaluate the function f only for a few abscissae values and approximate
it with f̃ for the remaining evaluation points. We use a PC expansion for the
approximation f̃ =

∑M
i=0 aiΦi(ξ). Therefore we have to solve the minimization

problem

min
a0,...,aM

∫

Ω

(
f(ξ) −

M∑

i=0

aiΦi(ξ)

)2

w(ξ) dξ. (18)

The corresponding discrete Weighted-Least-Square problem is

min
a

∥∥∥
√
WBa −

√
Wy
∥∥∥

2
(19)
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with

B =

⎡
⎢⎣

Φ0(ξ1) · · · ΦM (ξ1)
...

...
Φ0(ξSN ) · · · ΦM (ξSN )

⎤
⎥⎦ ,

√
W =

⎡
⎢⎣

√
w(ξ1) 0

. . .

0
√

w(ξSN )

⎤
⎥⎦ ,

a = [a0, . . . , aM ]T , y = [f(ξ1), . . . , f(ξSN )]T .

Splitting up the quadrature formula into k exact function evaluations and
SN − k approximations of the function f , the following approximation of
E(f) is obtained:

Ek(f) =

k∑

i=1

Wif(ξi) +

SN∑

i=k+1

Wif̃(ξi) (20)

On the other hand PC expansion leads to a different approximation of E(f):

E(f̃) =

〈
M∑

i=0

aiΦi(ξ)

〉
= a0〈Φ0〉 (21)

Also for the variance of f we get two approximations:

Vark(f) = Ek(f2) − (Ek(f))2 (22)

Var(f̃) =
M∑

i=1

a2
i 〈Φi(ξ)Φi(ξ)〉 . (23)

The two embedded methods (20) and (21) are utilized to obtain information
for the accuracy of the approximation.

The Adaptive Gauss-Quadrature solves the following minimization prob-
lem:

min k
∣∣∣Ek(f) − E(f̃)

∣∣∣ ≤ ε1

∣∣∣Vark(f) − Var(f̃)
∣∣∣ ≤ ε2

(24)

In the next sections, we show, that for multi-dimensional problems many
function evaluations may be saved by this procedure.

Efficiency and Accuracy Analysis

First we examine a 2-dimensional modified Gauss curve

f(x, y) =
1

2π · 0.92
e−

(x−0.6)2

2·0.92
− (y−0.4)2

2·0.92 +
5

2π · 1.52
e−

(x+0.2)2

2·1.52
− (y+0.8)2

2·1.52

+
2

2π
e−

(x−0.07)2

2 − (y−0.09)2

2

(25)



168 M. Herzog, A. Gilg, M. Paffrath, P. Rentrop, and U. Wever

with standard normal distributed inputs x and y. The convergence of the
Monte-Carlo analysis is presented in Fig. 1. The comparison with different
degrees for the Adaptive Gauss-Quadrature may be observed in Table 1.

More interesting for analyzing the efficiency of the Adaptive Gauss-
Quadrature is the higher dimensional problem

d(p, I, E, b, l) = − pbl4

8EI
. (26)
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This formula describes the displacement of a cantilever beam at its tip. All 5
input values are uniformly distributed with the following expectation values
E and deviations σ: E(p) = 1000, σ(p) = 28.88; E(I) = 15.625, σ(I) = 0.3608;
E(E) = 26000, σ(E) = 57.735; E(b) = 12, σ(b) = 0.2888; E(l) = 6, σ(l) =
5.7735 · 10−3.

We used RODEO [17] where we implemented the Adaptive Gauss-Quadra-
ture for the non-intrusive method and compared the calculated expectation
value and variance with Monte-Carlo results. In Fig. 2 we plot the expectation
value, the variance and the density of the output for different approximation
degrees of the Adaptive Gauss-Quadrature. The results are compared with
the Monte-Carlo analysis.

In Table 1 we show the relative error of the Adaptive Gauss-Quadrature
for different approximation degrees with respect to a converged Monte-Carlo
analysis with 106 samples. In addition the table presents the used function
evaluations and the saved ones in comparison to an ordinary multi-dimensional
Gauss-Quadrature. We see that the accuracy increases for higher orders and
that the efficiency gain respective to multidimensional quadrature is huge for
high orders and dimensions. For our 5-dimensional example with approxima-
tion degree 6 we save 92% evaluations and still get similar results for expec-
tation and deviation. By this way we improved the non-intrusive method by
substantially reducing the exponential increase of function evaluations with
dimension.

Table 1. Efficiency and accuracy of the two test examples

Problem Adaptive evaluations saved rel. error rel. error
Gauss-Quad. evaluations mean deviation

Gauss degree 2 9 0 0.04830812 0.32042313
curve degree 3 16 0 0.01446631 0.19581190

(Dim. 2) degree 4 25 0 0.00396731 0.08667579
degree 5 36 0 0.00154345 0.04201181
degree 6 49 0 5.2692e-05 0.01840407
degree 7 57 7 0.00039080 0.00803699
degree 8 66 15 0.00026785 0.00362344

Beam degree 2 161 82 7.3102e-05 0.08381494
(Dim. 5) degree 3 654 370 4.8039e-05 0.03109469

degree 4 361 2764 2.0886e-06 0.01391660
degree 5 809 6967 4.4279e-04 0.00204725
degree 6 1351 15456 1.2531e-05 0.00296498
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4 Stochastic Finite Elements

Now we want to show that the described methods are applicable to static
Finite Element problems. Therefore we examine an elastic isotropic elbow
consisting of two different materials with uniformly distributed Young’s mod-
ulus E. It is fixed at its bottom and a force is applied to the upper edge.
The Young’s modulus of the elbow is uniformly distributed on the interval
[10000; 12000] and the one of the cross beam on the interval [50000; 60000].
The Poisson ratio of the elbow material is set to 0.25 and the one of the cross
beam to 0.3.

With the described methods we can compute the random behavior of dif-
ferent quantities of the elbow. Figure A.20 on page 336 shows the expecta-
tion value of the von Mises stress and Fig. A.21 on page 336 its deviation.
We used an approximation degree of 6 in each dimension for the Adaptive
Gauss-Quadrature. In comparison to multi-dimensional Gaussian quadrature
requiring 49 function evaluations, the proposed Adaptive Gauss-Quadrature
only needs 32 function evaluations for a relative error tolerance of 10−4.

Accuracy Analysis of Intrusive versus Non-intrusive Method

We analyzed the accuracy of the intrusive and the non-intrusive method for
the above described elbow. Therefore the relative error ε(ξ) is defined as

ε(ξ) =

∥∥∥
(∑M

i=0 UiΦi(ξ)
)

− U(ξ)
∥∥∥
∞

‖U(ξ)‖∞
(27)

giving the possibility to measure the error of the Polynomial Chaos approx-
imation of the displacements U(ξ) ≈ ∑M

i=0 UiΦi(ξ). In Table 2 the relative
error of the approximation ε(ξ) is shown for the intrusive and non-intrusive
method each with different orders of the PC expansion and different realiza-
tions ξ. ξ1 and ξ2 may be varied in the interval [0; 1] because the random
inputs of the regarded example are uniformly distributed and therefore we
used modified Legendre Polynomials for the basis of the PC.

In summary, both methods provide similar accuracy for fixed orders of the
PC expansion. Thus, accuracy reasons do not give a preference to one of the
methods.

5 Conclusion

In this paper we have shown that the Polynomial Chaos expansion is superior
to the classical sampling approach for our applications because the number of
saved function evaluations is immense. The two described methods (intrusive
and non-intrusive) for setting up the PC expansion provide similar results for
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Table 2. Accuracy comparison of the intrusive and non-intrusive method with the
relative error ε(ξ) of the best approximation

intrusive non-intrusive

ξ1 ξ2 order 2 order 4 order 2 order 4 order 6

0.00 0.00 0.312E-03 0.833E-06 0.309E-03 0.836E-06 0.245E-08
0.00 0.50 0.234E-03 0.656E-06 0.232E-03 0.675E-06 0.148E-08
0.00 1.00 0.223E-03 0.604E-06 0.222E-03 0.603E-06 0.152E-08
0.25 0.25 0.127E-03 0.602E-07 0.128E-03 0.593E-07 0.324E-09
0.50 0.00 0.473E-04 0.937E-07 0.468E-04 0.757E-07 0.121E-09
0.50 0.50 0.294E-10 0.478E-08 0.118E-06 0.423E-08 0.153E-10
0.50 1.00 0.413E-04 0.919E-07 0.409E-04 0.131E-06 0.317E-09
0.75 0.75 0.127E-03 0.523E-07 0.128E-03 0.570E-07 0.348E-09
1.00 0.00 0.199E-03 0.574E-06 0.197E-03 0.743E-06 0.232E-08
1.00 0.50 0.225E-03 0.661E-06 0.223E-03 0.611E-06 0.158E-08
1.00 1.00 0.312E-03 0.861E-06 0.310E-03 0.122E-05 0.413E-08

all examples we treated. Therefore accuracy criteria do not influence the selec-
tion of method. The advantages and disadvantages of both methods however,
listed in Sect. 2, have a great impact on the practical usability. We prefer
the non-intrusive method for our static Finite Element problems because it
is possible to use existing deterministic solvers (in our case FEM tools) as
black box. On the other hand for the intrusive method changes in the source
code of the deterministic solver are necessary. In addition we have reduced
the exponential increase of function evaluations with the dimension of the
random input by developing the Adaptive Gauss-Quadrature. Thus, the worst
disadvantage of the non-intrusive method is eliminated.

For transient problems the relevance of intrusive method increases, if not
only the final state is computed but the whole transient trajectories. In this
case a time discretization has to be performed before applying the Polynomial
Chaos expansion.
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A Multi-Dimensional Inner Products 〈ΦiΦjΦk〉

We can split the multi-dimensional inner products 〈ΦiΦjΦk〉 into a product
of one-dimensional inner products if its density function w(ξ) meets

w(ξ) =

N∏

i=1

wi(ξi). (28)

Then we get with Eq. (7)

〈Φi(ξ)Φj(ξ)Φk(ξ)〉 =
N∏

l=1

〈φηil
(ξl)φηjl

(ξl)φηkl
(ξl)〉 (29)

for the multi-dimensional inner products. Therefore we have not to perform
an expensive multi-dimensional quadrature.
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B Block-Gauss-Seidel Algorithm

We developed an Block-Gauss-Seidel algorithm to solve Eq. (12) which has
the structure ⎡

⎢⎣
A11 · · · A1n

...
...

An1 · · · Ann

⎤
⎥⎦

︸ ︷︷ ︸
=:A

⎡
⎢⎣
x1

...
xn

⎤
⎥⎦ =

⎡
⎢⎣
b1
...
bn

⎤
⎥⎦ (30)

with the block-symmetric matrix A

Aij = Aji, 1 ≤ i, j ≤ n. (31)

Algorithm

1. LU factorization of the diagonal matrices Aii, i = 1, . . . , n.

2. Get a good starting value for x(0) = [x
(0)
1 , . . . , x

(0)
n ]T . Set x

(0)
1 to the deter-

ministic solution. This is a good approximation because x1 is the expec-

tation value. Set the vectors x
(0)
3 , . . . , x

(0)
n to zero. Approximate x

(0)
2 with

the solution of A22x
(0)
2 = b2 − A21 − x

(0)
1 .

3. Iterate x(k), k = 1, 2, 3, . . . until convergence:

Annx
(k)
n = bn −

n−1∑

j=1

Anjx
(k−1)
j

...

Aiix
(k)
i = bi −

i−1∑

j=1

Aijx
(k−1)
j −

n∑

j=i+1

Aijx
(k)
j

...

A11x
(k)
1 = b1 −

n∑

j=2

A1jx
(k)
j
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Summary. In this paper key aspects and several methods for modeling, simulation,
optimization and control of the locomotion of humanoid robots and humans are
discussed. Similarities and differences between walking and running of humanoid
robots and humans are outlined. They represent several, different steps towards
the ultimate goals of understanding and predicting human motion by validated
simulation models and of developing humanoid robots with human like performance
in walking and running. Numerical and experimental results are presented for model-
based optimal control as well as for hardware-in-the-loop optimization of humanoid
robot walking and for forward dynamics simulation and optimization of a human
kicking motion.

1 Introduction

A large variety of bipedal motions are known from humans whereas today’s
humanoid robots can only realize a small fraction of them. All motions on two
legs have in common that maintaining stability and balance is a critical issue
and that there are redundancies in the actuation of the respective system.
For typical humanoid robots actuation redundancies lie in the level of joint
angles: One overall locomotion goal (i.e., a certain walking trajectory and
contact situation history of the feet during walking) usually may be achieved
by an infinite number of joint angle trajectories. For humans, an additional
level of redundancy must be considered in comparison with today’s humanoid
robots which usually have one actuator per rotational joint in the leg: Even
for given joint angle trajectories, the involvement of the various muscles which
actuate the respective human joints is not uniquely defined.

A widely accepted hypothesis in biomechanics is that for trained leg or
whole body motions among all possible muscle actuation strategies the one is
selected which minimizes or maximizes a certain objective [23]. Selecting the
best possible walking trajectories is also mandatory for autonomous humanoid
robots which must carry not only all of their actuators but also onboard
computing, additional sensors and energy supplies.
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Fig. 1. The 55 cm tall, autonomous humanoid robot Bruno developed at TU Darm-
stadt (left) and its kinematic structure with 21 servo motor driven joints (right).

The research presented in this paper has been inspired by Roland Z. Bu-
lirsch in manifold ways. For example, mathematical models of the locomotion
dynamics of humanoid robots and humans result in medium to large systems
of nonlinear ordinary or differential-algebraic equations. The determination
of optimal control variable trajectories lead to large-scale nonlinear optimal
control problems which can only be solved numerically. Bulirsch had already
in the 1960s during his affiliation with the University of California, San Diego,
pioneered one of the very first numerical methods for solving such problems,
the so-called indirect multiple shooting method (in the terminology of [39]).
This method enabled to solve trajectory optimization problems in aeronau-
tics and astronautics numerically in a satisfactory manner which had not been
possible before. A variety of efficient numerical methods for solving optimal
control problems which nowadays are used all over the world has directly
evolved from his pioneering work, e.g., [4]. Furthermore, Bulirsch has always
emphasized strongly that numerical methods must be mature enough to en-
able the treatment of real-world problems and not only simplified academical
problem statements. However, this requires significant efforts for deriving a
sophisticated and validated mathematical model of the problem in question.

2 Kinematical Leg Design

During the last decade significant advances in humanoid robotics concerning
autonomous walking and hardware and software design have been achieved.
The humanoid robot H7 (137 cm, 55 kg, 35 degrees of freedom (DoF)) [24]
is able to execute reaching motions based on the implemented whole body
motion control. Footstep planning and balancing compensation is used for
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Fig. 2. Kinematic structure of a planar
human leg model with five muscle groups
actuating the hip and knee joints.

adaptive walking. The German humanoid robot Johnnie (180 cm, 40 kg, 17
DoF) [22] can walk with a maximum speed of 2 km/h. The control and com-
putational power is onboard, whereas the power supply is outside of the robot.
In the Japanese Humanoid Robot Project the robot HRP-3 (160 cm, 65 kg, 36
DoF) has been developed with special skills for water and dust resistivity. It
can walk with a maximum speed of 2.5 km/h [20]. The Korean robot KHR-2
(120 cm, 54 kg, 41 DoF) [21] walks with a maximum speed of 1 km/h. The
robots QRIO (50 cm, 5 kg, 24 DoF) by Sony and ASIMO (120 cm, 52 kg, 26
DoF) by Honda are two commercial humanoid robot platforms. QRIO [25] can
walk stable, jump and “jog” (i.e., fast walking with small flight phases) includ-
ing the transitions between them. It can also execute many special motions,
among them coordinated dancing, squatting and getting up. ASIMO [14] is
the humanoid robot with the currently highest walking speed of 6 km/h and
the most costly development. The autonomous humanoid robot Bruno (55 cm,
3.3 kg, 21 DoF, Fig. 1 left) can play soccer and walks with more than 40 cm/s,
almost 1.5 km/h, in permanent operation [8, 15].

All of these humanoid robots which today can walk flexible, stable and re-
liably in repeatable experiments share the same basic kinematic leg structure:
Six (sometimes seven) rigid, rotational joints per leg are connected with rigid
links. Usually three joints are used in the hip, one in the knee and two in the
ankle (cf. Fig. 1 right) to reach a general position and orientation with the
foot within its range. A joint typically consists of an electric actuator with
gear which are designed to be as rigid, powerful and lightweight as possible.

The human leg, however, does not have one rigid rotary actuator in each
joint, e.g., the knee joint. Redundant, elastic linear actuators, i.e., the con-
tracting muscles, antagonistically arranged around the leg joints result in a
very compliant leg design. In general, in biomechanical motion systems each
joint is often driven by more than two muscles. Also there are muscles that
have effect on more than one joint, e.g., the rectus femoris, the gastrocnemius
and the hamstring group (cf. Fig. 2).
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3 Modeling and Simulation of Locomotion Dynamics

Current humanoid robots can be modeled as a kinematical tree structure
consisting of rigid links and joints, e.g., Fig. 1 right, and changing contact
situation of the feet with the ground during walking. The locomotion dynamics
describes the relationship between the joint angles qT = (q1(t), . . . , qn(t)) and
the joint torques τT = (τ1, . . . , τn). It is represented by a multibody system
(MBS) dynamics model with contact constraints

M (q) q̈ = τ − C (q, q̇) − G (q) + JT
c fc (1)

0 = gc(q), (2)

where M denotes the positive definite mass matrix, C the Coriolis and cen-
trifugal forces, G the gravitational forces, and JT

c fc the contact forces. The
ground contact constraints gc ∈ IRnc represent holonomic constraints on the
system from which the constraint Jacobian Jc = ∂gc/∂q ∈ IRnc×n may be
obtained, while f c ∈ IRnc is the ground constraint force.

For formulating the second order differential equations (1) different meth-
ods exist ranging from recursive methods based on force-moment relations as
Newton-Euler to energy based, analytic methods as Euler-Lagrange [5]. For
efficiently formulating these equations in case of a large number of joints n
the recursive O(n) articulated body algorithm (ABA) [7] has been shown to
be an accurate, numerically stable and efficient algorithm which computes
M, C,G, Jc in three, resp. five in case of contact forces, forward or backward
iterations (sweeps).

An alternative formulation of the ABA has been derived which results
in an O(n) closed-form expression for the inverse mass matrix [29] (see also
[18] for details). This recursive approach is modular and flexible as it facili-
tates the exchange of submodels and the reuse of other model parts without
having to reformulate the complete model as it is the case, e.g., with the
Euler-Lagrange method. An object oriented implementation has been devel-
oped based on this formulation of the ABA (cf. Sect. 5.3 and [17]) which
enables a flexible and efficient computation in different applications of the
dynamics model (1), e.g., simulation, optimization or control. The method
can be extended to an efficient recursive, computation of partial derivatives
of the dynamics model which are required for optimal control and trajectory
optimization (cf. Sect. 5.3) or optimal parameter estimation.

In contrast to humanoid robots the torques τi acting in human joints do
not stem from a single actuator but from contracting muscle groups whose
dynamic behavior must be considered in addition to the dynamics model (1)
of the skeleton and the wobbling masses. For modeling of the dynamic motion
and force behavior of muscles as contracting actuators with serial and paral-
lel elasticities and active contractile elements a number of well investigated
approaches have been developed. They describe the muscle forces in relation
to muscle length, muscle velocity and muscle activation as the many models
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based on the fundamental approaches of Hill and Huxley, cf. [23, 26]. Almost
all models from literature assume that the muscle forces act at a point. For
non-punctual areas of force application the muscles are divided into several
muscle models with single points of actuation. Several approaches exist for
modeling the muscle paths as the straight line method (modeling the mus-
cle path to connect the points of application in a straight line), the centroid
line method (modeling the muscle path to connect the centers of mass of the
muscle cross sectional areas) or the obstacle set method (modeling the muscle
path to move freely sliding along the bones). A survey of these approaches
may be found, e.g., in [26].

4 Control and Stability of Bipedal Gaits

Several criteria have been established to ensure postural stability of a bipedal
robot walking trajectory either during offline computation or online using
feedback control. Two basic groups are distinguished: criteria for static and
for dynamic stability. Static stability is present if the center of gravity (CoG)
of the robot projected along the direction of gravity lies in the convex hull
of the support area consisting of all foot-ground contact points. Dynamic
stability is defined as a bipedal walking motion which is not statically stable
but the robot does not fall over. This is the case for running, jogging and
even medium fast walking of humans. Several constructive criteria are used
to realize dynamic walking in humanoid robots, among them the nowadays
widely used zero moment point (ZMP) [38] and the foot rotation indicator
(FRI) [12], an extension of the ZMP definition. Both indices for dynamic
stability basically induce that no moments around the two possible axes that
might lead to a falling of the robot occur while taking into account not only
the mass distribution of the robot (as the static projected CoG criterion) but
also dynamic effects, i.e., acting forces and moments.

For online evaluation of the stability indices for feedback control, the hu-
manoid robot needs additional sensors to the standard joint angle position
encoders. Usually accelerometers and gyroscopes are used in the upper body
close to the CoG to determine the robot’s pose and and force/moment sensors
are used in the feet to measure foot-ground contact for ZMP-based stability
control. In small to medium sized humanoid robots ZMP-based control can be
implemented successfully also without ground contact force sensing, e.g., [8].
On the other hand for human-sized, high-grade humanoid robots in addition
force/moment sensing in the joints is provided.

Commonly trajectory tracking control is applied in a hierarchical, decen-
tralized scheme where the setpoints for the joint angles of the humanoid robot
are updated in a constant frequency between 1 and 10ms [18]. The feedback
control schemes of the joints, e.g., PD or PID, are usually operated indepen-
dently of each other. Ideally, a nonlinear feedback control scheme would be
applied based on a full nonlinear MBS dynamics model (1) of the humanoid
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Fig. 3. The inverted pendulum model is used as a simplified model to describe
walking properties of humanoid robots and humans.

robot. However, this would require to evaluate such a model for at least 18
bodies and joints on an embedded processor and at least faster than the up-
date frequency of the joint angle setpoints which is difficult to achieve.

Therefore, simplified motion dynamic models are used for stabilizing con-
trol schemes based on the ZMP or its precursor, the inverted pendulum (IP)
model (Fig. 3), which was used in balancing control of the first bipedal walking
robots. The IP model approximates the basic behavior of the whole walking
robot and is easy to handle with low computational efforts [32].

The IP model has also been used to describe slow human walking as bal-
ancing on stiff legs. Measured ground reaction forces are reproduced well. But
this rigid model can not be extended to human running. A spring-mass system
describes much better rebounding on compliant legs during running or jog-
ging. Therefore, elasticities must be included in a robot leg design to describe
dynamic walking and running as in Raibert’s hopping robots [27]. However,
the latter can not be used for slow bipedal walking or even standing. There-
fore, as the grand challenge in research of humanoid robot locomotion the
question remains to be answered how humanoid walking and running can be
realized well using one robot leg design.

An important difference between today’s humanoid robots and humans is
that any motion of a humanoid robot is under full feedback control at any
time. To enable bipedal running using today’s robot technology, the motors
in the joints must be more powerful to enable higher joint velocities (like the
wheels in a fast car). But the motion can only be as fast as the joint sensors are
able to measure joint position and velocity to enable feedback control. This
is not the case for many types of fast human motions. By suitable training,
human motions can be generated feed-forward which are much faster than the
internal sensing of an arm or leg but nevertheless are of high quality, e.g., a
fast serve in tennis or fast piano playing. These fast motions make effective
use of the elastic, compliant design of legs, arms and fingers like shooting
an arrow with an elastic bow. From a robot control point of view, however,
elasticity in a kinematical leg or arm design is avoided as much as possible
because control becomes severely difficult. Compliant joint behavior is instead
simulated using joint force/moment sensor and compliant control schemes.
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Fig. 4. A basic compliant leg model exhibits properties of both human-like walking
(left) and running (right) in the same mechanical design (due to [9]).

Recent results in biomechanics showed that by adding suitable elasticities
to the most simple bipedal leg model properties of both fast, elastic running
and slow, stiff walking can be represented quite well (Fig. 4) [9, 13]. In numer-
ical simulations bipedal locomotion using such basic compliant leg models has
demonstrated to be quite robust against external disturbances like uneven ter-
rain. This motivates to investigate bipedal walking machines with compliant,
three-segmented legs like the ones of Sect. 5.2 as a step towards solving the
grand challenge problem of humanoid robot locomotion. However, it remains
yet unsolved how an elastic, possibly underactuated, bipedal leg design can
be stabilized under different walking and running conditions.

In this context, passive dynamic bipedal walking should also be mentioned
which has recently gained much interest. Low powered bipedal walking ma-
chines have demonstrated stable bipedal locomotion on flat terrain with low or
even no actuation and therefore claimed a highly energy-efficient and natural
way of walking [6]. A closer inspection reveals that the kinematical leg design
consists of two-segmented, rigid legs with thigh and shank only. There is no
need for an articulated foot with ankle joints. A foot point contact or knob-like
foot and a rolling motion along the foot knob’s surface during stance phase
of the leg is sufficient when the bipedal walkers swing over a straightened
knee joint. Moreover, such leg designs only enable a certain constant walking
speed. A larger variation in walking speed is not possible, not even mentioning
running. Passive dynamic walkers share these properties with current passive
above-knee prostheses. It is very difficult using them to walk at very different
speeds or to use them in uneven or steep terrain.

5 Methods and Case Studies

5.1 Forward Dynamics Simulation of Human Kicking Motion

There are approximately 650 skeletal muscles in the human body which are
anchored by tendons to bone and affect skeletal movement such as locomo-
tion. Considering the many individual muscles involved in locomotion and a
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mathematical model of locomotion dynamics and the redundancy in joint ac-
tuation by muscles involved (Sect. 3) then the secret of human biodynamics is
explained in N.A. Bernstein’s words (1935): “As in orchestra, each instrument
plays its individual score, so in the act of human walking each joint reproduces
its own curve of movements and each center of gravity performs its sequence
of accelerations, each muscle produces its melody of efforts, full with regularly
changing but stable details. And in like manner, the whole of this ensemble
acts in unison with a single and complete rhythm, fusing the whole enormous
complexity into clear and harmonic simplicity. The consolidator and manager
of this complex entity, the conductor and at the same time the composer of
the analyzed score, is of course the central nervous system”.

A widely accepted hypothesis in biomechanics is that for trained motions
among all possible actuation strategies of the many muscles involved the one
is selected which minimizes or maximizes a suitable objective [23]. Such an
actuation strategy must then essentially coincide with the much more sim-
pler compliant leg model depicted in Fig. 4 which describes well the observed
overall leg behavior in human locomotion but cannot explain the behavior of
the many individual muscles involved. The modeling and numerical solution
of optimization problems for the system dynamics to reliably predict system
behavior and motion is nowadays well established for vehicle and robot dy-
namics. It is a grand challenge in human biodynamics research to develop
such methodologies for the human musculoskeletal system and requires the
development and validation of assumptions, models and methods.

The central problem statement addressed in this section is to find the
activations u(t) = (u1(t), ..., unm(t))T of each of the nm muscles involved so
that the resulting calcium ion concentration γi caused by the activation ui of
each muscle i leads to forces Fi, i = 1, . . . , nm, which cause a motion of all n
joints (i.e., joint angle trajectories q(t) = (q1(t), ..., qn(t))T , 0 ≤ t ≤ tf ) which

1. is equal or as “close” as possible to the kinematic and/or kinetic data of
a human body motion measured in experiments (inverse problem), or

2. best fulfills some motion goal like maximum jump height or width or
fastest possible walking or running (forward problem).

While in the first case only the redundancy of the muscles must be considered,
the second case incorporates also the additional level of redundancy with
respect to the overall motion. “Close” in the first case may be measured by
an objective function, e.g., the integral over the difference of measured and
calculated joint angle trajectories. The goal achievement in the second case
can be measured by a suitable objective function as time or energy required.

Generally, the two different approaches of forward and of inverse dynamics
simulation exist [37]. The forward dynamics simulation of a human motion
leads to high dimensional, nonlinear optimal control problems. Current ap-
proaches in this field are usually based on direct shooting techniques [4, 39]
with finite difference gradient approximations. They require even for problems
with reduced models of the whole human body computational times of days
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Fig. 5. Numerical results for the minimum time kicking motion: Visualization in
phase space (left), measured (dashed line) and optimized (solid line) joint angle
trajectories of hip (middle) and knee (right).

or weeks on workstations, cf. [2, 31]. Forward dynamics simulation based on a
validated dynamics model and model parameters has the important potential
of predicting certain motions.

On the other hand, inverse dynamics simulation investigates given kine-
matic position and velocity trajectories of a human motion, e.g., obtained
from measurements. Together with special approximate modeling approaches
for the dynamics model and the objective it allows a comparatively fast nu-
merical computation of the controls of each muscle group if restrictive as-
sumptions on the underlying model like special objective functions for control
of the muscles involved are made, e.g., [28]. Inverse dynamics simulation for
a measured human motion gives an interpretation of the acting forces and
torques on the level of the single muscles involved.

To overcome the drawback of high computational burden an efficient for-
ward dynamics simulation and optimization approach for human body dy-
namics has been suggested [37]. It is based on an efficient O(n) modeling of
the dynamics of the musculoskeletal system consisting of the MBS (1) and
suitable models of the activation dynamics γ̇i, the force-velocity and tension-
length and further muscle properties. Instead of using one of the direct shoot-
ing approaches which require feasibility with respect to the MBS dynamics
constraints in each iteration of the optimization method a simultaneous ap-
proach for solving the MBS dynamics integration and optimization problems
inherent in the optimal control problem is selected. In direct collocation [39]
the implicit integration for a sequence of discretization steps from initial to
final time is included as a set of explicit nonlinear equality constraints in the
optimization problem and the optimal control problem is transformed into a
sparse and large-scale nonlinearly constrained optimization problem (NLP).
Without the restriction to feasibility to the ODE constraints in each iteration
as in direct shooting only the final solution of direct collocation iterations
must satisfy them. Without the restriction to feasible iterates and with much
easier computable gradients the solution may be obtained much faster.

As one first example, a time optimal kicking motion has been investigated,
i.e., tf → min!. Kinematic and kinetic data of the musculoskeletal system
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Fig. 6. Numerical results for the minimum time kicking motion: The control vari-
ables are the muscle activations (which correspond to EMG, solid lines) and the
resulting calcium ion concentrations of the muscles (dashed lines).

as well as muscle model parameters and measured reference data have been
taken from [33, 31]. The model consists of two joints, two rigid links and
five muscle groups (Fig. 2). The problem is formulated as an optimal control
problem with 9 first order state variables (hip angle q1, knee angle q2, the
corresponding joint velocities and 5 calcium ion concentrations) and 5 control
variables, i.e., the activations of the muscles. The muscle lengths and velocities
that are needed for the force-velocity and tension-length relationship of the
Hill-type muscle model are calculated according to [33]. The resulting lever
arms used for transforming the linear muscle force into joint-torques depend
on the joint angle and are also taken from [33], as well as the passive moments.
Suitable boundary conditions at t0 and tf must be meet by qi, q̇i, γj and box
constraints are imposed on qi(t), γj(t), uj(t) during [t0, tf ] [37].

Compared to the data of the measured human kick (and the results of
[33, 31] which matched the measured data very well), our results show a
shorter time tf and larger maximum angles (Fig. 5). This is because in [33]
the maximum muscle forces were modified successively in a way that the
computed minimum time for the motion matches the measured time closely.
Now solving the same problem with our approach a better (local) minimum
can be computed. But, the controls (Fig. 6) show the same characteristics.
Time discretizations with, e.g., 10 resp. 60 grid points lead to NLPs with
129 resp. 531 nonlinear variables and 81 resp. 829 nonlinear constraints. The
resulting computing time of SNOPT [11] was 1.2 s resp. 6.3 s on an Athlon
XP1700+ PC. The direct shooting approach of [33, 31] for 11 grid points
required hours on a workstation to compute the solution [34]. Compared with
our approach and considering how processor performance has progressed since
1996, we obtain a speed up of two orders of magnitude.
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Fig. 7. The arrangement of adjustable elastic structures (springs) spanning the
ankle, knee and hip joints in the JenaWalker II as a demonstrator for bipedal walking
with three-segmented passively compliant robot legs [19, 36].

5.2 Passively Compliant Three-Segmented Bipedal Robot Legs

For validating hypotheses in human locomotion [13] and to overcome the lim-
itations of current robot legs three-segmented bipedal robot legs have been
developed by the Locomotion Laboratory of the University of Jena in coop-
eration with TETRA GmbH, Ilmenau [19]. Four major leg muscle groups (cf.
Fig. 2) are represented in the leg by passive elastic structures: tibialis ante-
rior (TA), gastrocnemius (GAS), rectus femoris (RF) and biceps femoris (BF)
(Fig. 7). Only the hip joints are directly actuated by a central pattern gen-
erator through sinusoidal oscillations. The motions of the knee and the ankle
is only due to gravity, foot-ground contact forces and the interaction by the
elastic leg structure. The bipedal walker locomotes on a treadmill while its
upper body is attached to a holder to avoid sidewards falling.

A computational model has been developed to optimize nine different pa-
rameters including parameters of the hip central pattern generator like fre-
quency, amplitude and offset angle [36]. As derivatives of the solution of the
computational model implemented in Matlab are not available, different meth-
ods for robust parameter optimization are investigated. In the first optimiza-
tion study implicit filtering [10] was used as a robust, projected Newton-type
method to maximize the walking speed. A final speed of 1.6 m/s was achieved
which was about 60% faster than the one achieved with a manually adjusted
parameter set. Both speeds were below the estimated maximum walking speed
of about 3m/s which results from the product of the angular velocity of the
hip joint multiplied by the leg length. The drawback is that the hip joint
torque increases dramatically to 700 Nm for a robot model of assumed total
mass 80 kg. Thus, in a second study the torques were bounded to be below 500
Nm. Nomad [1] was used to optimize for walking speed w.r.t. to the torque
constraint. A walking speed of 3.6m/s was found which is remarkable for two
reasons: the speed was increased after constraining the problem (as a conse-
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Fig. 8. Bipedal walking with three-segmented passively compliant robot legs. Re-
sulting hip torque trajectories for different problem statements (from top left to
bottom right): (0) initial guess, (1) maximum velocity, (2) maximum velocity with
limited torque, (3) minimum torque with constrained minimum velocity.

quence, implicit filtering must earlier have gotten stuck in a local minimum)
and the speed is even higher than the predicted maximum walking speed. In-
deed, flight phases have been observed in the model that lead to a speed higher
than achievable by walking. In a third study, the hip torques were minimized
and the minimum walking speed was bounded to be ≥ 2m/s. This problem
formulation results in a reduction of the hip torques to less than 300Nm. The
resulting hip torques are displayed in Fig. 8. Experimental results have shown
similar behavior like the simulation results which are visualized in Fig. A.22
on page 337. Also the flight phases can be observed.

5.3 Model-Based Trajectory Optimization and Control for
Humanoid Robots

MBS dynamics models for humanoid robots are typically characterized by
a high number of degrees of freedom, relatively few contact constraints or
collision events, and a variety of potential ground contact models, actuator
models, and mass-inertial parameter settings due to changing load conditions
(cf. Sect. 3). Better suited for practical use in simulation, optimization and
control than closed-form dynamical expressions of Eqs. (1) - (2) is an recur-
sive modeling approach. The latter can be similarly efficient but permits in
addition the easy interchangeability of joint types, parameters, and the intro-
duction of external forces without repeated extensive preprocessing. Among
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the various, recursive, numerical algorithms which satisfy these criteria the
ABA [7] has been selected in the alternative formulation of [29] (cf. [18]). It
can be implemented highly modular as all calculations and parameters can
occur as an exchange of information between links.

To avoid the problem in industrial robotics of having to re-code the MBS
dynamics model in different applications for different purposes like simulation
during robot design, model-based trajectory optimization and model-based
control an object-oriented modeling architecture has been proposed [16, 17].
A central aim was to generate modular and reconfigurable MBS dynamics code
for legged robots which can be used efficiently and consistently in different
applications. In [16] it was demonstrated that using this approach a full, 3D
MBS dynamics model of a humanoid robot consisting of 12 mechanical DoF for
the torso and two legs and 1D drive-train models can be computed on a typical
onboard computer in less than 1ms. Thus, it is well suited for developing novel,
nonlinear model-based humanoid robot control schemes.

Computing optimal locomotion trajectories is equally important for the
design and operation of humanoid robots. The question of finding optimal
trajectories of the n joint motor torques τ (t), 0 ≤ t ≤ tf , w.r.t. to time,
energy and/or stability leads to optimal control problems [18]. A forward dy-
namics simulation and optimization approach analogous to the biomechanical
optimization in Sect. 5.1 is applied. To improve the efficiency and robustness
of the numerical optimization the contact dynamics of the DAE system (1)-
(2) can be computed using a reduced dynamics approach. This is based on
coordinate partitioning and results in an equivalent ODE system of minimal
size by projecting the dynamics onto a reduced set of independent states. The
approach requires solving the inverse kinematics problem for the dependent
states which, in the case of legged systems, are generally the contact leg states.
For most leg configurations, this problem is easily solved using knowledge of
the relative hip and foot contact locations [18].

Besides the system dynamics and the objective, further details must be
considered in the optimal control problem formulation for humanoid robot
locomotion. To determine optimal walking motions, only one half-stride has
to be considered due to the desired symmetry and periodicity of the walking
motion. Further constraints to be considered include a) box constraints on
joint angles and control, b) symmetry resp. anti-symmetry of the joint angles
at the boundaries of the half-stride, c) lift-off force equals zero at the end of
a half-stride, d) stability (one of the criteria of Sect. 4), e) foot orientation
and position, and f) avoidance of slipping (cf. [3, 18] for details). The object
oriented modeling approach allows easy exchange of parts of the model as
well as reuse of code, in this case for the differential equations as well as for
different constraints.

Using the outlined approach a design study for optimal motor and gear
selection for an 80 cm tall humanoid robot has been conducted [18]. For the
manufactured prototype optimal joint trajectories for walking have been com-
puted which enabled the robot to perform stable walking experiments on level
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ground using only PID-control of the joint angle without using inertial sen-
sors in the upper body and contact sensors in the feet for stabilization [3].
More flexible and stable walking motions however can be realized using the
approaches based on additional sensors as outlined in Sect. 4.

5.4 Hardware-in-the-Loop Optimization of the Walking Speed of
an Autonomous Humanoid Robot

Optimization based on simulation models for humanoid robot dynamics has
many advantages. For example, the optimization process can be performed
unsupervised, it can run overnight and there is no hardware deterioration.
Nevertheless, it has a major drawback. The relevance of the optimization
result for the application on a real robot depends critically on the quality
and accuracy of the simulation model. For legged robots obtaining accurate
kinetical data is difficult. This data may even vary from one robot to another
of the same production. Moreover, effects like gear backlash, joint elasticity
and temperature dependent joint friction as well as different ground contact
properties are difficult and cumbersome to model accurately. All these effects
may accumulate to a significant simulation model error.

The solution of an optimal control problem for maximizing walking speed
or stability will utilize all “resources” available in the model. The numerical
solution is then likely to be found in a region where the above mentioned
modeling errors significantly affect the applicability of the numerically com-
puted trajectories to the real robot. For obtaining best robot performance it
is therefore advisable to use the robot itself as its best model and to per-
form optimization based on experiments which replace the evaluation of the
simulation model. But then the optimization method must be able to cope
with a noisy function evaluation as no walking experiment will give exactly
the same results if repeated even in the same setting. Moreover, the method
should use as few as possible function evaluations as every experiment may
cause not only time for human operators, too many experiments will wear out
the robot’s hardware and make the results useless. A disadvantage which is
often observed with evolutionary type optimization methods.

For optimization of the walking speed for the autonomous humanoid robot
Bruno (Fig. 1), the distance the robot covers during a walking experiment for
a certain walking parameter set is used as the objective function. The robot
starts walking with a small step length and increases it linearly during the
experiment until the robot falls or reaches a final step length. The distance
obtained by a large, constant number of steps (e.g., 52) is then measured.
The walking motion is generated by prescribing trajectories for the hip and
the feet and solving the inverse kinematics for the joint angles. Thus, the
walking motion is parameterized by a large number of parameters for the
trajectories of hip and feet. By experimental investigation the most relevant
parameters affecting walking performance have been identified: the relation of
the distances of the front and of the rear leg to the robot’s CoG, the lateral
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position, the roll angle and the height above ground of the foot during swing
phase, and the pitch of the upper body. Starting from an initial, stable but
slow walking motion these five parameters are varied in each iteration of the
optimization method and a walking experiment is carried out. It should be
noted that only lower and upper bound constraints on the parameters are
applied. It is not needed to incorporate explicit constraints for maintaining
walking stability as stability is implicitly included in the objective function.

To solve the arising non deterministic black-box optimization problem,
where besides of a noise function value no further information, especially no
objective gradient, is provided, a surrogate modeling approach has been se-
lected. An initial set of experiments is generated around the initial motion
by varying each parameter on its own. This set builds the basis points for
the use of design and analysis of computer experiments, [35], which is applied
to approximate the original objective function on the whole feasible parame-
ter domain. The sequential quadratic programming method [11] is applied to
rapidly compute the maximizer of the smooth surrogate function resulting in
the current iteration. For this parameter set the corresponding walking exper-
iment is performed. If the distance of a found maximizer to a point already
evaluated by experiments falls below a defined limit, not the actual maximizer,
but the maximizer of the expected mean square error of the surrogate function
is searched, evaluated, and added to the set of basis points for approximation.
This procedure improves the approximation quality of the surrogate function
in unexplored regions of the parameter domain and avoids to get stuck in
a local maximum. After a new point is added, a new surrogate function is
approximated, and the optimization starts again. From our experience this
approach for online optimization of walking speed is much more efficient than
genetic or evolutionary algorithms which are usually applied to cope with the
robust minimization of noisy functions.

After about 100 walking experiments in less than four hours a very stable
and fast walking motion with a speed of 30 cm/s has been obtained for the
first version of the humanoid robot. The distance the robot covered before
falling down or reaching the end of the velocity slope is plotted in Fig. 9. A
sequence of a resulting walking motion is depicted in Fig. A.23 on page 337.
Later the robot has been modified to reduce weight in the upper body and
the optimization procedure has been repeated resulting in an even further
improved speed of 40 cm/s [15]. This is so far the fastest walking motion of
any humanoid robot of any size in the humanoid robot league of the RoboCup
(www.robocup.de).

6 Conclusions and Outlook

In this paper, several methods and case studies on modeling, simulation, op-
timization and control of motion dynamics of humanoid robot and humans
have been presented. They constitute steps towards the grand challenges of
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Fig. 9. Hardware-in-the-loop optimization of the walking speed of an autonomous
humanoid robot: The distance the robot covers in each iteration.

understanding and predicting human biodynamics by numerical simulation
and of developing humanoid robots being able to walk and run with human-
like efficiency.
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Summary. This paper deals with shape memory alloys (SMA) as temperature
controlled actuators in mechatronic applications. The mathematical model consists
of a coupled system of partial differential and differential-algebraic equations where
continuum equations describe the evolution of deformation and temperature while
rigid body equations and control laws define the interaction with the mechatronic
device. Both modeling and numerical issues will be addressed. In particular, by
applying the method of lines with finite elements, the overall problem is reduced to
a differential-algebraic system in time that is shown to be of index two. Simulation
results for a robotics application illustrate the approach.

1 Introduction

The use of shape memory alloys (SMA) in industrial applications demands
for new simulation methods that are able to handle the typically highly
heterogeneous and multi-scale problem structure. A variety of mathemati-
cal models and appropriate numerical simulation schemes are currently being
developed world-wide, see, e.g., Arndt/Griebel [1], Carstensen/Plechac [2],
Jung/Papadopoulos/Ritchie [6], and Mielke/Roubic̆ek [7].

In mechatronic applications, the microstructural features of SMA are not
relevant. Instead, a macroscopic approach based on homogenization is usu-
ally sufficient, and the main challenge are fast numerical methods that can be
used to test controllers or to optimize the device. In this paper, we employ
the model introduced by Helm [4]. It consists of a heterogeneous coupled sys-
tem of partial differential and differential-algebraic equations (PDAEs) where
continuum equations describe the evolution of deformation and temperature.
We extend the model by interfaces with a mechatronic device such as rigid
body equations or control laws. Moreover, the temperature is explicitly taken
into account by means of a modified heat equation that depends on material
stress, strain rate, and internal variables.

The development of numerical simulation methods for SMA is strongly
influenced by the related fields of plasticity and inelastic materials. State of
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the art methods mostly make use of the return mapping algorithm [13], which
is comparable to low order implicit time integration with fixed stepsize. How-
ever, it should be remarked that the overall time-dependent process evolves
locally and is solely loosely coupled via the balance of momentum. Thus, adap-
tive time integration or even dynamic iteration may become attractive in the
future.

In this paper, we apply finite elements in space to transform the coupled
PDAE system into a system of differential-algebraic equations (DAEs) of index
two. Particular attention is paid to the discretization of the heat equation and
to an implicitly given approximation of the strain rate by an additional DAE
that acts as a differentiator. While the finite element grid is fixed, adaptive
time integration by means of the standard Matlab code ode15s [12] is chosen
to resolve the transient behavior of the SMA device.

An example of an SMA actuator in mechatronics is given by the artificial
finger depicted in Fig. 1. It is driven by NiTi wires that are heated by electric
current and act as flexor and extensor, similar to biological muscles. The
device was developed at the Institute of Applied Mechanics of TU Munich
and analyzed in extensive test runs by Pfeifer, Ulbrich and Schleich [11, 10].

Fig. 1. Artificial finger actuated by SMA wires. Courtesy of H. Ulbrich.

Along with theory and experiment, simulation represents an indispensable
partner in the advance of such mechatronic applications. In case of the finger
example, one of the key goals is to maximize the speed of the finger motion
while minimizing the risk of failure and heat damage. For this purpose, the
SMA model needs to be coupled with the equations of rigid body motion for
the finger and the control law for the temperature.

The paper is organized as follows. In Sect. 2 we discuss the mathematical
model of Helm that can be viewed as generalized viscoplastic constitutive
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law. Furthermore, as mentioned above, a differential-algebraic approach to
obtain rate information on quasistationary modeled variables is presented.
Section 3 deals with the Galerkin projection for semidiscretization in space.
In view of the mechatronic application field with mostly NiTi wires as SMA
structure, one dimension in space suffices usually, which leads to small scale
systems and meets the efficiency requirements. Finally, in Sect. 4 we combine
the SMA model as substructure with rigid body equations and simulate the
behavior of a device based on the above finger example.

2 Mathematical Model

In this section, we sketch the SMA model recently proposed by Helm [4, 5],
analyze its structure, and extend it by a modified heat equation that depends
on material stress, strain rate, and internal variables. Though not resolving
the crystal grid, this macroscale model keeps track of the phase changes be-
tween austenite and the twinned and oriented martensite stages and is able to
reproduce, depending on the temperature, the main effects of SMA structures.
Since our main interest lies in the simulation of the longitudinal contraction
and prolongation of an SMA wire, it is sufficient to restrict the model to the
one-dimensional case.

2.1 Balance and Evolution Equations

Let for simplicity Ω = [0, 1] ⊂ IR denote the domain that is occupied by the
SMA material in the undeformed referential configuration and let [0, T ] be the
time interval in which we study its behavior. The deformation of the material
maps each point x ∈ Ω at time t ∈ [0, T ] to its current position x + u(t, x)
with displacement u : [0, T ] × Ω → IR. We consider small strains only, and
consequently the (total) strain ǫ is given by

ǫ(t, x) =
1

2

(
∇u(t, x) + ∇u(t, x)T

)
=

∂u(t, x)

∂x
(1)

due to the one-dimensional model.
After the kinematics has been specified, we proceed with the balance of

linear momentum

ρü(t, x) =
∂σ(t, x)

∂x
+ β(t, x) (2)

with stress σ : [0, T ]×Ω → IR, density of body forces β : [0, T ]×Ω → IR, and
mass density ρ ∈ IR. While the function β is given, constitutive equations
are required to specify the relation between stress σ and strain ǫ. Using a
model structure common in elasto-plasticity and visco-plasticity applications,
the stress is assumed to depend on the displacement u, on a so-called inelastic
strain ǫp : [0, T ]×Ω → IR, and also on the temperature θ : [0, T ]×Ω → IR. For
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the moment, we assume the temperature θ to be given. A standard additive
split [15] defines the total strain as sum of inelastic and elastic strains,

ǫ(t, x) = ǫp(t, x) + ǫe(t, x) , ǫp, ǫe : [0, T ] × Ω → IR. (3)

The relation between stress σ and elastic strain ǫe = ǫ − ǫp is then given by
the model of linear thermoelasticity

σ(t, x) = 2μ(θ)ǫe(t, x) + κ(θ) ǫe(t, x) − 3α(θ)κ(θ)(θ − θ0) (4)

with material parameters μ(θ), α(θ), κ(θ) ∈ IR and the reference temperature
θ0 ∈ IR. Thus, given total strain ǫ and inelastic strain ǫp, the stress can
be evaluated by (4), which reduces to Hooke’s law for constant temperature
θ = θ0.

The total strain has already been defined in (1) as the spatial derivative of
the displacement. What remains to be specified is the inelastic strain. Similar
to plasticity, this quantity satisfies an evolution equation

ǫ̇p(t, x) = ψ(u(t, x), ǫp(t, x), η(t, x), θ(t, x)) (5)

with additional unknowns η, the internal variables. In the model of Helm one
has two internal variables η = (X, zTIM) where X : [0, T ]× Ω → IR stands
for the internal stress and zTIM : [0, T ]× Ω → IR for temperature-induced
martensite. In particular the latter variable zTIM expresses the different phases
in each point of the SMA material. In combination with zSIM = zSIM(ǫp),
the stress induced martensite, the total martensite fraction is given by z =
zTIM + zSIM. For z = 0 the martensite phase vanishes while for z = 1 one has
a purely martensitic material. The internal variables η are also governed by
an evolution equation, which can be summarized as

η̇(t, x) = χ(u(t, x), ǫp(t, x), η(t, x), θ(t, x)) . (6)

Both right hand sides ψ and χ of the evolution equations involve several
case statements that determine the phase transitions. The interested reader
is referred to the Appendix for more details on this part of the model. We
point out that the case statements lead to discontinuities in the right hand
side. Moreover, the function ψ stems from a regularized yield condition with
a yield function of the form φ(σ,X, θ) = |σ − X | −

√
2/3 k(θ) and the yield

value k(θ).
The model outlined so far is, assuming the temperature θ to be known,

completely specified except for the boundary conditions. With respect to the
displacement, we formulate mixed Dirichlet and Neumann boundary condi-
tions as

u(t, 0) = uL(t) and

{
σ(t, 1) = τ(t) if Neumann boundary at x = 1,
u(t, 1) = uR(t) if Dirichlet boundary at x = 1.

Note that the balance equation (2) will below be used in quasi-stationary form
0 = ∂σ/∂x+β. Hence there is no need for an initial value of the displacement.
Initial and boundary data of the other unknowns such as ǫp are implicitly
provided in the computational method and thus can be omitted here.
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2.2 Coupling the Heat Equation with the Evolution Equations

As described in the previous paragraph, the temperature θ determines strongly
the material behavior. Most approaches in SMA simulation assume θ to be
a given quantity that may vary as θ = θ(t, x). For the application we have
in mind, however, it is mandatory to include the heat equation in the model
in order to better understand the behavior of temperature-controlled SMA
actuators.

We consider here a formulation of the heat equation that is derived from
convective heat fluxes and takes the deformation of the material into account.
Omitting the arguments (t, x) and writing ux = ∂u/∂x for ease of notation,
the equation reads

ρc0
∂

∂t
θ =

1

1 + ux

∂

∂x

(
λ

1 + ux
· ∂

∂x
θ

)
+

1

1 + ux
f(ǫ̇, σ, ǫ̇p, η, θ) (7)

with parameters ρ, c0, λ ∈ IR and the initial- and boundary conditions

θ(0, x) = θ0(x), x ∈ Ω;

θ(t, x) = g(t, x) , x ∈ {0, 1}, t ∈ [0, T ].

Despite the nonlinear dependence on the displacement derivatives, the modi-
fied heat equation (7) is still of parabolic type following the definition of [3].
More details on its derivation can be found in the Appendix.

Besides the nonlinear coupling with the displacement, the most interesting
aspect of the heat equation (7) is the source term f . More specifically, it can
be written as

f = r − 3ακ

ρ
θ (ǫ̇ − ǫ̇p) +

1

ρ
σǫ̇p − Δe0ż +

1

ρ
ς(θ, ǫ̇p, zSIM)X2 , (8)

where r ∈ IR stands for the pre-defined volume source, Δe0 ∈ IR is a specific
energy gap of the material, and ς a given function. Moreover, z is the total
martensite fraction. In contrast to the derivative ǫ̇p, the rate ǫ̇ of the strain
is not available in a quasi-stationary computation of the displacements. To
overcome this problem without making use of finite differences, we introduce
a differential-algebraic equation that acts as a differentiator. Consider the
system

ǫ̇ = δ , 0 = ǫ − ∂u/∂x . (9)

Obviously, the exact solution is ǫ = ∂u/∂x and δ = ǫ̇. The Lagrange multiplier
δ in (9), in other words, is the desired derivative of the total strain. Coupling
this DAE to our model, the quantity ǫ̇ = δ is now available on the right hand
side. Note that this additional DAE is of differentiation and perturbation
index two and therefore the choice of an appropriate integration scheme is
crucial.
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For convenience, the coupled system of model equations for a one-dimen-
sional SMA structure is finally summarized as

0 = ∂σ/∂x + β (balance eq.), (10a)

ǫ = ǫe + ǫp (additive split), (10b)

ǫ̇ = δ (strain rate), (10c)

0 = ǫ − ∂u/∂x (kinematic equation), (10d)

σ = 2μ(θ)ǫe + κ(θ) ǫe − 3α(θ)κ(θ)(θ − θ0) (material law), (10e)

ǫ̇p = ψ(u, ǫp, η, θ) (evolution inelastic strain), (10f)

η̇ = χ(u, ǫp, η, θ) (evolution internal variables), (10g)

ρc0 · θ̇ = − λuxx

(1 + ux)3
· θx+

λ

(1 + ux)2
· θxx +

1

1 + ux
f(δ, σ, ǫ̇p, η, θ) (10h)

(heat equation)

with the unknown variables

u displacement, η internal variables X and zTIM,
σ stress, X internal stress,
ǫp inelastic strain, zTIM temperature induced martensite,
ǫ total strain, δ total strain rate,
ǫe = ǫ − ǫp, elastic strain, θ temperature.

Remarks

• In the more general 3D case, the model equations (10) still have the same
structure though, obviously, the differential operators are more involved
and stress as well as strain variables need to be formulated as tensors.

• It can be shown that this model is consistent with the laws of thermo-
dynamics. In particular, the Clausius-Duhem inequality is satisfied [4].
However, there are no results about existence and uniqueness of solutions
available so far.

• The coupled system of equations (10) can be viewed as a partial differential-
algebraic equation (PDAE). Further details of the mathematical model can
be found in [4].

3 Method of Lines

For the numerical treatment of (10), we employ the method of lines based on
linear finite elements for the spatial variable x, which eventually leads to a
system of DAEs in time t. Particular attention is paid to the discretization of
the evolution equations by numerical quadrature.

In order to set up a weak formulation we will use the Sobolev space
H1(Ω) = { w ∈ L2(Ω) , D1

ww ∈ L2(Ω)}, which is the set of all functions
w ∈ L2(Ω) that possess first order generalized derivatives D1

w
w ∈ L2(Ω).
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3.1 Discretization of the Displacement by Finite Elements

The weak formulation of the balance equation is formulated using test
functions v ∈ V := {w ∈ H1(Ω) : w(t, 0) = 0 }, where we assume a Dirich-
let boundary condition at the left boundary x = 0 of Ω and, for simplicity, a
Neumann boundary condition at the right x = 1. In the usual way, we obtain
∀v ∈ V

0 =

∫

Ω

v(x)
∂

∂x
σ(t, x) dx −

∫

Ω

v(x)β(t, x) dx ,

⇔ 0 = v(1)σ(t, 1) −
∫

Ω

d

dx
v(x)σ(t, x) dx −

∫

Ω

v(x)β(t, x) dx (11)

using integration by parts. This weak form characterizes the displacement
u(t, ·) ∈ H1(Ω).

A finite dimensional problem results from the Galerkin projection both for
test functions v and the unknown displacement u. For this purpose, we define
the subspace S ⊂ H1(Ω) as span of a finite set of basis functions vi.

Restricting the discussion without loss of generality to linear finite el-
ements, the basis functions have the representation vi(xj) = δij with the
Kronecker symbol δij and the nodes xj of the finite element mesh, see Fig. 2.

viv0 vn

x0 x1

ζ0 ζ1
xi−1 xi

ζi−1 ζi

xi+1 xn−1 xn

ζn−2 ζn−1

Fig. 2. FE grid of onedimensional wire with hat functions vi

The approximation uS of the displacement field by the Galerkin projection
can then be written as

uS(t, x) = vD(t, x) +

n∑

i=1

vi(x)qi(t) = vD(t, x) + Φ(x)T q(t) ,

where Φ = (v1, . . . , vn)T is the vector of basis functions. Observe that
Φ(x)T q(t) vanishes at x = 0 and that vD satisfies the prescribed Dirichlet
boundary condition vD(t, 0) = uL(t). Correspondingly, the kinematic equa-
tion results in

ǫ(uS) =
∂

∂x
uS(t, x) = ǫ(vD) +

d

dx
Φ(x)T q(t) = ǫ(vD) + B(x)q(t) ,

the linearized material (or Lagrangian) strain. Notice that ǫ(vi) = B · ei with
the unit vector ei. Inserting v = vi for i = 1, . . . , n in the weak form (11) and
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exploiting the material law (10e), the discretized momentum balance equation
is found to read

0 = K(θ) · q(t) − b(t, θ) −
∫

Ω

B(x)T (2μ(θ) + κ(θ))ǫp(t, x) dx (12)

with n×n stiffness matrix K(θ) :=
∫

Ω
B(x)T (2μ(θ)+ κ(θ))B(x) dx and force

vector

b(t, θ) :=

∫

Ω

Φ(x)β(t, x) dx −
∫

Ω

B(x)T (2μ(θ) + κ(θ))ǫ(vD) dx

+

∫

Ω

B(x)T 3α(θ)κ(θ)(θ − θ0) dx + (0, . . . , 0, τ(t))T .

The extra integral term on the right of (12) represents the coupling term
for inelastic deformation, which is in analogy to the treatment of elasto- and
viscoplastic problems [8].

3.2 Discretization of the Heat Conduction

Choosing test functions ν ∈ {w∈H1(Ω), w(t, x)=0 for x ∈ {0, 1}} that van-
ish at the boundary, we transform the non-linear heat equation (7) by partial
integration into

ρc0

∫

Ω

νθ̇ dx =

∫

Ω

ν

1 + ux

∂

∂x

(
λ

1 + ux

∂

∂x
θ

)
dx +

∫

Ω

1

1 + ux
νf dx

= −λ

∫

Ω

νxθx

(1 + ux)2
− uxx

(1 + ux)3
νθx dx +

∫

Ω

νf

1 + ux
dx . (13)

For Galerkin projection we again need a finite dimensional subspace of H1(Ω).
Letting ν1, . . . , νn−1 denote the corresponding basis functions, the numerical
approximation of the temperature can be written as

θS(t, x) = νD(t, x) +

n−1∑

i=1

νi(x)ξi(t) = νD(t, x) + Θ(x)T ξ(t)

where the function νD(t, x) fulfills the Dirichlet boundary conditions and
where Θ(x) := (ν1(x), . . . , νn−1(x))T . Inserting this representation and ap-
plying the test functions in (13), we arrive in the standard way at the semi-
discrete system

M · ξ̇(t) = −A(q) · ξ(t) + d(t, q, ξ). (14)

More precisely, we replace the displacement u by its Galerkin approximation
and get thus 1 + ux(t, x)

.
= 1 + ǫ(vD)|x + B(x)q(t). Then the deformation

dependent stiffness matrix A, the source vector d and the constant mass matrix
M read
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A(q) := λ

∫

Ω

ΘxΘ
T
x

1

(1 + ǫ(vD) + Bq)2
dx, M := ρc0

∫

Ω

ΘΘT dx ,

d(t, q, ξ) :=

∫

Ω

1

1 + ǫ(vD) + Bq
Θf(δ, q, ǫ̇p, η, ξ) dx

−
∫

Ω

(
Θν̇D +

λ

(1 + ǫ(vD) + Bq)2
Θx

∂

∂x
νD

)
dx .

Due to the dependence on the deformation, the stiffness matrix has to be
recomputed in each timestep. In case of linear finite elements, the derivative
ux is constant in each element and the computation of A(q) is an easy task as
all terms involving the second derivative uxx vanish. It is convenient to choose
the same finite element mesh {x0, . . . , xn} and the same basis functions as
introduced in Sect. 3.1 for both temperature and structural mechanics.

Concerning the existence and uniqueness of solutions of (13) and the con-
vergence of its Galerkin discretization (14) we refer to results shown in [14,
§ 23].

3.3 Discretization of the Evolution Equations

The space discretization of the evolution equations follows from the treatment
of the remaining integral term in the momentum balance (12). We apply a
quadrature rule

∫

Ω

B(x)T (2μ(θ) + κ(θ))ǫp(t, x) dx
.
= G(θS) · (ǫp(t, ζ1), . . . , ǫp(t, ζm))T

and approximate the integral by m evaluations of the plastic strain ǫp in
specific quadrature nodes ζi, which can be written as matrix-vector product
with the n×m matrix G(θS) for the weights. Correspondingly, the remaining
internal variables zTIM and X are solely required at the same quadrature
nodes, and thus the infinite-dimensional system of evolution equations has
been discretized.

We do not introduce a new notation for the discretized internal variables
and use ǫp and η = (X, zTIM) both for the continuous representation as well
as the discretized analogue. The different meanings should become apparent
from the context. Summing up, in each node ζi it holds

ǫ̇p(t, ζi) = ψ(uS(t, ζi), ǫp(t, ζi), η(t, ζi), θS(t, ζi)) ,

η̇(t, ζi) = χ(uS(t, ζi), ǫp(t, ζi), η(t, ζi), θS(t, ζi)) .

Here, the displacement u and the temperature θ in the right hand sides have
been replaced by evaluations of the corresponding approximations uS and θS .

Which quadrature order should be used? If we disregard the temperature
and its space dependence for the moment, the evolution of the internal vari-
ables depends only on the strain. Since the displacements are modeled by
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linear finite elements, the strain is a constant function between each two fi-
nite element nodes. Therefore the midpoint quadrature rule with one node
per element is sufficient (m = n), see Fig. 2.

In view of the outlined quadrature technique, we stress that the compu-
tation of the nonlinear source term d(t, q, ξ) in the discretized heat equation
(14) deserves special attention. In fact, there is no way to express the integral
in terms of a matrix-vector multiplication with a quadrature matrix. However,
by employing a tensor notation it is possible to circumvent this difficulty.

3.4 Discretization of the Differentiator DAE

As discussed in Sect. 2.2, the time derivatives ǫ̇ of the total strain are required
in the source term of the heat equation, which in turn is subject to numerical
quadrature. Thus it is sufficient to compute ǫ̇ in the same quadrature nodes
ζi. The appropriate DAE system reads

ǫ̇(t, ζi) = δi,

0 = ǫ(ζi) − ǫ(vD)|ζi − B(ζi) q(t) ,

where the index runs over all nodes i = 1, . . . ,m.
Finally, the overall system of semidiscretized partial differential and dif-

ferential algebraic equations comprising the balance of momentum (15a), the
heat conduction (15b), the evolution of internal variables (15c,d) and the dif-
ferentiator DAE (15e,f) can be written as

0 = −K(ξ) · q(t) + b(t, ξ) + G(ξ) · ǫp(t) , (15a)

M · ξ̇(t) = A(q) · ξ(t) − d(t, q, δ, ǫ̇p, η, ξ) , (15b)

ǫ̇p(t, ζi) = ψ(q(t), ǫp(t, ζi), η(t, ζi), ξ(t)) i = 1..m , (15c)

η̇(t, ζi) = χ(q(t), ǫp(t, ζi), η(t, ζi), ξ(t)) i = 1..m , (15d)

ǫ̇(t, ζi) = δi i = 1..m , (15e)

0 = ǫ(ζi) − ǫ(vD)|ζi − B(ζi) q(t) i = 1..m . (15f)

In the right hand sides of the discretized evolution equations, the evaluation
of the different phase changes requires the knowledge of internal variables
and temperature both at the FEM nodes and the quadrature nodes. Since
the temperature is described by linear finite elements it is straightforward
to compute its values at the quadrature nodes by linear interpolation. On
the other hand the values of the internal variables at the FEM nodes can be
determined by extrapolation.

4 Time Integration and Simulation Results

The differential-algebraic system (15) is now subject to numerical integra-
tion. We discuss first the application of BDF methods and continue thereafter
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with simulation results for a model of the artificial finger mentioned in the
Introduction.

4.1 Solving the Semi-discrete Equations

Overall, the semi-discrete equations (15) are of index two, as a short inspection
shows. The discretized balance equation (15a) forms an index one constraint
if the stiffness matrix K(ξ) is invertible while the last two equations (15e)
and (15f) are a semi-implicit DAE of index two. Thus, a direct application of
DAE solvers is still feasible. However, the discontinuous right hand sides ψ, χ
of the evolution equations are a severe drawback for the time integration, in
particular if implicit methods are applied. As a remedy, we use a smoothing of
these discontinuities at the cost of small stepsizes due to strong non-linearities
in these regions.

In Sect. 2.2 we have introduced a differentiator DAE for the determination
of the derivative information ǫ̇i(t) = ǫ̇(t, ζi). If we use a BDF scheme, the
question arises which finite difference scheme the results can be compared to.
In the simplest case of the implicit Euler we can write the DAE subsystem

ǫi(tn+1) − Δt · δi(tn+1) = ǫi(tn)

0 = ǫi(tn+1) − ǫ(vD(tn+1))|ζi − B(ζi) q(tn+1)

and get
δi(tn+1) = (ǫi(tn+1) − ǫi(tn))/Δt ,

which is just a backward difference scheme of first order. Accordingly the
associated difference scheme for the BDF2 integration reads

δi(tn+1) = (3ǫi(tn+1) − 4ǫi(tn) + ǫi(tn−1))/2Δt ,

which is the backward difference formula of second order. Note that these two
schemes depend only on the values of ǫi, which are exact due to the algebraic
condition. Furthermore, if variable stepsizes are used, the finite difference
approximation will be adjusted automatically.

The following example was computed by means of the Matlab DAE solver
ode15s, a multistep scheme based on the backward differentiation formulas
up to order 5. Although designed for ODEs and systems of index one, the
code copes well with the DAE (15) if the error estimation for the algebraic
variables δ is scaled appropriately.

4.2 Manipulator Example

The colored Fig. A.24 on page 338 shows a manipulator that is actuated by
a shape memory wire (green line). The initial configuration at time t = 0
is a closed manipulator with the SMA wire consisting of pure temperature-
induced martensite. In the beginning, the wire is pulled by an external thresh-
old force of 300N and the martensite transforms completely into stress-induced
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Fig. 3. Simulation example: manipulator

martensite. This is achieved by engaging the spring (red) to the manipulator
mechanics.

Figure 3 displays the evolution of the main variables over time. The tem-
perature rises next due to an external heat source and the wire shortens by
building up austenite. Thus the manipulator closes until it hits an object
at t ≈ 8. Now the stress boundary condition is replaced by a displacement
boundary at the present displacement. Applying some heat cycles shows the
ability to control the grip by changing the temperature. Finally, cooling the
wire leads to a decrease of the exerted force below the threshold level. From
t ≈ 18, the displacement boundary condition is replaced by the stress bound-
ary condition again. The wire then lengthens and the manipulator releases
the object.

As the simulation results demonstrate, the mathematical model is able
to reproduce the phenomenological effects of shape memory alloys. Thus the
behavior of NiTi materials in special applications, like the actuation of robot
manipulators, can be simulated. Thereby all relevant temperature regions are
covered.

The technical parameters for this simulation are listed in the Appendix. It
turned out that n = 10 finite elements yield already adequate accuracy, which
makes this approach also attractive for real-time applications. The integration
statistics of ode15s at tolerance 10−6 and time intervall [0, T ] = [0, 20] are
767 steps, 233 rejections, and 51 Jacobian evaluations.

4.3 Combining SMA and Multibody Models

Finally, we shortly touch upon an extended simulation where the above shape
memory model was treated as substructure for the dynamic motion of a robot
finger composed of rigid bodies, cf. Pfeifer, Ulbrich and Schleich [11, 10].
Figure A.25 on page 338 shows the robot finger in open and closed position.
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The coupling between the wire simulation and the multibody system was
realized by computing the discrete stress s(t) in the wire depending on the
joint angles and their rates. This stress then was introduced as a momentum
in the appropriate joint of the multibody system. Written in compact form,
the overall system reads

M(p) · p̈ = f(p, ṗ, s) − G(p)T λ, (MBS)

0 = g(p), (joint constraints)

s = h(Ξ), (force of SMA wire)

Ξ̇ = Γ (Ξ, p, ṗ), (SMA model)

with position coordinates p(t) and Lagrange multipliers λ(t).
After transformation of the rigid body equations to the stabilized formu-

lation of index two, it is possible to solve the multibody equations simul-
taneously with the SMA equations by the Matlab integrator ode15s. The
simulations performed have been visualized in a short movie [9] that shows
how the finger is operated by changing the temperature of the SMA wire.
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A Appendix

A.1 Evolution Equations

Some details of the material’s evolution in a point x are presented. There is
a total of 6 possible phase changes between temperature induced martensite
(TIM), stress induced martensite (SIM) and austenite (A). While the first
four phase transitions are induced by the exertion of forces the last two are
effected mainly by change in temperature.

A → SIM : Δψ > 0, Υ > 0, zSIM < 1, τeff > ‖Xθ‖, ǫpN ≥ 0 ,

SIM → A : Δψ > 0, Υ > 0, zSIM > 0, ǫpN < 0 ,

TIM → SIM : Υ > 0, zTIM > 0, zSIM < 1, ǫpN ≥ 0 ,

SIM → TIM : Δψ < 0, Υ > 0, zTIM < 1, zSIM > 0, ǫpN < 0 ,

A → TIM : Υ < 0, żSIM = 0, z < 1, θ̇ < 0, θ ≤ Ms(τeff ) ,

TIM → A : żSIM = 0, z > 0, θ̇ > 0, θ ≥ As(τeff ) .

Herein N = (σ − X − Xθ)/||σ − X − Xθ|| is the normal to the yield surface
(see below) with the internal stress X and the temperature dependent stress
Xθ. The quantity τeff = ||σ − X || denotes the effective stress state, zSIM is
the fraction of stress induced martensite, and Δψ is the free energy difference
at temperature θ. Now the evolution equation for the inelastic strain ǫp reads

ǫ̇p = λ
∂Υ (σ, θ,X)

∂σ
= λN with yield function Υ (σ, θ,X) = ||σ−X ||−

√
2

3
k(θ)

and the inelastic multiplier λ =

{
Υm/̟ if A ↔ SIM, TIM ↔ SIM

0 otherwise
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with the material parameter m. The fraction of temperature induced marten-
site behaves according to

żTIM =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

− |θ̇|
Ms−Mf

(∆ψ)
|(∆ψ)| A → TIM

− |θ̇|
Af−As

(∆ψ)
|(∆ψ)| if TIM → A

−żSIM TIM ↔ SIM

0 otherwise

with żSIM =

√
2

3

ǫp · ǫ̇p
γd||ǫp||

The last two cases denote purely martensitic phase changes, where the sum of
temperature induced and stress induced martensite z = zTIM + zSIM is con-
stant, while in the first two cases a phase transformation between martensite
and austenite occurs. The internal stress X satisfies the equation

Ẋ = c1ǫ̇p + (
dc1
c1dθ

θ̇ − c1ς(θ, ǫ̇p, zSIM))X.

A.2 Parameters

Symbol Parameter Value Unit

c0 specific heat capacity 460 J/kgK
λ specific heat conductance 80 W/m K
θ0 reference temp. K
ρ mass density 6400 kg/m3

k yield value 50 MPa
Δη0 entropy difference -46875 J/kgK
Δe0 energy difference -12375 J/kg
Δψ free energy difference Δe0 − θΔη0 J/kg
κ compression modulus 43000 MPa
μ shear modulus 19800 MPa
α linear expansion coefficient 1.06 × 10−5 1/K
b limitation term for X 700 -
c shear modulus for X 14000 MPa
̟ viscosity 2 × 107 MPa/s
c1 temperature dependent parameter

A.3 The Heat Equation

The aim is to describe the heat conduction on domains, whose deformation
varies in time by means of external and internal forces. The deformation func-
tion

ϑ : [0, T ] × Ω → Ω̂(t) , ϑ(t, x) = x + u(t, x)

itself is thereby given by the structural mechanics simulation of the linear
material by means of the displacement u. The large deformations namely take
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place in the internal variable ǫp while the elastic strain ǫe stays bounded.

Since the deformation of the domain Ω̂ can be interpreted as a special case of
convection we first name the heat equation

c0ρ
d

dt
θ̂(t, x̂) =−v(t, x̂) c0ρ∇θ̂(t, x̂) + ∇ · (λ∇θ̂(t, x̂))+f̂(t, x̂)

θ̂(0, x̂) = θ̂0(x) , x̂ ∈ Ω̂(0) (16)

θ̂(t, x̂) = ĝ(t, x̂) , x̂ ∈ ∂Ω̂(t) , t ∈ [0, T ]

with Dirichlet boundary values, that incorporates convective fluxes by the
velocity vector v. The heat flux is hereby described by the Fourier model
Q = λ∇θ with the heat conductivity λ. Apart from the user defined volume
source r the source term (8) is provided by the material model. We identify
the convection with the material deformation by simply replacing v by ϑ̇.
Since we do our computations rather on the reference domain Ω in terms of
the fixed referential coordinates than on the deformed domain Ω̂, we need a
way to map the heat equation for θ̂ on Ω̂ to a differential equation for θ on
Ω with the property

θ̂(t, ϑ(t, x)) = θ(t, x(t)) ,

adapting the Lagrangian formulation of structural mechanics. This can be
accomplished by a transformation of differential operators. For simulating
a one-dimensional wire it is sufficient to restrict the domain to one space
dimension. The right hand side of (16) ends up with

c0ρ
∂

∂t
θ̂(t, x̂) = − ϑ̇(t, x) c0 ρ

1

ϑx

∂

∂x
θ(t, x)

+
1

ϑx
· ∂

∂x

(
λ

ϑx
· ∂

∂x
θ(t, x)

)
+

1

ϑx
f(t, x) , x ∈ Ω .

(17)

By setting f̂(t, ϑ(t, x)) = 1
ϑx

f(t, x(t)) and introducing (17) in

d

dt
θ(t, x) =

d

dt
θ̂(t, ϑ(t, x)) =

∂

∂t
θ̂(t, x̂) +

∂

∂x̂
θ̂(t, x̂) · dϑ(t, x)

dt

=
∂

∂t
θ̂(t, x̂) +

ϑ̇

ϑx

∂

∂x
θ(t, x)

the first term on the right hand side of (17) is canceled out. It follows

ρc0 · d

dt
θ =

1

ϑx
· ∂

∂x

(
λ

ϑx
· ∂

∂x
θ

)
+

1

ϑx
f with ϑx = 1 + ux , x ∈ Ω

depending on the strain. In the special case of an undeformed region it holds
vy = ux = uxx = 0. This yields the standard heat conduction equation

ρc0 θ̇ = λ · θxx + f , x ∈ Ω

on the one dimensional domain under the assumption of isotropic material.



Part IV

Mathematics and Applications in Real World





Customer Tailored Derivatives:
Simulation, Design and Optimization with the

WARRANT-PRO-2 Software∗

Michael H. Breitner

Institut für Wirtschaftsinformatik, Leibniz Universität Hannover,
Königsworther Platz 1, D-30167 Hannover,
breitner@iwi.uni-hannover.de, www.iwi.uni-hannover.de

Summary. Risk management is essential in a modern market economy. Financial
markets enable firms and households to select an appropriate level of risk in their
transactions. Risks can be redistributed towards others who are willing and able to
assume them. Derivative instruments – derivatives, for short – like options or futures
have a particular status. In the early 1970s Myron S. Scholes, Robert C. Merton and
Fischer Black modeled an analytic pricing model for derivatives. This model is based
on a continuous-time diffusion process (Ito process) for non-payout underlyings: The
partial differential Black-Scholes equation. The WARRANT-PRO-2 software (Re-
lease 0.3) solves this equation with an adapted Crank-Nicholson scheme numerically.
Arbitrary payments (boundary conditions) enable the design and optimization of
customer tailored derivatives. WARRANT-PRO-2 computes derivative prices for
given payments (simulation and expert design). But moreover this software can
also optimize payments via parameterized boundary conditions of the Black-Scholes
equation. The parameterized boundary conditions are optimized by nonlinear pro-
gramming, i. e. an advanced SQP-method here. The deviation from a predefinable
∆ of an option (performance index), e. g., can be minimized and the gradient can
be computed highly accurate with automatic differentiation. A software quality and
change management process for WARRANT-PRO-2, its comfortable and easy to
use MATLAB-GUI (graphical user interface) and its portability to WINDOWS and
LINUX operating systems is discussed. Optimized derivatives are very promising
for both buyer and seller and can revolutionize modern financial markets: Examples
like European double-barrier options are discussed.

∗ Prologue: Prof. Dr.Dr. h. c. mult.Roland Bulirsch has taught us from the first
year of our studies that Applied Mathematics is more than definitions, lemmas,
theorems, proofs, conclusions etc. An applied mathematician also has to solve
relevant problems in every day’s life, has to use reliable, accurate and fast
algorithms on (high performance) computers and has to analyze, visualize and
explain solutions, especially to non-mathematicians. Here definitions, theorems,
proofs etc. are omitted, but referenced, to focus on the problem, the software
and the exemplarily solved examples. And thus this paper is dedicated to Roland
Bulirsch’s credo on the occasion of his 75th birthday.
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1 Introduction, Problem Relevance and Motivation

The paper is organized as follows:

• Section 1 is dedicated to an overview and motivates the research and
WARRANT-PRO-2 development. Some definitions and historical facts are
given. The relevance of the problem “How to design a derivative opti-
mally?” is addressed.

• Section 2 shortly introduces the partial differential Black-Scholes equa-
tion which often enables the estimation of a derivative’s value. Then the
adapted Crank-Nicholson scheme for the numerical solution of the Black-
Scholes equation is explained.

• Section 3 gives an overview over automatic differentiation which allows
to compute gradients of (almost) arbitrary functions very fast and without
numerical discretization errors. Furthermore nonlinear programming and
advanced SQP-methods are sketched. The usage of automatic differentia-
tion and SQP-methods in WARRANT-PRO-2 are outlined.

• Section 4 is dedicated to software quality and the WARRANT-PRO-2
software quality and change management process. A screenshot shows the
most important windows of the GUI.

• After some examples for optimally designed derivatives in Section 5 con-
clusions and an outlook are found in Section 6.

• The paper ends with an acknowledgment and the references.

Risk management is essential in a modern market economy. Financial mar-
kets enable firms and households to select an appropriate level of risk in their
transactions. Risks can be redistributed towards others who are willing and
able to assume them. Derivative instruments – derivatives, for short – like
options or futures have a particular status. Futures allow agents to hedge
against upcoming risks. These contracts promise future delivery of a certain,
so called underlying at a certain, prespecified strike price. Options allow agents
to hedge against one-sided risks. Options give the right, but not the obligation,
to buy (call option) or sell (put option) a certain underlying at a prespecified
strike price at expiration (European style option) or any time up to expiration
(American style option). Common underlyings are, e. g., a certain amount of
foreign currency, a certain number of bonds or shares or also a certain weight
or volume of commodities, see [15], [24], [33] and [37] for an introduction. To-
day derivatives on various underlyings are worldwide traded around-the-clock.
Computer systems and networks that worldwide link offices and markets per-
mit immediate exchange of true market information (securities exchanges and
“over the counter” (OTC) traders).

Two main research questions arise:

“What’s the value of a derivative, e. g., a future or an option?”
“How to design a derivative optimally?”
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The first question is answered by different approaches which model the value
of a derivative dependent on its policy, i. e. essentially its guaranteed payments
dependent on different scenarios, see [6], [7], [11], [15], [24], [31], [33], [34], [35]
and [37] for various pricing approaches and models based on, e. g., Stochastics
or Artificial Neural Networks. The second questions is also quite important
and not well investigated, today. Usually derivative experts working for banks,
investment banks, insurance companies and fund companies “manually” de-
sign derivatives tailored to their own companies’ or their customers’ needs.
These tailored derivatives usually are traded “over the counter”, i. e. not via
exchanges or interbank security markets. Here we introduce a new software-
based approach (WARRANT-PRO-2) using mathematical optimization for
derivative design instead of intuition.

2 Black-Scholes Equation and Crank-Nicholson Scheme

In October 1997 the Swedish Nobel Prize in Economic Sciences was awarded to
Myron S. Scholes, Stanford University, and Robert C. Merton, Harvard Uni-
versity. Inspired by the options and futures trading (Chicago Board Options
Exchange) Scholes, Merton and Fischer Black, who died in 1995, studied Eu-
ropean stock options’ pricing since the early 1970s, see [3], [4], [5], [12], [13],
[14], [27], [28], [29] and [30] for the most important historical papers. The
analytic pricing model is based on a continuous-time diffusion process (Ito
process) for non-payout underlyings. In the late 1970s John C. Cox, Stephen
A. Ross and Mark Rubinstein used a numerical model to price also the more
common American options. The diffusion process of the underlying price is
simulated with a discretized time binomial tree (discrete-time stochastic pro-
cess). Common to both models is that the correct option price is investigated
by an option-underlying portfolio with risk-free profit, see [24] for an easily
intelligible deduction. The theoretically fair Black-Scholes-price p(t, u, r, σ)
of an option depends on

• the time t ∈ [0, T ] with T the expiration time of the option,
• the underlying price u ∈ [umin, umax] with umin ≥ 0,
• the strike price s ≥ 0 predefinable for t = T ,
• the risk-free interest rate r independent from the maturity period T − t

and
• the so called future volatility σ of the underlying price u measured by its

annualized standard deviation of percentage change in daily price inde-
pendent from T − t, too.

During the last three decades both models have been improved in many ways,
e. g., American options and put options can be valued and dividend yields of
the underlying and variable interest rates can be handled, too.

The price movement of non-payout underlying assets is modeled by conti-
nuous-time (Ito process) or discrete-time stochastic processes (time binomial
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trees). The solution p(t, u, r, σ) of the well known Black-Scholes-equation

∂

∂ t
p+r u

∂

∂ u
p+

1

2
σ2u2 ∂2

∂ u2
p−r p = pt+r u pu+

1

2
σ2u2puu−r p ≡ 0, (1)

which is a linear, homogeneous, parabolic partial differential equation of sec-
ond order, often yields a sufficiently accurate approximation of option values,
see [6], [11], [15], [24], [31], [33], [34], [35] and [37]. Note that mathematically
t and u are the independent variables in Eq. (1) very similar to time and
space in 1-dimensional diffusion equations, e. g., the heat equation. r and σ
are constant parameters which are adaptable. Although developed for Euro-
pean options the Black-Scholes-equation easily can be used for the pricing of
more general derivatives which will be discussed in the following.

The most important derivative “greek” Delta (symbol: Δ) is the first
partial derivative pu of p(t, u, r, σ) w. r. t. u. A derivative’s value p(t, u, r, σ)
is defined for all t ∈ [0, T ] and u ∈ [umin, umax] if and only if the three
boundary conditions at u=umin, t=T and u=umax are set. These boundary
conditions correspond to the cash settlements at a derivative’s expiration.
W. l. o. g. a derivative expires if either one of the knock-out barriers is hit,
i. e. u= umax at the upper barrier or u = umin at the lower barrier, or if the
expiration date is reached, i. e. t = T .

In comparison to future contracts options have advantages and disadvan-
tages. Exemplarily the German stock index DAX 30 is taken as underlying
(“DAX” is used for the XETRA spot rate of the German stock index DAX30).
DAX-future contracts have an invariant profit/loss per DAX point (Δ inde-
pendent from t and u), whereas the profit/loss per DAX point of common op-
tions varies undesirably with the DAX. But an advantage of buying options
results from the immediate payment of the option premium. There are no
further payments during the life of the option. Similarly margin requirements
force a DAX-future buyer/seller to pay an initial margin plus a safety margin
immediately. But in the event of adverse DAX movements the buyer/seller has
to meet calls for substantial additional margin and may be forced to liquidate
his position prematurely, see [8], [9], [10] and [25] for details. An idea is to
combine the advantages of futures and options to an option with Δ (almost)
independent from t and u. The only way is to optimize the cash settlements
at a derivative’s expiration, see [8], [9], [10] and [25] for details again. Mathe-
matically an optimal control problem for a partial differential equation arises,
comp. [17] or [23] for various, typical problems of that type.

For arbitrary boundary conditions the Black-Scholes-equation (1) is solv-
able numerically only. An upgraded Crank-Nicholson scheme is used
which is a combination of an explicit and an implicit finite difference method,
see [1], [10], [25], [34], [35], [36] and [38]. With a time discretization Δt and
an underlying price discretization Δu the upgraded scheme is highly accu-
rate: The absolute, global error of the numerical solution decreases fast by
O(Δt2) + O(Δu2) for max(Δt,Δu) → 0. The convergence of the upgraded
Crank-Nicholson scheme for all relevant t, u, r and σ has been proven in [25].
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3 Automatic Differentiation and SQP-Method

The optimization of the cash settlements at a derivative’s expiration is done
by minimization of an appropriate performance index. Different performance
indeces for derivatives correspond to different needs of buyers and sellers of
derivatives. e. g., an option with Δ (almost) independent from t and u is
attractive for both buyers and sellers because hedging is easy. The gradient of
a performance index always is needed in order to minimize it with an advanced
nonlinear programming method numerically.

A gradient can be computed highly accurate, i. e. with the Crank-Nicholson
scheme’s accuracy, if automatic differentiation – also called algorithmic dif-
ferentiation – instead of numerical differentiation is used, see [2], [9], [21], [22],
[25], [39] and the historical book [32]. Automatic differentiation is concerned
with the accurate and efficient evaluation of derivatives for functions defined
by computer programs. No truncation errors are incurred and the resulting nu-
merical derivative values can be used for all scientific computations. Chainrule
techniques for evaluating derivatives of composite functions are used. Auto-
matic differentiation today is applied to larger and larger programs, e. g. for
optimum shape design. In many such applications modeling was restricted to
simulations at various parameter settings. Today, with the help of automatic
differentiation techniques, this trial and error approach can be replaced by a
much more efficient optimization w. r. t. modes, design and control parameters,
see [8], [9], [10], [16], [17], [23], [25] and the historical book [26]. Alternatively
computer algebra systems, e. g. MAPLE, see www.maplesoft.com, can be used
to calculate analytic derivatives for functions.

Here, based on the FORTRAN code for the computation of a performance
index, efficient FORTRAN code for the gradient can be generated easily. For
the code generation ADIFOR 2.0, see www.cs.rice.edu/∼adifor, is used. In
comparison to the first release WARRANT-PRO-2 (0.1) the gradient of a
performance index can be computed not only highly accurate. The gradient
also can be computed relatively cheap in comparison to numerical differenti-
ation.

A performance index chosen can be minimized with the high end opti-
mization software NPSOL 5.0, see [18] and [19] and also [20] for the large-
scale sparse successor SNOPT 7.1. NPSOL is a general-purpose sequential
quadratic programming (SQP) method to solve constrained nonlinear
programming problems numerically. It minimizes a linear or nonlinear func-
tion subject to bounds on the variables and linear or nonlinear constraints.
NPSOL finds solutions that are locally optimal. But very often these solutions
are also globally optimal or almost as good as the global optimum. NPSOL
can estimate gradient components automatically by numerical differentiation
(not advisable, see above!). A quasi-Newton approximation to the Hessian
of the Lagrangian (second order information) is made by BFGS updates ap-
plied after each so-called major iteration. In WARRANT-PRO-2 NPSOL con-
verges very fast and reliable for most performance indices, underlyings and
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Fig. 1. Change management process for WARRANT-PRO-2: First ideas date
back to 1999, Release (0.1) was finished in 2000, a reengineering was started in 2002
and finished with Release (0.2) in 2003 followed be a new reengineering in 2006
finished with actual Release (0.3) in 2007, see [8], [9], [10], [16] and [25].

times to expiration. In case of a convergence fail NPSOL reports likely reasons
and difficulties and helps to reformulate the nonlinear programming problem.
One important performance index is ready to use in WARRANT-PRO-2: The
change of Δ as a function of t and u can be minimized to make Δ (almost)
independent from t and u, see above.

4 Change Management Process and Software Quality

Today’s software-(re)engineering is process oriented, i. e. structured in
subsequent (or sometimes parallel) phases which reduce complexity. Mile-
stones allow the management to stop software-(re)engineering processes, to
cut down or raise budgets and/or resources and to change requirements and
schedules, see Fig. 1. Today’s software-(re)engineering is based on software
quality principles according to ISO/IEC 9126 and DIN 66272, i. e. primarily

• suitable, correct, safe, secure and adequate functionality and interfaces for
the integration into (often complex) IT-infrastructures,

• high stability and error tolerance and good restart ability,
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Fig. 2. Most important software quality aspects according to ISO/IEC 9126 and
DIN 66272.

• user friendly documentation, easy self-learning, advanced ergonomics and
high attractiveness,

• good overall performance and moderate allocation of resources, e. g. cache
memory, RAM or computing times,

• good maintainability with readable, changeable and testable source code
• and high portability with easy installation, high compatibility with differ-

ent hardware and operating systems and high convertibility,

see Fig. 2. In addition generally conformity with standards and also best
practices is important.

Development of WARRANT-PRO-2 started in 1999 with the idea to
optimize options numerically. Prototype Release 0.1 was completed at the end
of 2000 by Tobias Burmester and the author at the Technische Universität
Clausthal, see [8] and [10]. Primary goal was to optimize cash settlements for
European double-barrier options and warrants. The boundary conditions of
the Black-Scholes equation were parameterized. Then the Black-Scholes equa-
tion was solved with a standard Crank-Nicholson scheme (rectangular mesh)
and the parameters could be optimized by NPSOL 5.0. As a performance index
an option’s deviation from a predefinable Δopt for a set of up to 8 volatilities
was implemented. NPSOL estimated all gradient components of the perfor-
mance index automatically by numerical differentiation. The NPSOL conver-
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gence was quite slow due to the numerical differentation and quite poor due
to the low accuracy of the gradient. All computations were based on input
and output files and an executable without GUI. Graphics were only possible
via a MAPLE script. WARRANT-PRO-2 (0.1) was tested only on UNIX and
LINUX computers. However, the prototype already enabled a glance at very
interesting solutions and phenomena.

The first reengineering of WARRANT-PRO-2 (0.1) started in spring
2002. Release 0.2 was completed in March 2003 by Oliver Kubertin and the
author at the Technische Universität Clausthal and the Leibniz Universität
Hannover, see [9] and [25]. The kernel was still coded in ANSI FORTRAN to
assure easy portability. With an upgrade of the Crank-Nicholson scheme
it became highly accurate: The absolute, global error of the numerical solution
decreases by O(Δt2)+O(Δu2) for max(Δt,Δu) → 0. The convergence of the
upgraded Crank-Nicholson scheme for all relevant t, u, r and σ has been proven
in [25]. The cache and main memory (RAM) allocation was reduced by
the choice of 9 different, precompiled modes for different grids/meshes. De-
pendent on the fineness of the Crank-Nicholson mesh and the fineness of the
boundary conditions’ parameterization the user could limit the memory al-
location. For the parameterization 10 (rough), 19 (moderate) and 37 (fine)
equidistant points were available. Different interpolation methods between
the points were selectable: Linear, (cubic) spline and (cubic) Hermite-spline,
too. For the gradient highly accurate automatic differentiation, i. e. with
the Crank-Nicholson scheme’s accuracy, was introduced. Summarized the new
FORTRAN kernel was about 10 to 20 times faster compared to the kernel of
Release 0.1. The robustness of the NPSOL convergence has improved sig-
nificantly due to the significantly higher accuracy of the gradient. Smaller
problems could run completely in level-2 or level-3 cache memories (≥ 4 MB).
If so, an additional speed up of 2 to 3 was gained. Discussions to implement
a GUI began. On the one hand programming a user friendly GUI is very
important for modern software. On the other hand GUI programming usually
is very time consuming. Often a mandatory GUI reduces portability. A well-
designed GUI should be intuitive for the user. Providing an interface between
user and application GUIs enable users to operate an application without
knowing commands and/or formats required by a command line and/or file
interface. Thus applications providing GUIs are easier to learn and easier to
use. As a compromise MATLAB, see www.mathworks.com, was used for a
semi-automatic setup of a WARRANT-PRO-2 GUI. MATLAB is a so called
rapid application development (RAD) tool. For the WARRANT-PRO-2 (0.2)
GUI the MATLAB GUIDE and MATLAB Compiler were used to generate
C and C++ code. The C and C++ code was compiled and linked with the
MATLAB run-time libraries. A stand-alone executable for LINUX PCs and
laptops was built which called the compiled kernel program. The stand-alone
application ran even if MATLAB is not installed on the end-user’s system. In-
ternal information flowed via the input and output files. The file concept had
the important advantage that the compiled kernel program of Release 0.2 ran
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Fig. 3. WARRANT-PRO-2’s MATLAB GUI (graphical user interface) helps
to valuate and optimize arbitrary derivatives comfortably. The user defines two
rectangular, independent meshes for the Crank-Nicholson scheme and the parame-
terization of the boundary conditions. The fineness of the meshes determines both
accuracy of the solution and computing time. 3-dimensional, interactive MATLAB
graphics enable to check the settings, to understand the solution and to grep a
derivative’s value easily, see also Fig. A.26 on page 339.

without GUI, too. Remote logins on LINUX compute servers were possible
for time-consuming computations. The GUI had several windows: The main
window, the boundary conditions’ window, the multiple σ window and the
1-dimensional, 2-dimensional and 3-dimensional graphics windows, see Fig. 3
or also www.iwi.uni-hannover.de “Forschung” and “WARRANT-PRO-2”.

The second reengineering of WARRANT-PRO-2 (0.2) started in fall
2006. The actual Release 0.3 was completed in March 2007 by Heiko Degro
and the author at the Leibniz Universität Hannover, see [16]. Full dynamic
memory allocation is achieved now. The FORTRAN kernel is again 5 to
10 times faster due to code optimization and optimal compiler settings. The
MATLAB GUI of WARRANT-PRO-2 (0.3) is more intuitive and user friendly
now. A stand-alone application for all new WINDOWS, LINUX and UNIX
computers can be compiled and linked. WARRANT-PRO-2 (0.3) can be re-
garded as a tested beta-prototype and is available upon request from the
author (free test for 30 days or commercial license).

5 Some Optimally Designed Derivatives

The Porsche AG, Stuttgart, sells about 40 – 50 % of its cars to non-Euro
countries. Usually an importer pays in foreign currency, i. e. US or Canadian
Dollar, Japanese Yen, GP Pounds or Swiss Franken. Development, production,
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Fig. 4. Top: The Porsche 911 Carrera S is the most popular Porsche of the USA
and Canada. About 50 % of all Porsche 911 built are delivered to this region (Source:
Porsche AG WWW-pages). Bottom: Exchange rate US Dollar (USD)/Euro
from mid 2006 to mid 2007 (Source: Comdirect WWW-pages, weekly candlestick
analysis).

marketing and delivery costs arise in Euro almost 100 %. Thus Porsche has to
face a high risk of adverse exchange rate changes. But, on the other hand,
there are chances to make additional profit in the case of beneficial exchange
rate movements. A customer tailored OTC option can insure against adverse
changes and gives the opportunity to exploit beneficial movements.
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Fig. 5. The Porsche AG buys an OTC option with the right to sell 62.4 million
USD, i. e. revenues from an US export, until December 3, 2007, for 46.917 million
Euro. Thus the exchange rate will be better than 1.33 USD for 1 Euro, comp. all
cash settlements, too. The option’s premium is about 1.08 million Euro = 2.3 %
about 5.5 month earlier in mid June 2007, see also Fig. A.27 on page 340.

Consider an US importer which orders 800 Porsche 911 Carrera S, see
Fig. 4, for Christmas offers 2007 and the year 2008. After delivery to the
USA end of November 2007 the importer will pay 78000 USD per car, i. e.
total 62.4 million USD, at December 3, 2007. Mid June 2007 the exchange
rate USD/Euro is 1.33 which results in a revenue of 46.917 million Euro. This
revenue generates a satisfactory profit for Porsche. In case of a weaker USD,
i. e. exchange rates of 1.40, 1.50 or even higher, the total costs exceed the
revenue in Euro, see also Fig. 4. Thus Porsche buys an OTC option which
gives the right – but no obligation – to sell 62.4 million USD until December
3, 2007, for 46.917 million Euro. The option will be executed if and only
if the USD/Euro exchange rate is above 1.33. At maturity (December 3) a
cash settlement for, e. g., 1.38 would be 1.700 million Euro and for 1.53 6.133
million Euro, see Fig. 3. With a future/implied volatility σ = 0.05, a common
USD/Euro interest rate r = 0.04 and an initial time to maturity of 5.5 month
WARRANT-PRO-2 (0.3) computes an option premium of about 1.08 million
Euro (= 2.3 % of today’s (potential) revenue of 46.917 million Euro), see
Fig. 5. Including the premium Porsche has a guaranteed revenue of 45.837
million Euro. Note that in case of USD/Euro exchange rates below 1.33 in
December 2007 Porsche benefits from additional revenues, e. g. of 1 million
Euro for 1.302 and 2 million Euro for 1.276. Figure 6 shows the leverage effect
of the OTC USD/Euro option. Asume an increase of the USD/Euro exchange
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Fig. 6. Leverage of the OTC option, see Fig. 5, e. g. about 29 in mid June 2007
for an exchange rate of 1.33 USD for 1 Euro.

rate from 1.33 to 1.34. Then the value/price of the option increases from 1.08
to 1.37 million Euro (leverage of 29).

The Hannoversche Leben has a professional asset management for bil-
lion of Euro which are reserves for life insurance customers. An amount of
7.166 million TUI shares with 18.70 Euro each mid June, 2007, has a value of
134 million Euro. After a good performance in the first half of 2007 the risk
of a rebound is quite high, see Fig. 7. But, on the other hand, a year end
rallye up to 23 or even 25 Euro per TUI share has a likelihood of about 30 –
40 %.

The Hannoversche Leben/VHV buys optimized OTC put options with
underlying TUI shares. Below 18.70 Euro per TUI share the option has an
almost constant Δ ≈ −1, see Figs. 8 and 9. This allows an easy hedging for
both the Hannoversche Leben and the option’s issuer. For an immunization of
all TUI shares the Hannoversche Leben must buy 7.166 million options. With
a future/implied volatility σ = 0.25, an interest rate r = 0.04 and an initial
time to maturity of 8 month WARRANT-PRO-2 (0.3) computes an option
premium of 1.686 Euro, see Fig. 8 (= 9.0 % of the TUI share price in mid June
2007). After the payment of the option premium the Hannoversche Leben has
a guaranteed value of about 17 Euro per TUI share. And the Hannoversche
Leben can fully benefit from rising TUI share prices up to 23 or even 25 Euro.
Note that the optimization of the cash settlement at maturity leads to an
interessting phenomenon near 20 Euro. The “hook” enlarges the area with
Δ ≈ −1 significantly. Note also that the optimized option shows a difficult
behavior close to maturity, see Fig. 9. The initial time to maturity is chosen
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Fig. 7. Quotation of TUI shares from mid 2006 to mid 2007 (Source: Comdirect
WWW-pages, weekly candlestick analysis).

8 month to avoid hedging problems both for the Hannoversche Leben and the
option’s issuer.

6 Conclusions and Outlook

Unless originally designed to optimize cash settlements, WARRANT-PRO-2
(0.3) proved to be very useful and comfortable also for Black-Scholes value
computations for derivatives without optimization. Based on MATLAB a
stand-alone GUI provides interactive, 1-, 2- and 3-dimensional graphics of high
quality. These graphics enable to evaluate and analyze a derivatives value and
its most important option “greeks”, see Figs. 3, 5, 6, 8 and 9. The upgraded
Crank-Nicholson scheme is highly accurate and only reasonable computing
time is needed. In the optimization mode the gradient computation with au-
tomatic differentiation is most important to enable fast and reliable conver-
gence of the SQP method. Here the change of Δ as a function of t and u is
minimized. Other performance indices can be implemented, too. ADIFOR 2.0
usage and moderate FORTRAN coding are necessary in this case.

The two real-life examples for customer tailored OTC derivatives show
the power of the approach, see Sect. 5. With WARRANT-PRO-2 (0.3) a
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Fig. 8. The Hannoversche Leben buys optimized OTC put options with the
right to sell 7.166 million TUI shares for 18.70 Euro per share. For share prices less
than 18.70 Euro, i. e. the relevant scenarios, ∆ ≈ −1 holds, see also Fig. 9. Mid June
2007 8 month is chosen for the time to maturity to cover a critical period until the
end of 2007. The option’s premium is about 1.686 Euro per share = 9.0 % in mid
June 2007, see also Fig. A.27.

derivative designer concentrates on the customer’s needs. The designer sets
some or all of the cash settlements, the market parameters and an optimization
criteria/performance index for the WARRANT-PRO-2 (0.3) computations.
Customer tailored OTC derivatives allow to hedge against one-sided risks
comparable to an insurance. The issuer of a derivative gets the (insurance)
premium immediately comparable to an insurance company. An easy risk
management essential in a modern market economy is possible.

WARRANT-PRO-2 (0.3) is a tested beta-prototype, see also www.iwi.uni-
hannover.de “Forschung” and “WARRANT-PRO-2”. The author concen-
trates on testing of the software and will establish a professional support
in the near future. This support includes hotline and user/developer man-
ual. Interested users can contact the author for a free test for 30 days or a
commercial license (beta-testing), see first page.
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Fig. 9. Option “greek” ∆ = pu(t, u, r, σ) for the optimized OTC TUI put option,
see also Fig. 8.
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Epilogue

Prof.Dr. Rüdiger Seydel, Full Professor for Applied Mathematics and Com-
puter Science at the Universität zu Köln, is first author of the book Sey-
del, R. U., and Bulirsch, R., Vom Regenbogen zum Farbfernsehen: Höhere
Mathematik in Fallstudien aus Natur und Technik, Springer, Berlin, 1986,
see Fig. A.3 on page 325. It inspired not only many students, but 20 years
later also the editors of this book.
Flipside text:
“Fragt man bei einigen Gegenständen und Vorgängen des täglichen Lebens
‘Wie funktioniert das?’, so läßt sich eine Antwort mit sprachlichen Mitteln
allein oftmals nicht geben. Solche Fragen sind etwa: ‘Warum erscheint der Re-
genbogen gerade in dieser Höhe? Was passiert im Taschenrechner, wenn auf die
SINUS-Taste gedrückt wird?’ Hier ist die Mathematik zur Erklärung unent-
behrlich. Das Buch erklärt in einer Reihe von Fallstudien solche Phänomene
mit mathematischen Hilfsmitteln. Durch einen wiederholten Wechsel zwischen
Motivation, Erklärung, Aufgaben und Lösungen versuchen die Autoren den
Leser zum Mitdenken und Mitrechnen anzuregen. Die zahlreichen in den Text
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eingearbeiteten Übungsaufgaben eignen sich vorzüglich, den Interessenten –
zu denen sicherlich nicht nur Mathematiker gehören – einsichtsreiche und un-
terhaltsame Stunden zu bereiten.”
Translation:
“The question ‘How does it work?’ often arises for every day’s things and
processes. The answers require more than lengthy explanations. Only Math-
ematics can answer questions like ‘Why does a rainbow appear in a certain
altitude?’ or ‘How does a calculator compute the SINUS?’. In case studies this
book explains phenomenona like these with mathematical theory and calcula-
tions. Motivations, explanations, exercises and solutions alternate. The reader
is motivated to think and calculate together with the authors. The numerous
exercises are very interesting and informative, not only for mathematicians.”
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Summary. In this article we discuss a method to complete the correlation matrix in
a multi-dimensional stochastic volatility model. We concentrate on the construction
of a positive definite correlation matrix. Furthermore we present a numerical inte-
gration scheme for this system of stochastic differential equations which improves
the approximation quality of the standard Euler-Maruyama method with minimal
additional computational effort.

1 Introduction

In stochastic models, especially in finance, often only some part of a correlation
matrix is given by measured data. This incomplete model may easily be com-
pleted by defining the respective correlations in a reasonable way. However,
the problem is to guarantee the positive definiteness of the matrix after com-
pletion. This paper develops and describes an efficient and feasible algorithm
to accomplish this task, which is based on combining Gaussian elimination
with arguments from graph theory.
In comparison to the results of Grone et al. [7] and Barrett et al. [1] our algo-
rithm shows that it is possible to find a symmetric positive definite completion
of the correlation matrix under the additional restriction that all matrix en-
tries have to satisfy |a(i,j)| < 1. Moreover we verify that our choice of the
unspecified entries leads to the unique determinant maximising completion
without the necessity of solving a sequence of optimisation problems.
The paper is organized as follows. Section 1 defines the problem of completing
a correlation matrix and introduces the model setup. The basic idea of the
algorithm is motivated by inspecting a small 2×2 example in Sect. 2, and
is applied to the general multi-dimensional case in the subsequent section.
Finally, we show how the completed correlation matrix can be incorporated
into numerical integration schemes for multi-dimensional volatility models.
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2 Model setup

We consider the following 2n-dimensional system of stochastic differential
equations

dSi = μiSidt + fi(Vi)SidW(S,i)

dVj = aj(Vj)dt + bj(Vj)dW(V,j)

(1)

with i, j = 1, . . . , n and Brownian motions W(S,i),W(V,j). This article focuses
on the question how to correlate the 2n Brownian motions. Furthermore, we
assume that the diffusion of the underlying Si is only directly coupled to one
volatility Vi. If we concentrate on just one volatility-underlying-pair we obtain
a typical stochastic volatility model to describe the non-flat implied volatility
surface in European option’s prices. This problem is intensively discussed in
the literature in the recent years. More details can be found in the articles of
Heston [8], Scott-Chesney [2] and Schöbel-Zhu [13].

We assume that we already know the correlation between the Wiener pro-
cesses WS,i and WV,i

dWS,idWV,i = ηidt ,

which in short-hand may be written as

WS,i · WV,i ⊜ ηi .

Neglecting the stochastic volatility we also have to decide how to couple the
underlyings Si. This question is quite common in finance and we assume that
we know these correlations, too:

WS,i · WS,j ⊜ ρ(i,j).

This leads to the following structure for the correlation matrix

A = a(i, j)1≤i,j,≤2n =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ(1,1) . . . ρ(1,n) η1 ?
...

...
. . .

ρ(n,1) . . . ρ(n,n) ? ηn

η1 ? 1 ?
. . .

. . .

? ηn ? 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2)

with the undefined correlations marked with ?. The problem of completing
a matrix A which is only specified on a given set of positions, the so called
pattern, is directly related to the structure of the graph G = (V,E) of A. In
case of completing symmetric positive definite matrices, Grone et al. [7, Thm.
7] proved that the partial matrix A is completable if and only if the corre-
sponding graph G is a chordal graph and each principal submatrix is positive
semidefinite. Unfortunately this theorem is not applicable in our case as a
correlation matrix has the further requirement that all entries are restricted
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by |a(i,j)| < 1. For more informations on matrix completions problems we
refer the reader to [11, 12].

The problem we have to deal with now is to define the yet unspecified
correlations. To make this point clear we will discuss the simplest example
of two underlyings and two stochastic volatility processes in the next section
and we generalise this to the multi-dimensional case in Sect. 4.

Before we start with the discussion of a two-dimensional example we have
to state the following general result which helps us to prove the positive defi-
niteness of the correlation matrix.

Remark 1. A square matrix A ∈ R
n×n is positive definite if the Gaussian

algorithm3 can be done with diagonal pivots pi and if each pivot pi is greater
zero.

3 The 2 × 2-dimensional example

In this section we discuss how to complete the correlation matrix in the easiest
case of two underlyings and two stochastic volatilities. We will refer to this as
two-dimensional even though, strictly speaking, it would be more correct to
call it 2 × 2-dimensional. The correlation matrix (2) is given by

A =

⎛
⎜⎜⎝

1 ρ(1,2) η1 ?
ρ(2,1) 1 ? η2

η1 ? 1 ?
? η2 ? 1

⎞
⎟⎟⎠ . (3)

We recognize that we have to specify the cross-correlations between S1 ∼ V2

and S2 ∼ V1, as well as the correlation between the different volatilities V1 and
V2. This problem becomes more clear if we have a look at the corresponding
graph4 of the matrix (3) as shown in Fig. 1 . One ad-hoc and pragmatic way5

to define the correlation between V1 and S2 is the product of the correlation
between V1 ∼ S1 and S1 ∼ S2

a(3, 2) ⊜ WV,1 · WS,2 ⊜ (WV,1 · WS,1) (WS,1 · WS,2) ⊜ η1 · ρ(1,2).

In the same way we are able define the correlation of the volatilities as the
product of the correlation between V1 ∼ S1, S1 ∼ S2 and S2 ∼ V2

a(4, 3) ⊜ WV,1 · WV,2 ⊜ (WV,1 · WS,1) (WS,1 · WS,2) (WS,2 · WV,2)

⊜ η1 · ρ(1,2) · η2.

3 The Gauss algorithm we are referring to is the standard Gaussian elimination in
kij-form as in Duff, Erisman and Reid [3, Section 3.3]

4 Graph theory and sparse matrices are closely linked topics. One can represent a
symmetric matrix by an undirected graph. For more information see Golub and
van Loan [6] or Frommer [4].

5 This idea goes back to P. Jäckel [9].
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ρ(1,2)

η1

η2

V 2S 2

S 1 V 1

Fig. 1. Corresponding graph to matrix (3). The nodes (sometimes also called ver-
tices) are referred by S1, S2, V1 and V2. This is not entirely consistent with the
notation used in the literature as it would be correct to fill these nodes with the
diagonal entries a(i, i) = 1. In the following we always choose the notation which pro-
vides the necessary information. The undirected edges are given by the non-diagonal
entries of the matrix (3).

On the corresponding graph we just multiply the values of the edges on the
path from V1 to V2. In the two-dimensional example there is just one possibility
for this path but in the multi-dimensional case we have to choose the shortest
one. The matrix now looks like

A =

⎛
⎜⎜⎝

1 ρ(1,2) η1 η2 · ρ(1,2)

ρ(2,1) 1 η1 · ρ(1,2) η2

η1 η1 · ρ(2,1) 1 η1 · ρ(1,2) · η2

η2 · ρ(2,1) η2 η1 · ρ(2,1) · η2 1

⎞
⎟⎟⎠ . (4)

Figure 2 shows the corresponding graph to matrix (4). Next we have to verify
that this choice of correlations leads to a positive definite matrix. In order to
show this we use the Remark 1. In the kth step of the Gaussian elimination we
have to choose the diagonal element a(k, k) as the pivot pk and we only operate
on the elements a(i, j) with i, j ≥ k. To indicate the kth elimination step we

ρ(1,2)

η1

η2

η1 · ρ(1,2) · η2

η2 · ρ(1,2)

η1 · ρ(1,2)

V 2S 2

S 1 V 1

Fig. 2. Corresponding graph to matrix (4).



Complete the Correlation Matrix 233

denote the matrix A as A(k) with entries a(i, j)(k) which will be updated via

a(i, j)(k+1) = a(i, j)(k) − a(i, k)(k)a(k, j)(k)

a(k, k)(k)
, i, j > k . (5)

The first pivot is p1 = a(1, 1)(1) = 1 which is indeed greater zero and the
remaining matrix looks as follows

A(2) =

⎛
⎜⎜⎜⎜⎝

1 ρ(1,2) η1 η2 · ρ(1,2)

0 1 − ρ2
(1,2) 0 η2

(
1 − ρ2

(1,2)

)

0 0 1 − η2
1 0

0 η2

(
1 − ρ2

(1,2)

)
0 1 −

(
η2ρ(1,2)

)2

⎞
⎟⎟⎟⎟⎠

.

After the first elimination step we can exclude the first row and first column
from further consideration as they do not participate in the following calcula-
tions. Thus concentrating on the active part of the matrix we recognize that
in the third row and third column only the diagonal element a(3, 3)(2) is not
zero. Therefore this node has lost any connection to other vertices in the corre-
sponding graph, which means that in the following Gaussian elimination steps
this whole row and column stays unmodified. In addition a(3, 3)(2) = 1−η2

1 > 0
hence we can choose this element as a positive pivot in elimination step k = 3.
The next pivot is a(2, 2)(2) = 1 − ρ2

(1,2) > 0 and we obtain

A(3) =

⎛
⎜⎜⎜⎜⎝

1 ρ(1,2) η1 η2 · ρ(1,2)

0 1 − ρ2
(1,2) 0 η2

(
1 − ρ2

(1,2)

)

0 0 1 − η2
1 0

0 0 0 1 −
(
η2ρ(1,2)

)2 − η2
2(1−ρ2

(1,2))
2

1−ρ2
(1,2)

⎞
⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

1 ρ(1,2) η1 η2 · ρ(1,2)

0 1 − ρ2
(1,2) 0 η2

(
1 − ρ2

(1,2)

)

0 0 1 − η2
1 0

0 0 0 1 − η2
2

⎞
⎟⎟⎟⎠ .

The active part is now only the 2×2 submatrix containing all entries a(i, j)(2)

with i, j > 2. In the last two elimination steps we can just choose the elements
a(3, 3)(3) = 1 − η2

1 > 0 and a(4, 4)(4) = 1 − η2
2 > 0 as pivots p3 and p4 which

proves that the original matrix A is positive definite. In the next section we
show that the Gaussian algorithm is quite similar in the multi-dimensional
case.

4 Multi-dimensional correlation

In this section we show how it is possible to complete the correlation matrix in
the multi-dimensional setting in a very similar way as in the two-dimensional
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V 6

S 1 S 2

V 1 V 2

V 3S 3

S 4

V 4V 5

S 5

S 6

Fig. 3. Multi-dimensional correlation graph corresponding to matrix (2) with n = 6
where the unspecified correlations are interpreted as zero.

case. Moreover we verify that our choice leads to the determinant maximising
completion. To get a first impression we draw the graph of six volatility-
underlying-pairs and their corresponding correlations in Fig. 3. Within this
figure we only show the fixed correlation between the underlyings Si and the
volatility-underlying correlation between Sj and Vj . As in the two-dimensional
case we define the cross-correlation between the volatility Vi and the under-
lying Sj by the product of the correlation between Vi ∼ Si and Si ∼ Sj

a(i + n, j) ⊜ WV,i · WS,j ⊜ (WV,i · WS,i) (WS,i · WS,j) ⊜ ηi · ρ(i,j). (6)

In the same way we define the correlation between two volatilities as

a(i + n, j + n) ⊜ WV,i · WV,j ⊜ (WV,i · WS,i) (WS,i · WS,j) (WS,j · WV,j)

⊜ ηi · ρ(i,j) · ηj .
(7)

This corresponds to the shortest connection6 in the graph between Vi and
Vj . With this choice of the undefined correlations we are able to prove the
following:

6 In the shortest connection we only take into consideration the predefined paths
between two underlyings Si and Sj as well as the fixed underlying-volatility cor-
relation between Si and Vi
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Theorem 1. If the correlations between the underlyings

WS,i · WS,j = ρ(i,j)

are given such that the correlation matrix

B = b(i, j) = ρ(i,j) (8)

is positive definite and if we choose the cross-correlations due to (6) and (7)
then the whole correlation matrix A = a(i, j)1≤i,j≤n,

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ(1,1) . . . ρ(1,n) η1 . . . ηn · ρ(1,n)

...
. . .

...
...

. . .
...

ρ(n,1) . . . ρ(n,n) η1 · ρ(n,1) . . . ηn

η1 . . . η1 · ρ(n,1) 1 . . . η1 · ρ(1,n) · ηn

...
. . .

...
...

. . .
...

ηn · ρ(1,n) . . . ηn η1 · ρ(n,1) · ηn . . . 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (9)

is positive definite.

Proof. In the two-dimensional setting we observed that the volatility V1 given
by the diagonal entry a(1 + n, 1 + n)(2), where n is the number of volatility-
underlying-pairs, lost any connection in the corresponding graph after choos-
ing S1 = a(1, 1)(1) as the first pivot. In the multi-dimensional setting this is
equivalent to

a(n + 1, j)(2) = 0, j = 2, . . . , n, n + 2, . . . , 2n . (10)

In general we have to show that after selecting a(k, k)(k) as the kth pivot the
corresponding volatility entry a(k + n, k + n)(k+1) is greater zero and has no
further connection in the graph of A(k), which means that

a(n + k, j)(k+1) = 0, j = k + 1, . . . , n + k − 1, n + k + 1, . . . , 2n . (11)

We will prove the positivity by showing that the following invariant holds

a(k + n, k + n)(k+1) −
(
a(k, k + n)(k+1)

)2

a(k, k)(k+1)
=

a(k + n, k + n)(k) −
(
a(k, k + n)(k)

)2

a(k, k)(k)
=

. . . =

a(k + n, k + n)(1) −
(
a(k, k + n)(1)

)2

a(k, k)(1)
= 1 − η2

k.

(12)

We show this by induction. First we verify the following invariants:
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a(i + n, j)(k) =
a(i + n, i)(k)a(i, j)(k)

a(i, i)(k)
, (13)

a(i + n, j + n)(k) =
a(i + n, i)(k)a(i, j)(k)a(j + n, j)(k)

a(i, i)(k)a(j, j)(k)
, (14)

with i, j > k. Before we start proving these statements, we explain the origin
of the invariants (13) and (14). Having a look at the corresponding graph (see
Fig. 4) in the elimination step k and bearing in mind that a(i + n, j + n)(k)

describes the correlation between Vi and Vj then Eq. (14) is just the product
over the values of the edges on the shortest path from Vi to Vj divided by the
values of the vertices Si = a(i, i)(k) and Sj = a(j, j)(k).

a(i, i) Vi

a(j, j) Vj

a(i, j)

a(i + n, i)

a(j + n, j)

a(i + n, j + n)

a(j + n, i)

a(i + n, j)

Fig. 4. Graph describing the correlation structure of the underlyings Si and Sj as
well as Vi and Vj in the kth step of the Gaussian algorithm. To simplify the notation
we dropped all superscripts (k). The nodes on the left side belong to Si and Sj which
are here filled with the corresponding diagonal entries in the matrix A(k).

First we show by induction that (13) holds. The start of the induction is
due to the construction (6)

a(i + n, j)(1) =
a(i + n, i)(1)a(i, j)(1)

a(i, i)(1)
= a(i + n, i) · a(i, j) = ηi · ρ(i,j).

Now we assume that (13) is valid until elimination step k and we want to
verify that

a(i + n, j)(k+1) =
a(i + n, i)(k+1)a(i, j)(k+1)

a(i, i)(k+1)
, for all i, j > k + 1 .

Due to the Gaussian algorithm we know that7

a(i + n, j)(k+1) = a(i + n, j)(k) − a(i + n, k)(k)a(k, j)(k)

a(k, k)(k)
.

7 In the following calculation we will not mention the index (k) indicating a variable
in the elimination step k.
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We thus calculate

a(i + n, j)(k+1) = a(i + n, j)(k) − a(i + n, k)(k)a(k, j)(k)

a(k, k)(k)

=
1

a(k, k)
(a(k, k)a(i + n, j) − a(i + n, k)a(k, j))

=
1

a(k, k)

(
a(k, k)

a(i + n, i)a(i, j)

a(i, i)
− a(i + n, i)a(i, k)

a(i, i)
a(k, j)

)

=
1

a(k, k)

a(i + n, i)

a(i, i)
(a(k, k)a(i, j) − a(i, k)a(k, j))

=
1

a(k, k)
(a(k, k)a(i, j) − a(i, k)a(k, j))

·
a(i+n,i)

a(i,i) (a(i, i)a(k, k) − a(i, k)a(i, k))

(a(i, i)a(k, k) − a(i, k)a(i, k))

= a(i, j)(k+1)
a(k, k)

(
a(i + n, i) − a(i,k)a(i,k)

a(k,k)

)

a(k, k)
(
a(i, i) − a(i,k)a(i,k)

a(k,k)

)

=
a(i, j)(k+1)a(i + n, i)(k+1)

a(i, i)(k+1)
.

The proof of invariant (14) can be done in the same way. Next we show that
Eq. (12) holds. Again the begin of the induction is valid due to construc-
tion (6). Assuming that the equation is valid up to elimination step l ≤ k, we
obtain8

a(k + n, k + n)(l+1) − a(k, k + n)(l+1)a(k, k + n)(l+1)

a(k, k)(l+1)
=

a(k + n, k + n) − a(k + n, l)a(k + n, l)

a(l, l)
−

(a(l, l)a(k, k + n) − a(k, l)a(k + n, l))2

a(l, l) (a(l, l)a(k, k) − a(k, l)a(k, l))
=

a(k + n, k + n) − (a(k + n, l)a(k, l))
2

a(k, k)2a(l, l)
−

(a(l, l)a(k, k + n) − a(k, l)(a(k + n, k)a(k, l)/a(k, l)))
2

a(l, l) (a(l, l)a(k, k) − a(k, l)a(k, l))
=

8 The first step is just the calculation rule of the Gaussian elimination and we drop
again the superscript (l).
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a(k + n, k + n) − (a(k + n, k)a(k, l))2

a(k, k)2a(l, l)
−

a(k + n, k)2 (a(l, l)a(k, k) − a(k, l)a(k, l))

a(k, k)2a(l, l)
=

a(k + n, k + n)(l) − a(k + n, k)(l)a(k + n, k)(l)

a(k, k)(l)
.

Last we have to prove Eq. (11). Choosing a(k, k)(k) as the kth pivot leads to

a(k + n, j)(k+1) = a(k + n, j) − a(k + n, k)a(k, j)

a(k, k)
= 0 .

The same holds for

a(k + n, j + n)(k+1) = a(k + n, j + n) − a(k + n, k)a(k, j + n)

a(k, k)

= a(k + n, j + n) − a(k + n, k)a(k, j)a(j, j + n)

a(j, j)a(k, k)

= 0 .

Let us summarize this proof. We know that we can choose the n underlying
Si ∼ a(i, i) as the first n pivots assuming that the coupling of the underlyings
leads to a positive definite matrix. During these n steps all volatilities Vi ∼
a(i + n, i + n) are losing their connection in the corresponding graph and
furthermore, we verified that a(k + n, k + n)(k+1) = 1 − η2

k > 0. ⊓⊔

Remark 2. The result can be generalised to the case where one underlying
is not necessarily restricted to be directly coupled to one stochastic volatil-
ity process. It is also possible to have some underlyings without stochastic
volatility and some with two or even more factors. Following the idea of
the proof of Theorem 1 we just have to make sure that, if one underlying

Si is coupled to more than one volatility processes V
(m)
i , m = 1, . . . ,M ,

the matrix Ci with c(k, l) ⊜ W
V

(k)
i

· W
V

(l)
i

, c(k,M + 1) ⊜ W
V

(k)
i

· WS,i,

c(M + 1,M + 1) ⊜ WS,i · WS,i ⊜ 1 is positive definite.

Next we verify that the choice of the cross-correlations due to (6) and (7)
leads to the unique completion Ã of the correlation matrix which maximises
the determinant. Furthermore we know from [7, Thm. 2] that this is equivalent,
that the inverse (9) contains zeros at each position which was previously
unspecified.

Theorem 2. Choosing the cross-correlations due to (6) and (7) leads to the
unique determinant maximising positive completion.
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Proof. First we write the matrix A given by Eq. (9) as

A =

(
B D⊤

D C

)

with square matrices B,D and C. The entries of B are already specified.
Next we introduce the term C̃ = C − DB−1D⊤ which is the well known
Schur-complement. Using this notation we can formally write the inverse of
A as

A−1 =

(
B−1

(
I + DT C̃−1DB−1

)
−B−1DT C̃−1

−C̃−1DTB−1 C̃−1

)
.

Thus we have to show that C̃ and B−1DT are diagonal. Since the Gaussian
elimination on B coincides with calculating its inverse, Eq. (11) verifies that
C̃ is diagonal. Moreover (11) also shows that B−1DT only contains zeros be-
low the diagonal. As this matrix is symmetric, caused by the diagonality of
B and D, its diagonal. Hence the inverse of A contains zeros at each previ-
ously unspecified position which is equivalent with finding the determinant
maximising completion due to Grone et al. [7]. ⊓⊔

Now we are able to complete the correlation matrix such that we obtain a
symmetric positive definite matrix. Next we are confronted with the problem
of integrating this system of stochastic differential equations. In case of one
volatility-underlying-pair Kahl and Jäckel [10] compared the efficiency of var-
ious numerical integration methods. In the next section we show that these
results are also applicable in the multidimensional setting.

5 Numerical tests for the multidimensional stochastic
volatility model

In this section we discuss suitable numerical integration schemes for the mul-
tidimensional stochastic volatility model (1). Without stochastic volatility
this problem is comparatively easy to solve as the n underlyings Si are n-
dimensional lognormal distributed. Thus in case of European options we do
not have to discretise the time to maturity at all. The situation becomes much
more complicated when stochastic volatility comes into play. As we do not
know the distribution density we have to apply numerical integration schemes
for stochastic differential equations. In the standard model with only one un-
derlying and one stochastic volatility Kahl and Jäckel [10] discussed different
integration methods with special regard to the numerical efficiency. It turned
out that higher order methods, i.e. the Milstein scheme are inappropriate due
to the fact that we have to generate additional random numbers. The finally
most efficient integration scheme is referred to IJK 9

9 The name IJK refers to the originators’ of this scheme.
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lnS(m+1) = lnS(m) +
(
μ − 1

4

(
f2
(
V(m)

)
+ f2

(
V(m+1)

)))
Δt

+ρf
(
V(m)

)
ΔW(V,m)

+ 1
2

(
f
(
V(m)

)
+ f
(
V(m+1)

)) (
ΔW(S,m) − ρΔW(V,m)

)

+ 1
2

√
1 − ρ2f ′ (V(m)

)
b
(
V(m)

) ((
ΔW(V,m)

)2 − Δt
)

with correlation dWS · dWV = ρdt. As one underlying Si is only directly cou-
pled to one stochastic volatility process Vi we can generalise this integration
scheme straightforward to the multidimensional case

lnS(i,m+1) = lnS(i,m) +
(
μi − 1

4

(
f2
(
V(i,m)

)
+ f2

(
V(i,m+1)

)))
Δt

+ρf
(
V(i,m)

)
ΔW(V,i,m)

+ 1
2

(
f
(
V(i,m)

)
+ f
(
V(i,m+1)

)) (
ΔW(S,i,m) − ρΔW(V,i,m)

)

+ 1
2

√
1 − ρ2f ′ (V(i,m)

)
b
(
V(i,m)

) ((
ΔW(V,i,m)

)2 − Δt
)

where Si,m+1 denotes the (m + 1)th step of the ith underlying. For the IJK
scheme we assume that we already know the numerical approximation of the
whole path of the process Vt. This path has to be computed with a suitable
numerical integration scheme depending on the stochastic differential equa-
tion for the stochastic volatility. This problem is intensively discussed in [10,
Section 3]. The benchmark scheme for the multidimensional IJK scheme is
the standard Euler-Maruyama method

lnS(i,m+1) = lnS(i,m) +
(
μi − 1

2fi

(
V(i,m)

))
Δtm

+fi

(
V(i,m)

)
ΔW(S,i,m)

V(j,m+1) = aj

(
V(j,m)

)
Δtm + bj

(
V(j,m)

)
ΔW(V,j,m).

(15)

Here one has to bear in mind that if the stochastic volatility Vj is given by
a mean-reverting process the Euler scheme is not able to preserve numerical
positivity. Thus if the financial derivative is sensitive to the dynamic of the
variance of the underlying we recommend more advanced numerical integra-
tion schemes to preserve positivity.

Next we set up a 4× 4-dimensional benchmark model to obtain a first im-
pression on the numerical efficiency of both integration schemes. The stochas-
tic volatility σt = f(Vt) is described by a hyperbolic transformed Ornstein-
Uhlenbeck process

dyt = −κytdt + α
√

2κdWV ,

with transformation function σt = σ0

(
yt +

√
y2

t + 1
)

which was introduced

and discussed in [10]. We choose the following parameter configuration κ = 1,
α = 0.35, σ0 = 0.25 and y0 = 0 throughout the whole section and for all
volatility processes. The initial value of the four underlyings is set to S0 = 100.
The decisive point for these tests is the correlation structure of the Wiener
processes. The underlying correlation matrix (8) is chosen as follows
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B =

⎛
⎜⎜⎝

1.0 0.2 0.0 0.5
0.2 1.0 0.4 0.0
0.0 0.4 1.0 0.6
0.5 0.0 0.6 1.0

⎞
⎟⎟⎠ .

For the underlying-volatility correlation we assume a highly negative cor-
relation corresponding to a downward sloping implied volatility surface in
European vanilla option markets

v =

⎛
⎜⎜⎝

-0.7
-0.8
-0.9
-0.8

⎞
⎟⎟⎠ . (16)

This directly leads to the following correlation matrix completed due to (6)
and (7)

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.000 0.200 0.000 0.500 -0.700 -0.160 0.000 -0.400
0.200 1.000 0.400 0.000 -0.140 -0.800 -0.360 0.000
0.000 0.400 1.000 0.600 0.000 -0.320 -0.900 -0.480
0.500 0.000 0.600 1.000 -0.350 0.000 -0.540 -0.800

-0.700 -0.140 0.000 -0.350 1.000 0.112 0.000 0.280
-0.160 -0.800 -0.320 0.000 0.112 1.000 0.288 0.000
0.000 -0.360 -0.900 -0.540 0.000 0.288 1.000 0.432

-0.400 0.000 -0.480 -0.800 0.280 0.000 0.432 1.000

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The first numerical test compares the evaluation of a basket option. Thereby
we consider the payoff function to be the mean of the four underlying assets.
Thus the fair value of this option is given by

C(T,K) = e

(
1
4

4∑

i=1

Si(T ) − K

)+

.

The numerical results are compared with a numerical reference solution com-
puted with the Euler-Maruyama scheme (15) and a stepsize of Δtexact =
2−10. The prices are calculated for a whole range of strikes K = {75, . . . , 133.3}
and a termstructure of maturities T = {0.5, 1, 1.5, . . . , 4}. As there is a great
difference in prices of at-the-money options compared to in-the-money and
out-of-money options we compute the implied Black volatility, denoted as
IV (C, S,K, r, T ), where C is the given option price, S the initial value and r
the risk free interest rate, to get a fair error measure. The biggest advantage
of the implied volatility is that the error-size throughout the whole level of
strikes and maturities becomes comparable. The first Fig. 5 (A) shows the
numerical reference solutions where we recognize the strongly downward slop-
ing skew structure of the implied volatility surface as a consequence of the
negative correlation between underlyings and volatilities (16).



242 C. Kahl and M. Günther

Fig. 5. (A): Implied volatility surface of the reference solution with a stepsize of
∆texact = 2−10 and 32767 paths . (B): Weak approximation error (17) as a function
of CPU time [in msec] for the simulation of 32767 paths. The number generator in
(A) and (B) was Sobol’s method and the paths were constructed via the Brownian
bridge.

Fig. 6. Implied volatility surface calculated with the (A): Euler method and the
(B): multidimensional IJK method. The stepsize was ∆t = 2−1 and the prices were
averaged over 32767 paths . The number generator was the Sobol’s method and the
paths were constructed via the Brownian bridge.

In Fig. 6 we compare the numerical results of the Euler scheme with the
multidimensional IJK scheme where we integrate along the maturities with
a stepsize of Δt = 0.5. The superiority of the IJK scheme is at its most
impressive for the first maturity T = 0.5 as we obtain a skew within one
integration step in comparison to the flat implied-volatility of the Euler for
this maturity.

To underscore this result we also compare the error and the computational
effort of both integration schemes for different stepsizes. The error is computed
as the sum over the absolute value of the differences between the implied
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volatility of the reference solution C(ti,Kj) and the numerical approximation

C̃(ti,Kj)

Error =
∑

i,j

∣∣∣IV (C(ti,Kj), S,Kj, r, ti) − IV (C̃(ti,Kj), S,Kj, r, ti)
∣∣∣ . (17)

In Fig. 5 (B) we see that the IJK leads to better results comparing the relation
between approximation quality and computational effort. The decisive point
is that the computational effort of the IJK scheme is only slightly higher
than the Euler scheme since we do not have to draw any additional random
number.

6 Summary

Based on combining Gaussian elimination and graph theory, we have intro-
duced an algorithm to complete the correlation matrix, if only an incomplete
set of measured data is available, which does not allow to define all correla-
tions a unique way. Compared to the results of Grone et al. [7] and Barrett et
al. [1], our algorithm preserves that all entries are bounded by |a(i,j)| < 1, and
avoids the costly computation of optimisation problems. From an application-
oriented point of view, our algorithm can be implemented within pricing tools
based on simulating multidimensional stochastic volatility models.
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Summary. In the light of information security it is highly desirable to avoid a
“single point of failure” because this would be an attractive target for attackers.
Cryptographic protocols for distributed computations are important techniques in
pursuing this goal. An essential module in this context is the secure multiparty
multiplication of two polynomially shared values over Zq with a public prime number
q. The multiplication protocol of Gennaro, Rabin and Rabin (1998) is considered as
the best protocol for this purpose. It requires a complexity of O(n2k log n+nk2) bit
operations per player, where k is the bit size of the prime q and n is the number of
players. The present paper reduces this complexity to O(n2k + nk2) with unaltered
communication and round complexities. This improvement is possible by a loan from
the field of numerical analysis, namely by the use of Newton’s classical interpolation
formula. The distributed version of the famous probabilistic primality test of Miller
and Rabin is built of several modules, which depend on distributed multiplications.
Applications of the new method to these modules is studied and its importance for
distributed signatures is outlined.

1 Introduction

Under the title Where is the Football? the Time Magazine wrote in its is-
sue dated May 4, 1992: Anytime President Bush or Russian President Boris
Yeltsin travels, an aide tags along carrying the briefcase of electronic controls
that Americans call the nuclear football – the ignition key, in effect, for nu-
clear war. The former Soviet Union has three operational sets of such devices:
Yeltsin has one, which can be used only in conjunction with another set con-
trolled by Defense Minister Yevgeni Shaposhnikov. A third system is usually
held by the Defense Ministry and can replace either of the other two. But after
last year’s aborted coup, Western intelligence lost sight of the third football,
and officials were forced to ponder the implications of a nuclear fumble. Now
the intelligence boys have cleared up the mystery: the third football is safe in
the hands of the Defense Ministry chief of staff. Civilian power may be in flux,
but at least the nuclear authority has not changed hands.
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Obviously, the Russian system is an example for a two-out-of-three access
mechanism. Situations like this motivate the following definition: Let t be a
nonnegative and n a positive integer with t < n. A (t + 1)-out-of-n threshold
scheme is a method of sharing a secret key a among a set of n participants
(denoted by P), in such a way that any t + 1 participants can compute the
value of a, but no group of t or less participants can do so.

The value of a is chosen randomly by a special entity called the dealer
that is not a member of P but has to be trusted by its members. When
the dealer wants to share the secret a among the participants in P , he gives
each participant some partial information called a share. The shares should
be distributed secretly, so no participant knows the share given to another
participant. At a later time, a subset of members of P will pool their shares
in an attempt to compute the secret a. If this subset consists of t+ 1 or more
members, then they should be able to compute the value of a as a function
of the shares; otherwise they should not be able to compute a. A survey of
threshold schemes of this type can be found in the textbook of Stinson [17].

In [16] A. Shamir has proposed a seminal (t+1)-out-of-n threshold scheme.
A comprehensive presentation can be found in Catalano [4]. Let q be a public
prime number with q > n and let Zq = {0, 1, . . . , q − 1} denote the field of
residues modulo q. To share a secret a, the dealer randomly chooses t elements
bi ∈ Zq and sets f(z) as the polynomial

f(z) = a +

t∑

i=1

biz
i mod q .

Then he sends the value f(i) to player Pi (i = 1, 2, . . . n). The Lagrange
interpolation formula (e.g. Stoer and Bulirsch [18]) allows one to retrieve
the unique polynomial f whose degree does not exceed t from t + 1 support
ordinates. Let S = {Pi1 , . . . , Pit+1} be any subset of t+1 players. The formula
for the free term of the polynomial is

f(0) =

t+1∑

j=1

f(ij)
∏

1≤k≤t+1
k �=j

ik
ik − ij

mod q .

Defining the Lagrange interpolation coefficients by

λij =
∏

1≤k≤t+1
k �=j

ik
ik − ij

mod q ,

the shared secret a can be computed by the formula

a = f(0) =

t+1∑

j=1

λijf(ij)mod q . (1)
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The values of the Lagrange interpolation coefficients λij depend on q but are
independent from the specific polynomial one wants to interpolate. For this
reason they can be precomputed and their values do not need to be kept
secret.

Whereas the classical approach of Shamir [16] assumes the existence of
a trusted dealer, more recent approaches want to avoid the problem of such
a single point of failure for two reasons: 1) A dealer has full control of the
system. If he is dishonest, he could misuse this power. 2) The server of the
dealer is an attractive target for malicious adversaries and has to be protected
with high costs.

It is the aim of secure multiparty compuations to avoid the need for a
trusted dealer. The last two decades have seen an exciting development of
techniques of this type. Classical theoretical results [2, 6, 10, 19] show that any
multiparty computation can be performed securely, if the number of corrupted
participants does not exceed certain bounds. However already Gennaro, Ra-
bin and Rabin [9] point out, that these generic secure circuit techniques are
too inefficient in the area of practical feasibility, which might render them
impractical. Thus, it is a high priority to optimize such techniques.

Indeed, under the “honest-but-curious” model significant gains in efficiency
are possible. This model assumes that all players follow the protocols honestly,
but it is guaranteed that even if a minority of players “pool” their information
they cannot learn anything that they were not “supposed” to.

First, the question arises how in this model the members of P can generate
shares of a secret chosen jointly and at random in Zq without a trusted dealer.
For this purpose each player Pi chooses a random value ri ∈ Zq and shares
it according to the above described secret sharing scheme. Then he sends the
obtained shares to the remaining players of P . At this point each player sums
up (modulo q) all the received values and sets the obtained value as his share
of the jointly chosen random value. Please note, that the latter is the sum of
the ri and is never generated explicitly.

To bring this idea to its full potential it is necessary to perform compu-
tations with two or more jointly shared secrets. For example, in several cryp-
tographic protocols a number of participants is required to have an RSA [15]
modulus N = pq (p and q primes) for which none of them knows the factoriza-
tion ( see [1] and [4] for surveys on this). An essential step in the distributed
establishment of such a modulus is of course a primality test. Algesheimer,
Camenisch and Shoup [1] have presented a distributed version of the famous
probabilistic Miller-Rabin [12, 14] primality test. Their protocol is modularly
built of several (both elementary and rather complex) subprotocols (see also
Sect. 4 of the present paper).

Please note again, that these computations must be accomplished without
the use of a trusted dealer in a completely distributed manner. For elementary
operations, this is an easy task:
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1. Multiplication or addition of a constant (public) value and a polynomially
shared secret: This is done by having each player multiply (or add) his
share to the constant. This works because, if f(i) is a share of a, then
f(i) + c will be a share of a + c and c · f(i) one of c · a.

2. Addition of two polynomially shared values: This is done by having the
players locally add their own shares. Indeed, if f(i) is a share of a secret
a and g(i) a share of a secret b, the value f(i) + g(i) is actually a share of
the sum a + b.

The muliplication of two polynomially shared values is more complicated.
At the beginning of the multiplication protocol each player Pi holds as input
the function values fα(i) and fβ(i) of two polynomials fα and fβ with degree
at most t and α = fα(0), β = fβ(0). At the end of the protocol each player
owns the function value H(i) of a polynomial H with degree at most t as his
share of the product αβ = H(0). A first multiplication protocol of the this type
has been presented by Ben-Or, Goldwasser and Wigderson [2]. A considerable
improvement was proposed by Gennaro, Rabin and Rabin [9]. Presently, their
approach is considered as the most efficient protocol (see [1, 4]). It requires
O(k2n + kn2 logn) bit operations per player. Here, k is the bit size of the
prime q and n is the number of players; logx denotes the logarithm of x to
the base 2. In the present paper, this complexity is reduced to O(k2n + kn2).
Remarkably, the key idea for this success is the application of a rather old
technique, namely Newton’s classical interpolation formula [13] (Methodus
Differentialis, 1676).

The paper is organized as follows: Section 2 describes the the protocol of
Gennaro, Rabin and Rabin [9] for the reader’s convenience and investigates
its complexity in detail. Section 3 presents the new protocol and examines
its complexity. In Sect. 4 the impact of the new technique on the distributed
Miller-Rabin primality test is studied. In the last section the results of the
previous sections are viewed in the context of distibuted digital signatures.

2 The Protocol of Gennaro, Rabin and Rabin

The protocol in [9] assumes that two secrets α and β are shared by polyno-
mials fα(x) and fβ(x) respectively and the players would like to compute the
product αβ. Both polynomials are of degree at most t. Denote by fα(i) and
fβ(i) the shares of player Pi on fα(x) and fβ(x) respectively. The product of
these two polynomials is

fα(x)fβ(x) = γ2tx
2t + . . . γ1x + αβ

def
= fαβ(x).

Because of Eq. (1)

αβ = λ1fαβ(1) + . . . + λ2t+1fαβ(2t + 1)
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with known non-zero constants λi. Let h1(x), . . . , h2t+1(x) be polynomials of
degree at most t which satisfy that hi(0) = fαβ(i) for 1 ≤ i ≤ 2t + 1. Define

H(x)
def
=

2t+1∑

i=1

λihi(x) .

Then this function is a polynomial of degree at most t with the property

H(0) = λ1fαβ(1) + . . . + λ2t+1fαβ(2t + 1) = αβ .

Clearly, H(j) = λ1h1(j) + λ2h2(j) + . . . + λ2t+1h2t+1(j). Thus, if each of the
players Pi (1 ≤ i ≤ 2t+ 1) shares his share fαβ(i) with the other participants
using a polynomial hi(x) with the properties as defined above, then the prod-
uct αβ is shared by the polynomial H(x) of degree at most t. This idea is the
basis of the protocol given in Fig. 1.

Input of player Pi: The values fα(i) and fβ(i).

1. Player Pi (1 ≤ i ≤ 2t + 1) computes fα(i)fβ(i) and shares this value by
choosing a random polynomial hi(x) of degree at most t, such that

hi(0) = fα(i)fβ(i) .

He gives player Pj (1 ≤ j ≤ n) the value hi(j).
2. Each player Pj (1 ≤ j ≤ n) computes his share of αβ via a random poly-

nomial H , i.e. the value H(j), by locally computing the linear combination

H(j) = λ1h1(j) + λ2h2(j) + . . . + λ2t+1h2t+1(j) .

Fig. 1. The multiplication protocol of Gennaro, Rabin and Rabin

Please note, that the protocol implicitly assumes that the number of play-
ers n obeys n ≥ 2t + 1.

For the investigation of the complexity the basic assumption is made, that
the bit-complexity of a multiplication of a k-bit-integer and an l-bit-integer
is O(kl). This is a reasonable estimate for realistic values (e.g. k = l = 1024).
Step 1 of the protocol of Fig. 1 requires n evaluations of the polynomial hi(x)
of degree t. If Horner’s scheme is used for this purpose, one evaluation requires
t multiplications of a k-bit integer and an integer with at most entier(logn)+1
bits. In step 2 of the protocol each player has to compute 2t+1 multiplications
of two k-bit numbers. Taking into account that t < 2t + 1 ≤ n, a complexity
of O(n2k logn+nk2) bit operations per player follows. This is consistent with
the corresponding propositions in Algesheimer, Camenish and Shoup [1] and
Catalano [4].
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3 The New Protocol and its Complexity

3.1 The New Protocol

The key for reducing the complexity in the multiplication protocol of Gennaro,
Rabin and Rabin [9] is the observation that in Step 1 of the protocol in Fig. 1
each of the players Pi (1 ≤ i ≤ 2t+1) chooses a random polynomial of degree
at most t

hi(x) = atx
t + at−1x

t−1 + . . . + a1x + a0

with a0 = fα(i)fβ(i) and then has to evaluate this polynomial at n different
points. The present paper suggests that instead of choosing the coefficients
aj (1 ≤ j ≤ t), each of the players Pi (1 ≤ i ≤ 2t + 1) randomly picks t
support ordinates fj for the t abscissas xj = j (1 ≤ j ≤ t). Together with the
condition

hi(0) = fα(i)fβ(i)

this implicitly defines the unique interpolation polynomial hi(x) of degree at
most t. Then player Pi has to evaluate this polynomial for xj = j (t + 1 ≤
j ≤ n). Using Newton’s scheme of divided differences [13] (see e.g. Stoer
and Bulirsch [18]) these computations can be performed very efficiently. The
details are given in Fig. 2 with fj = hi(j) (0 ≤ j ≤ n). For readability reasons
the index i is omitted.

A few remarks are in place:

1. As in [9] the support abscissas for the interpolating polynomial hi(x) are
chosen as xj = j for 0 ≤ j ≤ n .

2. The zeros in the columns l = t+1, t+2, . . . , n of Fig. 2 are not computed.
Instead, they are prescribed and force the interpolating polynomial to be
of degree at most t.

3. The first t + 1 ascending diagonal rows are computed from left to right
starting from the prescribed support ordinate f0 = hi(0) = fα(i)fβ(i)
and the randomly chosen support ordinates f1 = hi(1), . . . , ft = hi(t).
The following diagonal rows are computed from right to left starting from
the prescribed zeros and ending in the computed support ordinates

ft+1 = hi(t + 1), . . . , fn = hi(n) .

4. Instead of calculating the diveded differences according to the usual defi-
nition (c.f. Stoer and Bulirsch [18])

fi0,i1,...,il

def
=

fi1,i2,...,il
− fi0,i1,...,il−1

xil
− xi0

,

the numbers

fi0,i1,...,il
· (xil

− xi0) = fi1,i1,...,il
− fi0,i1,...,il−1

.

are computed. This modification is the reason for the factors l! in column
l of the scheme of Fig. 2 and avoids superfluous arithmetic operations.
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l = 0 l = 1 l = 2 . . . l = t l = t + 1 . . . l = n

0 f0

f0,1

1 f1 2! · f0,1,2

f1,2

. . .

2 f2

... t! · f0,1,...,t

... . .
.

0
...

... 2! · ft−2,t−1,t t! · f1,2,...,t+1

. . .

ft−1,t . .
. ... 0

t ft 2! · ft−1,t,t+1

... . .
.

ft,t+1

... 0

t + 1 ft+1

... t! · fn−t,n−t+1,...,n

... . .
.

...
... 2! · fn−2,n−1,n

fn−1,n

n fn

Fig. 2. Newton’s divided-difference scheme for the new protocol

These ideas are the basis of the new protocol given in Fig. 3, where all
operations take place in Zq with a public prime number q (see Sect. 1).

A few comments are in place:

1. Step 1(a) of the protocol in Fig. 3 calculates the upper left corner in
Newton’s diveded difference scheme of Fig. 2.

2. Step 1(b) of this protocol calculates the following t ascending diagonal
rows from left to right. Here, the index k is running downwards for storage
efficiency reasons.

3. Step 1(c) of this protocol calculates the following n− t ascending diagonal
rows from right to left.

Apart from technical details in the calculations, the protocol of Gennaro,
Rabin and Rabin [9] (cf. Fig. 1) and the new protocol of Fig. 3 differ in
only one respect: In the protocol of Gennaro, Rabin and Rabin each player
Pi randomly chooses a polynomial hi(x) of degree at most t by choosing its
coefficients of x1, x2, . . . , xt. In the new protocol the same player Pi randomly
chooses t support ordinates for this polynomial:

f1 = hi(1), . . . , ft = hi(t) .
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Input of player Pi: The values fα(i) and fβ(i).

1. Player Pi (1 ≤ i ≤ 2t + 1) computes fα(i)fβ(i) and shares this value
by randomly choosing t support ordinates f1, f2, . . . , ft and executing the
following steps:
a)

g0 := fα(i)fβ(i) .

b) For j = 1, 2, . . . , t :
gj := fj ,
for k = j − 1, j − 2, . . . , 0 :

gk := gk+1 − gk .
c) For j = t + 1, t + 2, . . . , n :

for k = 0, 1, . . . , t − 1 :
gk+1 := gk+1 + gk .

fj := gt .
He gives player Pj (1 ≤ j ≤ n) the value

hi(j) := fj .

2. This step is identical to Step 2 in the protocol of Gennaro, Rabin and
Rabin (Fig. 1).

Fig. 3. The new multiplication protocol

This does not affect the randomness of the chosen polynomial hi(x). Therefore,
the proof of Theorem 3 in [9] applies to the new protocol as well and the
following theorem follows:

Theorem 1. The protocol of Fig. 3 is a secure multiplication protocol in the
presence of a passive adversary computationally unbounded.

3.2 Complexity of the New Protocol

Step 1(b) of the new protocol (Fig. 3) needs t(t + 1)/2 additions of two k-bit
numbers, where k is the bit size of the prime q and t+1 is the threshold. Step
1(c) of the same protocol requires (n − t)t additions, where n is the number
of players. Clearly, the complexity for the addition of two k-bit numbers is
O(k). Taking into account that t < 2t + 1 ≤ n, a complexity of O(n2k) bit
operations per player for step 1 of the new protocol follows. Step 2 requires
O(nk2) bit operations (see Sect. 2). So the following theorem is proven:

Theorem 2. The multiplication protocol of Fig. 3 requires O(n2k + nk2) bit
operations per player.

This result has to be compared with the bit-complexity of O(n2k logn +
nk2) for the multiplication protocol of Gennaro, Rabin and Rabin [9]. Please
note, that obviously the communication complexity and the round complexity
(for definitions see e.g. [4]) are not affected by a shift from the old to the new
protocol.
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4 Impact on the Distributed Miller-Rabin Primality Test

Algesheimer, Camenisch and Shoup [1] and Catalano [4] have pointed out the
attractiveness of modularity in the construction of protocols for distributed
computations. Simple protocols can be combined to address more complicated
tasks. In the following, MULold denotes the distributed multiplication protocol
of Gennaro, Rabin and Rabin (see Sect. 2), whereas MULnew means the new
protocol given in Sect. 3 of the present paper.

Algesheimer, Camenisch and Shoup [1] have presented an efficient protocol
for the distributed Miller-Rabin primality test. It is built of several subpro-
tocols. The following list gives their complexities. For details the reader is
referred to [1] or [4].

1. The protocol I2Q-BIT transforms additive shares over Z of a k bit se-
cret b into polynomial shares of the bits of b over Zq. Unfortunately, the
only known solution to perform this task is not very efficient, because it
requires one to resort to general multiparty computation protocols. Its
bit-complexity per player is

O(γkn3 logn + γ2kn2 + k2n2 logn),

where γ = O(ρ+log n) with ρ as a security parameter. This protocol does
not depend on distributed multiplications.

2. The protocol SI2SQ converts additive shares over Z into additive shares
over Zq. The protocol SQ2PQ converts the latter shares into polynomial
shares modulo q. The bit-complexities of these conversions are lower than
those of the other protocols and need not be considered further.

3. The protocol APPINV generates polynomial shares modulo q of an ap-
proximation to 1/p, where the polynomial shares of p are given. The cost
of this protocol is dominated by the cost of the distributed multiplication
protocol, which has to be repeated 2[log(t − 3 − log(n + 1))] ≈ O(log t)
times, where t > l + 5 + log(n + 1) with an accuracy parameter l. Conse-
quently, the cost of APPINV in terms of bit operations per player is

O((k2n + kn2 logn) log t) , if MULold is used,
O((k2n + kn2) log t) , if MULnew is used.

4. The TRUNC-protocol takes as input polynomial shares of a secret a and
a parameter κ and returns as output polynomial shares of b such that
|b − a/2κ| ≤ n + 1. All shares are modulo q. The protocol does not rely
on distributed multiplication and its bit-complexity per player is O(k2n+
kn2 logn).

5. The protocol MOD takes as input polynomial shares (over Zq) of secrets
c and p and the output of the APPINV-protocol and computes (roughly
speaking) polynomial shares (again over Zq) of d ≡ cmod p in a dis-
tributed manner. The cost of this protocol is dominated by two invoca-
tions of the MUL-protocol and two invocations of the TRUNC-protocol.
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Let MODMUL and MODTRUNC denote those parts of the MOD-protocol
that are dominated by the MUL- and TRUNC-protocols respectively. The
bit-complexity per player of MODMUL is

O(k2n + kn2 logn) , if MULold is used,
O(k2n + kn2) , if MULnew is used,

whereas the bit-complexity of MODTRUNC is always O(k2n + kn2 logn).
6. The protocol EXPMOD assumes that the players want to compute poly-

nomial shares (over Zq) of c ≡ ab mod p, where a, b and p are shared
secrets. The protocol uses the shared secrets of an approximation to 1/p
as computed by the APPINV-protocol. It also assumes that the players
hold shares of the bits of b as computed by the protocol I2Q-BIT. The
EXPMOD-protocol does about 3k distributed multiplications and about
2k invocations of the MOD-protocol. Consequently, it separates into a
fraction EXPMODMUL, that is dominated by the distributed multiplica-
tion protocol, and into a fraction EXPMODTRUNC, that is dominated by
the TRUNC-protocol. For the former the bit-complexity per player is

O(k3n + k2n2 logn) , if MULold is used,
O(k3n + k2n2) , if MULnew is used,

whereas the bit-complexity for fraction EXPMODTRUNC is always O(k3n+
k2n2 logn).

7. The protocol SETMEM allows the players to check whether a shared
secret a equals one of of the shared secrets β1, β2, . . . , βm modulo a shared
secret p. All shares are polynomial over Zq. In the distributed primality
test SETMEM is applied for β1 = +1 and β2 = −1, i.e. m = 2. In this case
the cost of the protocol is dominated by approximately 6n invocations of
the distributed multiplication protocol. Consequently, it requires

O(k2n2 + kn3 logn) , if MULold is used,
O(k2n2 + kn3) , if MULnew is used

bit operations per player.

The Miller-Rabin [12, 14] primality test is a probabilistic algorithm that
takes as input a candidate p for a prime and investigates this number in a
certain number (say ζ) of rounds. Each round gives at least a 3/4 probability
of finding a witness to the compositeness of p, if n is composite. These prob-
abilites are independent, so if the test is run with ζ = 50 rounds, then the
probability that p is composite and the test never finds a witness to this com-
positeness is at most 2−100. This pobability is sufficient for practical purposes
in cryptography.

Let pj be the additive shares (over the integers) of a candidate p for a
prime. The structure of the distributed version of the Miller-Rabin test as
developed by Algesheimer, Camenisch and Shoup [1] is as follows:
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1. Set b1 = (p1 − 1)/2 and bj = pj/2 for j ≥ 2.
2. One invocation of I2Q-BIT.
3. One invocation of SI2SQ, SQ2PQ and APPINV.
4. The following steps are repeated ζ times:

a) Choose the shares of an additive sharing over the integers uniformly
and at random from an appropriate set.

b) One invocation of SI2SQ, SQ2PQ and MOD.
c) One invoation of EXPMOD.
d) One invocation of SETMEM (with m = 2). If the output of this

protocol is failure, then stop and output composite.
5. Output probably prime.

A simple analysis based on the results presented above shows that the
bit-complexity of the distributed Miller-Rabin test is dominated by the bit-
complexity of the I2Q-BIT-protocol and ζ times the bit-complexities for the
EXPMOD- and SETMEM-protocols. The cost of the first is unaffected by a
shift from MULold to MULnew, whereas the cost of the second and the last
are advantageously reduced by such a shift. Nevertheless, for a reduction of
the global order of the bit-complexity of the distributed Miller-Rabin test
improvements of further subprotocols are necessary.

5 Remarks on Distributed Signatures

Using the algorithms described so far, it is possible to generate in a distributed
manner a composite integer N = pq with p and q primes or even safe primes.
In other words a shared RSA modulus can be computed for which none of the
players knows its factorization.

In many situations however, the parties are required to efficiently generate
not only the modulus but also shares of the private exponent. This task is
much less computationally involved than distributively generating the mod-
ulus N . In particular, Boneh and Franklin [3] and Catalano, Gennaro and
Halevi [5] have presented efficient protocols to accomplish this. One of the
main applications of these results is the construction of theshold variants of
signature schemes. In such a scheme n parties hold a (t + 1)-out-of-n sharing
of the secret key. Only when at least t + 1 of them cooperate they can sign a
given message. The reader is referred to [5], where two such signature schemes
are constructed. The first is an appropriate variant of the signature scheme of
Gennaro, Halevi and Rabin [8]; the second relies on the signature scheme of
Cramer and Shoup [7].
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Summary. Future robotic manipulators mounted on small satellites are expected
to perform important tasks in space, like servicing other satellites or automating
extravehicular activities on a space station. In a free-floating space manipulator,
the motion of the manipulator affects the carrier satellite’s position and attitude.
Spin-stabilization improves the system performance, but further complicates the
dynamics. The combination of satellite and multi-link manipulator is modeled as a
rigid multi-body system. A Maximum Principle based approach is used to calculate
optimal reference trajectories with high precision. To convert the optimal control
problem into a nonlinear multi-point boundary value problem, complicated adjoint
differential equations have to be formulated and the full apparatus of optimal con-
trol theory has to be applied. For that, an accurate and efficient access to first- and
higher-order derivatives is crucial. The special modeling approach described in this
paper allows it to generate all the derivative information in a structured and efficient
way. Nonlinear state and control constraints are treated without simplification by
transforming them into linear equations; they do not have to be calculated analyt-
ically. By these means, the modeling of the complete optimal control problem and
the accompanying boundary value problem is automated to a great extent. The fast
numerical solution is by the advanced multiple shooting method JANUS.

1 Introduction

In early 2007 satellite hopes ride on ”Orbital Express”. It is a flight experiment
seeking to demonstrate the feasibility of extending the lives of spacecraft al-
ready in orbit by refueling or even upgrading them in space by free-flying space
robotic systems. In such a system, and while the manipulator is active, the
position and attitude of the carrier satellite is actively three-axes controlled
by thrusters. In contrast, there is no active position and attitude control dur-
ing manipulator activity in a free-floating system to conserve fuel, to avoid
contamination with fuel exhausted and to keep system costs low. Additional
attitude control by spin-stabilization will help to make future free-floating
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service systems more robust. For the model configuration of a rigid body ma-
nipulator mounted on a despun platform on top of a small spin-stabilized
satellite the combined dynamic model is formulated in this paper in a struc-
tured way. Based on this model, optimal example motions are calculated by
indirect methods with high accuracy.

Reviews of main approaches to the dynamic modeling of space robotic
systems are given in [11, 17]. It is well-known in classical mechanics, that the
motion of a rigid body system can be split up into the motion of the center of
mass of the total system (CM) and the motion around the CM; this principle
is widespread used in space applications. It proved to be especially efficient
in combination with the Newton-Euler formalism [16, 23]. The approach was
further developed by completely decoupling the translational motion of the
CM [26]. The problem of dynamic singularities is treated in [22].

Optimal control applications focus on different major tasks. One is to fix
the spacecraft’s attitude and position by help of thrusters [12]. This requires
a relatively large amount of fuel. A second task is only to control the attitude,
e.g. by use of reaction wheels [20]. Another class of problems is the optimal
control of free-floating systems, which is addressed by direct methods in [24]
for a Shuttle mounted robot and in [14] for a more refined model including
collision checking. Free-flying systems, which reach the desired location and
orientation in space by help of thrusters, are treated in [25].

2 Modeling the Space Robotic System

An overall control-oriented modeling approach is presented combining ele-
ments from [17, 23, 22, 26] in a way well-suited for an efficient numerical
calculation of the dynamic equations of motion and their partial derivatives.

2.1 Coordinate System

The satellite-mounted manipulator is modeled as a chain of n rigid links con-
nected by revolute joints. The links are numbered starting from the satellite
base (link 1). For every i ∈ {1, . . . , n} a reference frame {i} is rigidly attached
to link i according to the following convention: The z-axis of frame {i} is
coincident with the joint axis i, the x-axis is perpendicular to the z-axes of
{i} and {i + 1} and the y-axis is defined by the right hand rule to complete
frame {i}. Using the Denavit-Hartenberg notation [9, 10] the transition from
{i − 1} to {i} is carried out by a rotation around xi−1 counterclockwise with
the link twist αi (angle between zi−1 and zi), a translation along xi−1 by the
link length ai (distance from zi−1 to zi), another counterclockwise rotation
around zi with the joint angle θi (angle between xi−1 and xi) and a translation
along zi by the link offset di (distance from xi−1 to xi).

Each revolute joint i is described via θi. The leading superscript 〈j〉 refers
to frame {j}, so e.g. 〈j〉x denotes the vector x ∈ IR3 expressed in an inertial
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frame which instantaneously has the same orientation as frame {j}. With

〈j−1〉R〈j〉 :=

⎛

⎝
cos θj − sin θj 0

cosαj sin θj cosαj cos θj − sinαj

sinαj sin θj sinαj cos θj cosαj

⎞

⎠ ∈ IR3×3

and the translation vector 〈j−1〉pj := (aj ,−dj sinαj , dj cosαj)
T ∈ IR3, the

following transformation formula holds for j ∈ {2, . . . , n}

〈j−1〉x = 〈j−1〉R〈j〉
〈j〉x+〈j−1〉pj , 〈j−1〉R〈j〉 = 〈j−1〉R〈j〉(θj) = 〈j〉R〈j−1〉

T
(θj) .

All quantities with the leading superscript 〈0〉 or without a leading superscript
are expressed in a frame with the same orientation as the inertial frame.

2.2 Geometrical Description

Let mi be the mass and ρi the position vector of the center of mass of link
i (CM i) with respect to an inertial system, i = 1, . . . , n. Let ρc denote the
position of the CM of the total system and ri the difference vector between
ρi and ρc

ρc =
1

M

n∑

i=1

miρi ⇒
n∑

i=1

miri = 0; M :=

n∑

i=1

mi , ri := ρi − ρc . (1)

With r−k and r+
k defined as the vectors from ρk to joint k and k+1, respectively

ri = r1 +

i−1∑

k=1

(
r+

k − r−k+1

)
, ri − ri−1 = r+

i−1 − r−i , i = 2, . . . , n .

The relative masses μ−
i and μ+

i connected to link i via joint i and i + 1
respectively are

μ−
i :=

1

M

i−1∑

k=1

mk , μ+
i :=

1

M

n∑

k=i+1

mk .

Using (1), one gets with the i-th link barycenter rb
i := μ−

i r−i + μ+
i r+

i

ri =

i−1∑

k=1

(
r+

k − rb
k

)
− rb

i +

n∑

k=i+1

(
r−k − rb

k

)
.

Introducing yk,i, this expression can be written more compactly

ri =
n∑

k=1

yk,i , yk,i :=

⎧
⎨
⎩

r+
k − rb

k for k < i ,
−rb

i for k = i ,
r−k − rb

k for k > i .
(2)

The following relations hold:
∑n

j=1 mj yk,j = 0 , k ∈ {1, . . . , n} .
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Fig. 1. Schematic view of the geometry and definitions of vectors.

2.3 Manipulator Dynamics in Space

Applying Newton’s law to the i-th link yields for the linear motion

miρ̈i = Fi,ex + f i − f i+1 , i = 1, . . . , n , fn+1 = 0 . (3)

Time t ∈ [t0, tf ] is the independent variable. Dots indicate time derivatives.
f i denotes the force exerted on link i by link i−1 and Fi,ex the external force
acting on CM i. For the linear motion of the CM, one gets from Newton’s law

M ρ̈c =

n∑

i=1

Fi,ex =: Fex . (4)

¿From (1) one obtains
∑n

i=1 mir̈i = 0. With this expression and r̈i = ρ̈i − ρ̈c,
summing up the Eqs. (3) and adding (4) yields f1 = 0. This is equivalent to

f i =

i−1∑

k=1

(
Fk,ex − mk

M
Fex − mkr̈k

)
(5)

= −
n∑

k=i

(
Fk,ex − mk

M
Fex − mkr̈k

)
. (6)

The rotational motion of the i-th link is described by Euler’s equation

Iiω̇i+ωi×Iiωi = Ni,ex +ñi−ñi+1+
(
r−i × f i − r+

i × f i+1

)
, i = 1, . . . , n. (7)

According to the definition of the geometry, ñ1 = 0 and ñn+1 = 0. ωi is the
angular velocity of frame {i} and Ii the tensor of inertia of link i with respect
to CM i. ñi is the torque exerted on link i by link i−1 and Ni,ex the external
torque acting on CM i.

(5) is substituted for f i and (6) for f i+1 in (7). Then the r̈k are eliminated
using (2) and ẏk,j = ωk × yk,j . Reordering the resulting terms in (7) with
respect to ω̇i and ωi finally yields
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Fig. 2. Revolute joints: link frames, link parameters, force and torque vectors.
ex|i, ey|i, ez|i are the unit vectors in x, y, z-direction of frame {i}.

n∑

k=1

Ii,kω̇k = Ni,ex + ñi − ñi+1 +

n∑

k=1

(
yi,k × Fk,ex − ωk × Ii,kωk

)
, (8)

Ii,k :=

⎧
⎪⎪⎨

⎪⎪⎩

Ii +

n∑

j=1

mj

(
yT

i,jyi,jE3 − yi,jy
T
i,j

)
, i = k ,

−M
(
yT

i,kyk,iE3 − yk,iy
T
i,k

)
, i 
= k ,

(9)

for i = 1, . . . , n. Ek = diag (1, . . . , 1) ∈ IRk×k is the k-dimensional unit matrix.
The ωi are expressed by

ωi = ω1 +
i∑

k=2

θ̇kgk . (10)

θ̇i denotes the rotational velocity at the revolute joint i and gi with ‖gi‖2 = 1
the normalized direction of the respective rotational axis. Insertion into (8)

with zk :=
∑k

j=2 θ̇j ġj =
∑k

j=2 ωj−1 × θ̇jgj leads to

n∑

k=1

Ii,k

⎛
⎝ω̇1 +

k∑

j=2

θ̈jgj

⎞
⎠ = Ni,ex + ñi − ñi+1 +

n∑

k=1

(
yi,k × Fk,ex

)

−
n∑

k=2

Ii,kzk −
n∑

k=1

(ωk × Ii,kωk) .

(11)

The coupling torques ñi can be split up into two orthogonal components:
The driving torque uigi around the rotational axis and the torsion force κi

ñi = uigi + κi , gT
i · κi = 0 .
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The manipulator motion is controlled via the motor torques ui , i = 2, . . . , n.
Summing up (11) from i = 1 to i = n yields

a1,1ω̇1 +

n∑

k=2

θ̈ka1,k =

n∑

i=1

N i . (12)

Here

N i := Ni,ex +

n∑

k=1

(
yi,k × Fk,ex − ωk × Ii,kωk

)
−

n∑

k=2

Ii,kzk (13)

and a1,1 := b1,1, a1,k := b1,k with

bj,1 :=

n∑

i=j

n∑

l=1

Ii,l ∈ IR3×3, bj,k :=

⎛
⎝

n∑

i=j

n∑

l=k

Ii,l

⎞
⎠ gk . (14)

Analogously summing up (11) from i = j to i = n for j ∈ {2, . . . , n} and
multiplying the result with gT

j from the left results in

aT
j,1ω̇1 +

n∑

k=2

θ̈kaj,k = uj + gT
j

n∑

i=j

N i, aT
j,1 := gT

j bj,1, aj,k := gT
j bj,k . (15)

The relative orientation of the first body of the space robotic system with
respect to the inertial reference frame is defined in terms of the three Eulerian
angles yaw ψ, pitch ϑ and roll φ. One transforms from the inertial frame to
the body fixed frame by rotating about the vertical z-axis by ψ, then rotating
about the node vector (= new y-axis) by ϑ, and finally rotating about the
x-axis of the body fixed frame by φ [19]

ω1 = 〈0〉ω1 =

⎛
⎝

ω1,x

ω1,y

ω1,z

⎞
⎠ = Ω

⎛
⎝

ψ̇

ϑ̇

φ̇

⎞
⎠, Ω :=

⎛
⎝

0 − sin(ψ) sin(ψ) cos(ϑ)
0 cos(ψ) cos(ψ) cos(ϑ)
1 0 − sin(ϑ)

⎞
⎠. (16)

〈0〉R〈1〉 can be written as the product of three elementary rotation matrices

〈0〉R〈1〉 =

⎛

⎝
cosψ − sinψ 0
sinψ cosψ 0

0 0 1

⎞

⎠

⎛

⎝
cosϑ 0 sinϑ

0 1 0
− sinϑ 0 cosϑ

⎞

⎠

⎛

⎝
1 0 0
0 cosφ − sinφ
0 sinφ cosφ

⎞

⎠ . (17)

The quantities yi,k, Ii and gi are constant in the body-fixed system {i}.
For a transformation to the inertial system, they are multiplied by

〈0〉R〈i〉 := 〈0〉R〈1〉 ·
i∏

j=2

〈j−1〉R〈j〉 . (18)

Using this strategy, (9,10) and (12,15) can be rewritten to allow an efficient
numerical computation
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Ii,i = 〈0〉R〈i〉

⎛
⎝〈i〉Ii +

n∑

j=1

mj

(
〈i〉yT

i,j
〈i〉yi,jE3 −〈i〉yi,j

〈i〉yT
i,j

)
⎞
⎠〈0〉RT

〈i〉, (19)

Ii,k = −M
(
yT

i,kyk,iE3 − yk,iy
T
i,k

)
, yi,k = 〈0〉R〈i〉

〈i〉yi,k . (20)

The expression in parenthesis in (19) can be precomputed. (20) is reduced
to vector operations. With (2), only (2n − 2) matrix-vector multiplications
〈0〉R〈i〉

〈i〉yi,k have to be performed in (20). In addition, Ii,k = IT
k,i.

Inserting the results into (14) and defining 〈k〉ez|k := (0, 0, 1)T yields

bj,1 :=

n∑

i=j

n∑

l=1

Ii,l , bj,k :=

⎛
⎝

n∑

i=j

n∑

l=k

Ii,l

⎞
⎠
(
〈0〉R〈k〉

〈k〉ez|k
)

, (21)

aT
j,1 =

(
〈0〉R〈j〉

〈j〉ez|j
)T

bj,1, aj,k =
(
〈0〉R〈j〉

〈j〉ez|j
)T

bj,k, j = 2, . . . , n.

ωi and zi – required for N i in (13) – are computed recursively

Initial values: ω1 := 〈0〉R〈1〉
〈1〉ω1, z1 := 0 .

i : 2 → n : ωi := ωi−1 +
(
θ̇i

〈0〉R〈i〉
〈i〉ez|i

)

zi := zi−1 + ωi−1 ×
(
θ̇i

〈0〉R〈i〉
〈i〉ez|i

)

Analogously, a backward recursion can be applied for the calculation of the(∑n
i=j

∑n
l=k Ii,l

)
in bj,k, starting from In,n (j = k = n).

With these quantities and the equations of the linear motion of the CM,
the equations of motion of the total space robotic system are obtained

Mẋ =

(
x̃2

Ñ

)
+

(
0
ũ

)
, M ∈ IR(2n+10)×(2n+10). (22)

Due to the special approach chosen, the linear motion and the rotational
motion are completely decoupled.

The following definitions have been used for the state vectors

x̃1 := (ρc, ψ, ϑ, φ, θ2, . . . , θn)T, x̃2 :=
(
ρ̇c,ω1, θ̇2, . . . , θ̇n

)T

, x := (x̃1, x̃2)
T,

the controls and the force- and torque-dependent terms

ũ :=

⎛
⎜⎜⎜⎜⎜⎝

0
0
u2

...
un

⎞
⎟⎟⎟⎟⎟⎠

, Ñ :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∑n
k=1 Fk,ex

∑n
k=1 N k

(〈0〉R〈2〉
〈2〉ez|2

)T ∑n
k=2 N k

...(
〈0〉R〈n〉

〈n〉ez|n
)T

N n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(23)
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and the extended manipulator joint space inertia matrix

M :=

⎛
⎜⎜⎜⎜⎜⎜⎝

E3

Ω
En−1

ME3

A

⎞
⎟⎟⎟⎟⎟⎟⎠

, A :=

⎛
⎜⎜⎜⎜⎜⎜⎝

a11 a12 · · · a1n

aT
21
... (ajk)2≤j,k≤n

aT
n1

⎞
⎟⎟⎟⎟⎟⎟⎠

. (24)

2.4 6-DOF Example System

Fig. 3 shows a free-floating space robot consisting of a small spin-stabilized
satellite (body 1) and a 3-DOF manipulator (bodies 2,3,4) with revolute joints,
mounted on a despun platform on top of the satellite. The rotational axes ez|3
and ez|4 are parallel and perpendicular to ez|2. Table 1 summarizes the data
for the example manipulator.

Motor torques are limited to

ui ∈ [−ui,max, ui,max] , u2,max = 0.5 Nm, u3,max = u4,max = 1.0 Nm.

The structured modeling approach allows it easily to incorporate spin-sta-
bilization with ω0 [rpm] via the initial values

〈1〉ω1(τ0) → 〈1〉ω1(τ0) + (0, 0, ω0/60)T , θ̇2(τ0) → θ̇2(τ0) − ω0/60 .

z1

x 1

y1

z2

z3

z4
x 3

x 2

x 4

y 4y2

Fig. 3. The 6-DOF example system with body-fixed coordinate systems.
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Table 1. Data for the example manipulator.

Unit Variable Body 1 Link 2 Link 3 Link 4

Mass [kg] m 90.00 5.00 5.00 10.00

r+
x 0.00 0.00 0.50 1.00

Center of mass [m] r+
y 0.00 0.00 0.00 0.00

(r+
i = −r−i ) r+

z −0.65 0.00 0.00 0.00

Ixx 15.00 0.12 0.31 0.62

Moments of inertia [kgm2] Iyy 15.00 0.12 0.57 3.60

(Ixy=Ixz=Iyz=0.00) Izz 18.00 0.10 0.57 3.60

[m] a 0.00 0.00 1.00
Denavit-Hartenberg [rad] α 0.00 π/2 0.00
parameters [m] d −0.65 0.00 0.00

[rad] θ θ2 θ3 θ4 + π

3 Calculation of Derivatives

3.1 Structural Considerations

Optimal control applications require a direct and efficient access to first and
higher order derivatives. For that, structural information is used to a great
extent in the present paper: The additive substructure of the individual parts
of the model (22) – achieved by the special modeling technique – complements
the typical linear basic structure of the equations of motion (22)

M(x)ẋ = h(x), h(x) :=

(
x̃2

Ñ

)
+

(
0
ũ

)
. (25)

Repeated partial differentiations of (25) result in the following recursive se-
quence of linear systems for the determination of ẋ and its derivatives [6]

M(x) ẋ = h(x) ,

M(x)
∂ẋ

∂xj
=

∂h(x)

∂xj
− ∂M(x)

∂xj
ẋ ,

M(x)
∂2ẋ

∂xj∂xk
=

∂2h(x)

∂xj∂xk
− ∂2M(x)

∂xj∂xk
ẋ − ∂M(x)

∂xj

∂ẋ

∂xk
− ∂M(x)

∂xk

∂ẋ

∂xj
,

. . .

(26)

The decomposition of M(x) has to be done only once, the subsequent steps
are reduced to forward and backward substitutions. The special structure of
M(x) is exploited to decrease the effort for the matrix decomposition by more
than one order of magnitude.
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3.2 Derivatives of Basic Building Blocks

For the rotational matrices 〈0〉R〈i〉 the first partial derivatives are

∂〈0〉R〈i〉
∂xj

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(
∂〈0〉R〈1〉

∂xj

)
·

i∏

k=2

〈k−1〉R〈k〉 , if j = 4, 5, 6 ,

j−6∏

k=1

〈k−1〉R〈k〉

(
∂〈j−6〉R〈j−5〉

∂xj

)
i∏

k=j−4

〈k−1〉R〈k〉
, if j = 7, . . . , n + 5

∧ j ≤ i + 5 ,

03 , else.

0k ∈ IRk×k denotes the k-dimensional null matrix. The extra effort for the
calculation of the derivatives is reduced by forming the ∂〈0〉R〈i〉/∂xj in par-

allel and simultaneously with 〈0〉R〈i〉 and splitting up every 〈j−1〉R〈j〉 into two
elementary rotations [13].

For the Ii,i, i = 1, . . . , n, the derivatives can be written

∂Ii,i

∂xj
=

⎧
⎪⎨
⎪⎩

Ĩ + ĨT, Ĩ :=
∂〈0〉R〈i〉

∂xj

〈0〉RT
〈i〉Ii,i

, if j = 4, 5, 6 or
(j = 7, . . . , n + 5 ∧ j ≤ i + 5) ,

03 , else .

The partial derivatives of Ii,k with respect to xj are non-zero for j = 4, 5, 6
or (j ∈ {7, . . . , n+ 5}) ∧ ((j ≤ i+ 5)∨ (j ≤ k + 5)) and are calculated similar
to (20) by vector operations only

wa :=
∂〈0〉R〈i〉

∂xj

〈i〉yi,k, wb :=
∂〈0〉R〈k〉

∂xj

〈k〉yk,i, yi,k = 〈0〉R〈i〉
〈i〉yi,k,

∂Ii,k

∂xj
= −M

(
wT

a yk,i + yT
i,kwb

)
E3 + M

(
wby

T
i,k + yk,iw

T
a

)
.

The partial derivatives of ωi and zi are computed recursively by differen-
tiating the recursion for ωi and zi. The new recursion reads as

Initial values:
∂ω1

∂xj
:=

∂
(〈0〉R〈1〉

〈1〉ω1

)

∂xj
,

∂z1

∂xj
:= 0 .

i : 2 → n :
∂ωi

∂xj
:=

∂ωi−1

∂xj
+

∂(θ̇i
〈0〉R〈i〉)

∂xj

〈i〉ez|i

∂zi

∂xj
:=

∂zi−1

∂xj
+

∂ωi−1

∂xj
×
(
θ̇i

〈0〉R〈i〉
〈i〉ez|i

)

+ ωi−1 × ∂(θ̇i
〈0〉R〈i〉)

∂xj

〈i〉ez|i

Exploiting the special structure of the recursion for the various xj further
reduces the effort by a factor of greater than 3.

Higher order partial derivatives of the basic building blocks are derived
analogously.
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3.3 Derivatives of Macro Expressions

The partial derivatives of the macro expressions M(x̃1) and h(x) in (25) can
be efficiently formed using the partial derivatives of the basic building blocks

∂M
∂xj

:=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

03

∂Ω

∂xj

0n−1

03

∂A

∂xj

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, j = 4, . . . , n . (27)

∂Ω/∂xj is non-zero only for j ∈ 4, 5, the elements of ∂A/∂xj are obtained
from sums of the Ii,k and their derivatives, multiplied by vectors 〈0〉R〈i〉

〈i〉ez|i
and/or their derivatives, if necessary (cf. (21) and the following equations).

The main effort in calculating the derivatives of h(x) is the calculation of
the partial derivatives of N i in (23). From (13) one obtains

∂N i

∂xj
:=

n∑

k=1

(
∂〈0〉R〈i〉

∂xj

〈i〉yi,k × Fk,ex − ∂ωk

∂xj
× Ii,kωk − ωk × ∂Ii,k

∂xj
ωk

−ωk × Ii,k
∂ωk

∂xj

)
−

n∑

k=2

(
∂Ii,k

∂xj
zk + Ii,k

∂zk

∂xj

)
(28)

Again using the results from Sect. 3.2 significantly simplifies the procedure.

4 Optimal Control of the Space Robotic System

4.1 General Formulation

The equations of motion derived in Sect. 2 form a key element of the optimal
control problem of the n-body space robotic system (here: n = 4). In a more
abstract way the optimal control problem can be stated as follows:

Find a state function x : [τ0, τF ] −→ IR2n+10 and a control function u :
[τ0, τF ] −→ U ⊂ IRn−1, which minimize the objective function

∫ τF

τ0
L(x,u) dt

subject to

ẋ = f i(x,u) for t ∈ [τi, τi+1[ , τm̃+1 =: τF , i = 0, 1, . . . , m̃ ,

0 = r̃(τ0,x(τ0), τF ,x(τF )) ∈ IRk , k ≤ 4n + 20

0 = qi(τi,x(τi),x(τ−
i ),x(τ+

i )) ∈ IRli ,

0 ≤ Cij(x,u) , 1 ≤ j ≤ ki ; r̃,qi sufficiently smooth ; k, li, ki ∈ IN .

x is assumed to be an element of space W1,∞([τ0, τF ], IR2n+10) of the uniformly
Lipschitz-continuous functions under the norm ‖x‖1,∞ := ‖x(τ0)‖2 + ‖ẋ‖∞;
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‖·‖2 denotes the Euclidean norm and ‖ẋ‖∞ := sup{‖ẋ(t)‖2

∣∣t ∈ [τ0, τF ]}. u :=

(u2, . . . , un)T is assumed to be an element of space L∞([τ0, τF ], IRn−1) of the
bounded functions under the norm ‖u‖∞.

(
W1,∞([τ0, τF ], IR2n+10), ‖ · ‖1,∞

)

and
(
L∞([τ0, τF ], IRn−1), ‖ · ‖∞

)
are Banach spaces.

τ0 is the initial time, τF the final time and the τi are intermediate times
with interior point conditions. Ūi := [τi, τi+1] × IR2n+10 × IRn−1 and f i ∈
C3(Ūi, IR

2n+10), Cij ∈ CN2(Ūi, IR), N2 ∈ IN sufficiently large. As usual we
define x(τ±

j ) := limε→0,ε>0 x(τj ± ε).

4.2 Control-Constrained Problem

In a well-known manner (see e.g. [2, 21]) the problem of optimal control defined
above is transformed into a multi-point boundary value problem.

In case of an unconstrained system, the following (4n + 20)-dimensional
system of coupled nonlinear differential equations results

ẋ = f(x,u) , λ̇ = −Hx(x,λ,u) . (29)

λ denotes the vector of the adjoint variables, f the right-hand side of the
system of differential equations of motion and

H(x,u,λ) = L(x,u) + λTf(x,u) = L(x,u) + λTẋ (30)

the Hamiltonian. The controls u are derived from

Hu(x,λ,u) = 0 ∧ Huu(x,λ,u) pos. semidefinite.

The explicit form (29) of the equations of motion is achieved by solving
the linear system (22) for ẋ. The equations for the adjoint variables read

λ̇xj = − ∂H

∂xj
= − ∂L

∂xj
− λT ∂ẋ

∂xj
, j = 1, . . . , 2n + 10 . (31)

The subscript of each adjoint variable refers to the respective state variable.
The partial derivatives ∂ẋ/∂xj are obtained from the recursion (26).

For control constraints of type ui ∈ [ui,min, ui,max], i = 2, . . . , n, – for
which the set of admissible controls is a convex polyhedron – one gets

ui =

{
ui,min , if Si > 0
ui,max , if Si < 0

.

The switching function Si is defined by Si := Hui = ∂L/∂ui − λT∂ẋ/∂ui,
the zeros of Si are called the switching points. ∂ẋ/∂ui is obtained from the
special linear system with the matrix M(x) already decomposed

M(x)
∂ẋ

∂ui
= h̃i ,

(
h̃i

)

j
=

{
1 , if j = n + 10 + i,
0 , else.

(32)

For Si(t) ≡ 0 ∀ t ∈ [t1, t2], τ0 < t1 < t2 < τF , i ∈ {2, . . . , n}, singular con-
trol exists [21]. The numerical treatment is similar to that of state constraints.
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4.3 State-Constrained Problem

In addition to control constraints, state constraints can be active. In case of
one active scalar constraint

0 = C(x(t)) ∈ IR ∀ t ∈ [t1, t2] ⊂ ]τ0, τF [ ,

the solution procedure is briefly outlined. Total time derivatives C(j) :=
djC/dtj have to be calculated, until at j = k

∃ i ∈ {2, . . . , n} ∋ ∂

∂ui
C(k) 
≡ 0

∧ ∂

∂uν
C(j) = 0 ∀ j ∈ {0, 1, . . . , k − 1}, ∀ ν ∈ {2, . . . , n} .

One component of u is then determined from C(k) ≡ 0; without loss of gen-
erality, let this component be u2. k is called the order of the state constraint.

General constraints are coupled to the Hamiltonian of the unconstrained
problem by Lagrangian multiplier functions (see e.g. [2, 18]) to define the
augmented Hamiltonian H̃ . One way to define H̃ is

H̃(x,u,λ, μ) := H(x,u,λ) + μC(k)(x) (33)

with the multiplier function μ(t).
Appropriate interior point conditions have to be added at the beginning

and the end of a constrained arc, sign-conditions concerning the multiplier
functions have to be checked (for a survey see e.g. [15]).

Optimal control problems with singular controls or state constraints can be
regarded as differential-algebraic systems [8] and at least partly reformulated
into minimum coordinates [1, 5, 7].

The core element in the determination of u2 from the constraint is the
efficient calculation of the total time derivatives. In case of k = 1 one gets

0 =
d

dt
C(x) =

2n+10∑

i=1

∂C(x)

∂xi
ẋi ∧ ∂

∂u2

(
d

dt
C(x)

)

= 0 . (34)

The unknowns (ẋ, u2) ∈ IR2n+11 are the solution of the inhomogeneous linear
system formed by (22) and (34). An explicit analytical expression for u2 is not
necessary. For the complete control formalism, H̃ from (33) is differentiated
to obtain the differential equations for λ and the information on μ(t). The
following derivatives have to be calculated in addition

∂

∂xj

(
d

dt
C(x)

)
=

(
∂C(x)

∂x1
, . . . ,

∂C(x)

∂x2n+10

)
· ∂ẋ

∂xj
+

2n+10∑

i=1

∂2C(x)

∂xi∂xj
ẋi , (35)

∂

∂uk

(
d

dt
C(x)

)
=

(
∂C(x)

∂x1
, . . . ,

∂C(x)

∂x2n+10

)
· ∂ẋ

∂uk
. (36)

For ∂ẋ/∂xj and ∂ẋ/∂uk the values from (26,32) are inserted. Higher order
state constraints are calculated analogously [6].
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5 Numerical Results

For the 6-DOF example system specified in Sect. 2.4 time-optimal point-to-
point trajectories are calculated. Initial spin-stabilization is with 5 rpm, the
manipulator platform is completely despun at τ0.

Besides the control constraints, state constraints of order 1 have been
imposed on the joint velocities and become active on various subarcs

Ci(x(t)) := θ̇2
i − 0.42 ≤ 0 , i = 2, 3, 4 . (37)

In case of Ci(x(t)) active, (34) can be written

2θ̇iθ̈i = 0 ⇔ θ̈i = 0 for θ̇i 
= 0 .

The simplification is possible, because the constraint can be active only for
θ̇i 
= 0. The expressions in (35,36) decrease to

∂

∂xj

(
d

dt
Ci(x)

)
= 2θ̇i

∂θ̈i

∂xj
,

∂

∂uk

(
d

dt
Ci(x)

)
= 2θ̇i

∂θ̈i

∂uk
.

With the augmented Hamiltonian (33) the switching and jump conditions
for a constrained arc [t1, t2] ∈ [τ0, τF ] read as

Ci(x)|t−1 = 0, H̃
∣∣∣
t−1

= H̃
∣∣∣
t+1

, λxj (t
−
1 ) = λxj (t

+
1 ) ∀ j ∧ (j 
= n + 10 + i),

H̃
∣∣∣
t−2

= H̃
∣∣∣
t+2

, λ(t−2 ) = λ(t+2 ).

The following sign conditions have to be fulfilled

μ(t) ≥ 0 , sign
(
θ̇i(t

−
1 )
) (

λxn+10+i(t
−
1 ) − λxn+10+i(t

+
1 )
)
≥ 0 .

The numerical treatment of the multi-point boundary value problem is
by the advanced version JANUS [4] of the multiple shooting method [3]. It
provides an improved stability of the solution process and an increased rate
of convergence. A detailed description is given in [4].

The results for an example trajectory are depicted in Fig. 4. The behaviour
of the following quantities vs. the normalized time ξ := t/(τF − τ0) = t/τF

is shown: satellite orientation (ψ, ϑ, φ) (upper left), optimal controls (upper
right), joint angles (lower left) and joint velocities (lower right). Three con-
strained arcs are active. Total operation time τF − τ0 = 8.7355 s. The Hamil-
tonian has to be constant; this is fulfilled with a rel. tolerance of 10−9.

Summary

Maximum Principle based methods are used to calculate optimal trajectories
with high accuracy for free-floating space robotic systems. Significant draw-
backs of the indirect approach have been resolved. By the special approach
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Fig. 4. Example trajectory: Satellite orientation, optimal controls, joint angles and
joint velocities vs. normalized time ξ := t/(τF − τ0).

described in this paper, the model structure is revealed, additional effects like
spin-stabilization can be directly included. Derivative information is generated
in a structured and efficient way. State and control constraints are transformed
into linear equations and do not have to be calculated analytically. Optimal
motion trajectories are calculated for a 6-DOF example system.
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Computing the Earth Gravity Field with
Spherical Harmonics
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Wissenschaften, Alfons-Goppel-Str. 11, D-80539 München

Summary. The expensive evaluation of the spherical-harmonic series expansion
of the earth gravity field is optimised by transition to 4-dimensional coordinates.
That makes disappear square roots and trigonometric functions. The singularity at
the poles inherent in spherical coordinates is removed by the increase of dimension.
Instead of the associated Legendre functions we obtain a basis of hypergeometric
Jacobi polynomials that reproduces under derivation. Thus, the calculation of their
derivatives cancels in the Forsythe summation technique; for the Clenshaw summa-
tion, the recursions of function value and derivatives are decoupled.

1 Introduction

Geodesy, the science of surveying the earth, is one of the fields of personal
interest of Prof. Bulirsch. Geodesy today deals with the determination of
an earth model consisting of a time-dependent surface – represented by
position and velocity coordinates of marked points on the earth surface –,
physical parameters – describing the gravitational field, the ocean surface,
or the refractivity of the atmosphere, e.g. –, and last but not least the time
series of the earth’s origin and orientation with respect to the celestial inertial
system – more precisely, origin and orientation of the conventional triplet of
unit vectors underlying that model. Suppose all these model parameters being
combined in a vector p ∈ IRn, the vector of the parameters solved for. Hereat
n can reach a magnitude of 600 000.

The current geodetic measurement techniques use satellites or extragalac-
tic radio sources. If, in satellite geodesy, the orbit coordinates of one or more
satellites are collected in a vector x(t), the problem arises to integrate the
differential equation

ẍ(t) = F (t, x(t), ẋ(t), p)

together with its variational equations with respect to the dynamic parame-
ters within p. For it, multistep integration methods are chosen, because the
numerical cost of the integrator is negligible compared to the expense to eval-
uate the right hand side F .
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The perturbing acceleration F is a sum of all the forces acting on the
satellite (divided by the mass of the satellite). F includes gravitational ac-
celeration due to a lunar gravity field and due to the attraction of the point
masses of sun and planets, atmospheric drag, radiation pressure due to solar
radiation, earth albedo, and terrestrial infrared radiation, thermic and rel-
ativistic effects, and attitude control. But the term dominant in magnitude
and computing cost is the gravitational acceleration of the earth which is
represented as the gradient of a static potential field with time-varying cor-
rections due to the mass displacements of ocean tides, solid earth tides, and
the wobble of the rotation axis. The actual state of free space potential mod-
els provides a one-degree-resolution corresponding to a series of about 130 000
spherical-harmonic eigenfunctions of the Laplace operator.

The function to be optimised is conventionally modelled as a harmonic
potential in spherical coordinates,

V (r, λ, ϕ) =

N∑

m=0

N∑

n=m

Vnm(r, λ, ϕ) where

Vnm(. . .) =
GM

a

(a
r

)n+1(
C̄nmcos(mλ) + S̄nm sin(mλ)

)
P̄nm(sinϕ)

=
GM

a

(a
r

)n+1

Re
[(

C̄nm− iS̄nm

)
eimλ

]
P̄nm(sinϕ)

(1)

with dimensionless coefficients C̄nm and S̄nm. There is a=a⊕ the major semi-
axis of the reference ellipsoid belonging to that model, and GM=GM⊕ the
gravitational constant multiplied with the mass of the earth. The P̄nm denote
the fully normalised associated Legendre functions of degree n and order m.

At each integrator-step along a satellite orbit, given as cartesian position,
we have to calculate from the potential (1) the gradient, the second-order
tensor, both in cartesian coordinates, and the gradient derivatives with respect
to the model parameters C̄nm and S̄nm, if these parameters belong to p.

2 The Conventional Approach in Spherical Coordinates

Denote the cartesian coordinates of a satellite position by x, y, z. Intro-
duce spherical coordinates : the radius r ≥ 0 and two angles, the latitude
ϕ ∈ [−π/2,+π/2] and the longitude λ mod 2π. They are related to cartesian
coordinates by

x = r cosϕ cosλ , y = r cosϕ sinλ , z = r sinϕ .

In the literature one finds instead of ϕ mostly the colatitude or polar
distance ϑ = π/2 − ϕ. Here we prefer the latitude, because its domain
[−π/2,+π/2] coincides with the range of the inverse trigonometric functions



Gravity calculation with Spherical Harmonics 279

arcsin and most notably arctan. As a, sloppy speaking, fourth cartesian coor-
dinate we make use of the radius of the parallel of latitude

ρ =
√

x2+ y2 = r cosϕ .

Then it holds x+ iy = ρ exp (iλ) and ρ+ iz = r exp (iϕ) . Moreover, it proves
to be convenient to introduce normalised cartesian coordinates

x̄ =
x

r
, ȳ =

y

r
, z̄ =

z

r
= sinϕ , ρ̄ =

ρ

r
= cosϕ

and, for the use in derivatives, the “adjoint” coordinates

x∗ = −y , y∗ = +x , z∗ = 0 .

The first fundamental form of metrics,

g11 = 1 , g22 = r2 , g33 = r2 cos2ϕ , gik = 0 otherwise,

shows that spherical coordinates are orthogonal coordinates.
The Laplace operator is expressed in spherical coordinates as

△f =
1

r2

[
∂

∂r

(
r2 ∂f

∂r

)
+

1

cosϕ

∂

∂ϕ

(
cosϕ

∂f

∂ϕ

)
+

1

cos2ϕ

∂2f

∂λ2

]

Potential functions such as Vnm are solutions of Laplace’s equation △V = 0.
They are harmonic. Expressed in spherical coordinates, Laplace’s equation
separates into three ordinary differential equations for functions f1(r), f2(λ),
f3(ϕ) respectively. The base functions that span the general solution (1) of
Laplace’s equation therefore are products f1(r)f2(λ)f3(ϕ). The non-radial
part of this product is called surface (spherical) harmonic. It is

C̄m
n (λ, ϕ) = cos(mλ)P̄nm(sinϕ) , S̄m

n (λ, ϕ) = sin(mλ)P̄nm(sinϕ)

or in complex notation

C̄m
n (λ, ϕ)+ iS̄m

n (λ, ϕ) = eimλP̄nm(sinϕ) .

The complete base functions r−(n+1)
(
C̄m

n (λ, ϕ)+iS̄m
n (λ, ϕ)

)
are called solid

spherical harmonics. Keep in mind to distinguish the surface harmonic C̄m
n

and the potential coefficient C̄nm by means of the position of the index m.
Despite the separability, the spherical coordinates have disadvantages: the

need of trigonometric functions in coordinate transformation and the inherent
singularities at the origin (λ and ϕ undetermined) and at the poles (λ undeter-
mined). To overcome the problems we want to advance in evolutionary steps
towards new coordinates.
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3 Eliminating Odd Powers of ρ̄ = cos ϕ

Outside an arbitrary small neighborhood of the poles the transformation

ϕ �−→ z̄ = sin(ϕ) ,
∂

∂ϕ
= cos(ϕ)

∂

∂z̄
= ρ̄

∂

∂z̄

is strictly monotonous and continuously differentiable. Thus, we may replace
the coordinate ϕ by z̄ = sin(ϕ). In the following we refer the triplet (r, λ, z̄)
to spherical coordinates too.

The factor ρ̄ in the substitute for the latitude derivative causes throughout
the applied formulas that the factor ρ̄ = cosϕ =

√
x̄2 + ȳ2 =

√
1−z̄2 appears

in even powers only. These formulas are summarised in the following.
The differentiation of the coordinate transformation between cartesian and

spherical coordinates yields for each ξ ∈ {x, y, z}
∂r

∂ξ
= ξ̄ , r

∂z̄

∂ξ
= δξz − ξ̄z̄ , ρ̄2r

∂λ

∂ξ
= ξ̄∗ . (2)

The second derivatives with respect to an arbitrary ξ, η ∈ {x, y, z} read

r
∂2r

∂ξ∂η
= δξη − ξ̄η̄

r2 ∂2z̄

∂ξ∂η
= (3ξ̄η̄ − δξη) z̄ − (ξ̄δηz + η̄δξz)

r2ρ̄4 ∂2λ

∂ξ∂η
= −

(
ξ̄η̄∗ + ξ̄∗η̄

)
(1−δξz) (1−δηz)

(3)

To transform the potential gradient from spherical to cartesian coordi-
nates, we apply (2) and thereby get

r
∂V

∂x
= x̄

(
r
∂V

∂r
− z̄

∂V

∂z̄

)
− ȳ

( 1

ρ̄2

∂V

∂λ

)

r
∂V

∂y
= ȳ

(
r
∂V

∂r
− z̄

∂V

∂z̄

)
+ x̄

( 1

ρ̄2

∂V

∂λ

)

r
∂V

∂z
= z̄

(
r
∂V

∂r
− z̄

∂V

∂z̄

)
+

∂V

∂z̄

(4)

In particular, the transformation (4) is invariant under rotations of the basis
about the z-axis inserted between the cartesian and the spherical system. But
the polar singularity of the spherical coordinates still manifests in the factor
1/ρ̄2 of the longitudinal derivative. Since at the poles ∂V/∂λ tends to zero,
this singularity is removable.

The transformation of the second order derivatives to cartesian coordinates
follows by means of (2) and (3). For arbitrary ξ, η ∈ {x, y, z} we get
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r2 ∂2V

∂ξ∂η
= ξ̄η̄

[(
r2 ∂

2V

∂r2
− 2z̄ r

∂2V

∂r∂z̄
+ z̄2 ∂

2V

∂z̄2

)
−
(
r
∂V

∂r
− 3z̄

∂V

∂z̄

)]
+

+ (ξ̄δηz + η̄δξz)

[(
r
∂2V

∂r∂z̄
− z̄

∂2V

∂z̄2

)
− ∂V

∂z̄

]
+ δξzδηz

∂2V

∂z̄2
+

+ (ξ̄η̄∗+ ξ̄∗η̄)

[
1

ρ̄2

(
r
∂2V

∂r∂λ
− z̄

∂2V

∂z̄∂λ

)
− (1−δξz)(1−δηz)

1

ρ̄4

∂V

∂λ

]
+

+ (δξz η̄
∗+ δηz ξ̄

∗)
1

ρ̄2

∂2V

∂z̄∂λ
+ ξ̄∗η̄∗

1

ρ̄4

∂2V

∂λ2
+

+ δξη

(
r
∂V

∂r
− z̄

∂V

∂z̄

)

(5)

Finally the Laplace operator becomes in these coordinates

△f =
1

r2

[
∂

∂r

(
r2 ∂f

∂r

)
+

∂

∂z̄

(
(1−z̄2)

∂f

∂z̄

)
+

1

(1−z̄2)

∂2f

∂λ2

]
=

=
1

r2

[
r2 ∂

2f

∂r2
+ 2r

∂f

∂r
+ (1−z̄2)

∂2f

∂z̄2
− 2z̄

∂f

∂z̄
+

1

(1−z̄2)

∂2f

∂λ2

] (6)

Making the substitution f(r, λ, z̄) = f1(r)f2(λ)f3(z̄), Laplace’s equation sep-
arates into three ordinary differential equations

f1 : r2f ′′
1 (r) + 2r f ′

1(r) − n(n+1)f1(r) = 0

f2 : f ′′
2 (λ) + m2f2(λ) = 0

f3 : (1−z̄2)f ′′
3 (z̄) − 2z̄ f ′

3(z̄) +
(
n(n+1) − m2

(1−z̄2)

)
f3(z̄) = 0

(7)

with linking constants or separation constants n(n+1) and m.

4 Digression on Legendre Functions

Remember the orthogonal Legendre Polynomials, defined by the formula of
Rodrigues

Pn(z̄) =
1

2nn!

dn

dz̄n
(z̄2− 1)n

(
z̄ ∈ [−1,+1], n = 0, 1, 2, . . .

)
.

Define to each polynomial Pn the (associated) Legendre functions of order
m (m = 0, 1, . . . , n) by

Pnm(z̄) =
(
1−z̄2

)m
2

dm

dz̄m
Pn(z̄) =

1

2nn!

(
1−z̄2

)m
2

dn+m

dz̄n+m

(
z̄2− 1

)n
. (8)

That are polynomials only if m = 0. Note that in mathematical literature
(e.g. [1, 3]) the Legendre functions are mostly defined with the opposite sign
as Pm

n (z̄) = (−1)mPnm(z̄).
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The Pnm solve the third equation in (7), and, for any fixed order m,
the subset {Pnm |n=m,m+1, . . .} represents a complete orthogonal system
in L2[−1,+1] with

〈Pkm, Pnm〉 =
1

2

∫ 1

−1

Pkm(z̄)Pnm(z̄)dz̄ =
1

2n+1

(n+m)!

(n−m)!
δnk .

From the Legendre polynomials they inherit a recurrence relation, thus

P00 = 1 , Pmm = (2m−1)
√

1−z̄2 Pm−1,m−1

Pm−1,m = 0 , Pnm =
2n−1

n−m
z̄ Pn−1,m − n+m−1

n−m
Pn−2,m

(9)

There are a lot of relations to calculate the derivative, e.g.

(1−z̄2)P ′
n,m = (n+1)z̄Pn,m − (n+1−m)Pn+1,m

(1−z̄2)P ′
n,m = −n z̄Pn,m + (n+m)Pn−1,m

(1−z̄2)P ′
n,m = m Pn−1,m − n (n+1−m)ρ̄Pn,m−1

(1−z̄2)P ′
n,m = m Pn+1,m − (n+1)(n+m)ρ̄Pn,m−1

For the question of normalisation, look at

max
{
Pνμ(z̄)

∣∣ |z̄|≤1, 0≤μ≤ν≤m
}

= Pmm(0) = 1·3·5·7 . . . ·(2m−1).

The growth with increasing order m produces numeric overflow, in the 8-Byte
number model from m=151. Since geodesy deals with orders up to m=360,
normalisation became convention.

It is the surface harmonics that have to be normalised. This means to
determine a factor ηnm so that

1

4π

+π∫

λ=−π

+π/2∫

ϕ=−π/2

∣∣fnm(ϕ, λ)
∣∣2 cosϕdϕdλ = 1

for fnm(ϕ, λ) =

{
C̄m

n (λ, ϕ) = ηnmcos(mλ)Pnm(sinϕ) ,

S̄m
n (λ, ϕ) = ηnm sin(mλ)Pnm(sinϕ) .

It turns out that

ηnm =

√
2

1+δm,0
(2n+1)

(n−m)!

(n+m)!
. (10)

Within the surface harmonics the factor is added on the Legendre functions :
P̄nm = ηnmPnm. For m > 0 the scaled functions adopt their maximum at
ϕ = 0 with the value

P̄mm(0) =

√
2(2m+1)!

2m m!
−→ ∞ as m → ∞
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For m = 0
P̄n0(1) =

√
2n+1 −→ ∞ as n → ∞

In both cases the overflow will not be reached within the range of numerically
educible integers for n and m.

The recursion of the fully normalised functions is deduced from (9) :

P̄00 = 1 , P̄mm = νmm

√
1−z̄2 P̄m−1,m−1

P̄m−1,m = 0 , P̄nm = νnm

(
z̄ P̄n−1,m − P̄n−2,m

νn−1,m

) (11)

with factors

ν11 =
η11

η00
=

√
3 , νmm = (2m−1)

ηm,m

ηm−1,m−1
=

√
2m+1

2m
(m > 1)

νnm =
2n−1

n−m

ηn,m

ηn−1,m
=

√
(2n−1)(2n+1)

(n−m)(n+m)
(n > m)

An alternative normalisation is the following scaling :

P̃nm = ηnmPnm with ηnm =

√
(n−m)!

(n+m)!
and 〈P̃km, P̃nm〉 =

δnk

2n+1
.

Such scaled Legendre functions have an easy to calculate recursion relation

P̃00 = 1 , P̃mm =

√
2m−1

2m

√
1−z̄2 P̃m−1,m−1

P̃m−1,m = 0 , P̃nm =
1

νnm

(
(2n−1) z̄ P̃n−1,m − νn−1,mP̃n−2,m

)

with νn,m =
√

(n−m)(n+m) .

(12)

5 Transition to Polynomials

As is known, the surface spherical harmonics Cm
n (λ, ϕ) and Sm

n (λ, ϕ) have
an unique representation as polynomials of x̄, ȳ, z̄ (see Table 1). Polynomials
ease the calculation of cartesian derivatives. Regarding the definition (8) of
the Legendre functions which are neither polynomials, we recognise the factor
dmPn/dz̄

m being a polynomial of the minimal degree n−m. If the remainder
(1−z̄)m/2 = cosm ϕ is transfered from P̄nm(z̄) to the longitudinal part of Vnm,
we may obtain polynomials too. Indeed,
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(
C̄nmcos(mλ) + S̄nm sin(mλ)

)
cosmϕ =

= Re
[
(C̄nm− iS̄nm) eimλ

]
cosmϕ =

= Re
[
(C̄nm− iS̄nm) (eiλ cosϕ)m

]
=

= Re
[
(C̄nm− iS̄nm) (x̄ + iȳ)m

]
=

= C̄nm Re
[
(x̄ + iȳ)m

]
+ S̄nm Im

[
(x̄ + iȳ)m

]
.

For the new factors of the potential coefficients,

ζm(x̄, ȳ) = Re
[
(x̄ + iȳ)m

]
and σm(x̄, ȳ) = Im

[
(x̄ + iȳ)m

]
,

complex multiplication and derivation provide an easy algorithm which will
be detailed in (19) and the following.

Concerning now on the polynomials of z̄ to be derived from (8):

Hnm(z̄) :=
Pnm(z̄)

(1−z̄2)m/2
=
( d

dz̄

)m

Pn(z̄). (13)

As mth derivative of the polynomial Pn of degree n Hnm is a polynomial of
degree n−m. In particular Hmm is a constant :

Hmm(z̄) = Pmm(0) =
(2m)!

2m m!
= 1·3·5·7· . . . ·(2m−1) −→ ∞ as m → ∞ .

Table 1. The first unnormalised surface spherical harmonics Cm
n (x̄, ȳ, z̄) and

Sm
n (x̄, ȳ, z̄) as functions of cartesian coordinates on S

2.

C0
1 = z̄ , C1

1 = x̄

S1
1 = ȳ

C0
2 =

1

2

`

3z̄2−1
´

, C1
2 = 3 x̄z̄ , C2

2 = 3
`

x̄2− ȳ2´

S1
2 = 3 ȳz̄ , S2

2 = 6 x̄ȳ

C0
3 =

1

2
z̄
`

5z̄2−3
´

, C1
3 =

3

2
x̄
`

5z̄2−1
´

, C2
3 = 15

`

x̄2−ȳ2
´

z̄

S1
3 =

3

2
ȳ
`

5z̄2−1
´

, S2
3 = 30 x̄ȳz̄

C0
4 =

1

8

`

35z̄4−30z̄2+3
´

, C1
4 =

5

2
x̄z̄
`

7z̄2−3
´

, C2
4 =

15

2

`

x̄2−ȳ2´`7z̄2−1
´

S1
4 =

5

2
ȳz̄
`

7z̄2−3
´

, S2
4 = 15 x̄ȳ

`

7z̄2−1
´
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Accordingly, these polynomials inherit the Legendre function’s undesirable
feature of numeric overflow from the order of m=151 (8-Byte arithmetic).
They must be normalised.

The recursion of the Legendre functions in (9) is directly carried forward
to give

H00 = 1 , Hmm = (2m−1)Hm−1,m−1

Hm−1,m = 0 , Hnm =
2n−1

n−m
z̄ Hn−1,m − n+m−1

n−m
Hn−2,m

For any fixed order m, the functions {Hnm |n = m,m+1, . . .} constitute a
complete orthogonal system in L2[−1,+1] with respect to the scalar product

〈Hkm, Hnm〉 =
1

2

∫ 1

−1

(1−t2)mHkm(t)Hnm(t)dt =
1

2n+1

(n+m)!

(n−m)!
δnk .

From the weight function w(t) = (1− t2)m we conclude that the Hnm can
be represented as a special case of the hypergeometric polynomials or Jacobi
Polynomials

Hnm =
(n+m)!

2m n!
P

(m,m)
n−m .

Ŧ4
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Ŧ
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Fig. 1. “Fully” normalised polynomials H̄nm(z̄) = P̄
(m)
n (z̄) for order m = 3 (their

polynomial degree is n−m).
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In particular holds Hn0 = P
(0,0)
n = Pn.

The most outstanding property of the Hnm is their reproduction under
derivation. This can be seen from (13) :

d

dz̄
Hnm =

d

dz̄

(( d

dz̄

)m

Pn

)
=
( d

dz̄

)m+1

Pn = Hn,m+1 (14)

Since in (13) the Hnm were by differentiation derived from the Legendre
polynomials, one gains by (m−1)-fold differentiation of equations, which relate
the Pn with their derivatives, additional formulas for the Hnm, for instance

Hn+1,m − Hn−1,m = (2n+1)Hn,m−1

Hn+1,m − z̄ Hn,m = (n+m)Hn,m−1

(z̄2−1)Hn,m+1 = (n−m)z̄ Hn,m − (n+m)Hn−1,m

Let’s mention three kinds of normalisation which lead to different recursion
and derivation formulas.

Table 2. Mathematical properties of the polynomials Hnm

Weight function :

w(t) = (1−t2)m

Rodrigues’ formula :

Hnm(t) =
1

2n n!

“ d

dt

”n+m

(t2−1)n = P (m)
n (t)

Standardisation :

Hnm(1) =
1

2m m!

(n+m)!

(n−m)!
=

(2m)!

2m m!

 

n+m

n−m

!

n-Recursion :

Hmm =
(2m)!

2m m!
, Hnm =

2n−1

n−m
tHn−1,m −

n+m−1

n−m
Hn−2,m

m-Recursion :

(1−t2)Hn,m+1 = 2mtHn,m − (n−m+1)(n+m) Hn,m−1

Highest coefficient :

k̂nm =
1

(n−m)!

n
Y

ν=1

(2ν−1) =
1

(n−m)!

(2n)!

2n n!

Derivative :
d

dt
Hnm(t) = Hn,m+1(t)

Differential equation :

(1−t2)f ′′(t) − 2(m+1)t f ′(t) + (n−m)(n+m+1)f(t) = 0
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(a) Full normalisation of the polynomials

Definition :

H̄nm =
P̄nm

(1−t2)m/2
= ηnm Hnm , H̄mm =

1

2m m!

√
2(2m+1)!

1+δm,0

Recursion (derived from (11)):

H̄00 = 1 , H̄mm = νmm H̄m−1,m−1

H̄m−1,m = 0 , H̄nm = νnm

(
z̄ H̄n−1,m −

H̄n−2,m

νn−1,m

)

Derivative (derived from (14)):

d

dz̄
H̄nm =

ηn,m

ηn,m+1
H̄n,m+1 =

√
(n−m)(n+m+1)

1+δm,0

H̄n,m+1

(b) Partial normalisation of the polynomials

From the normalisation factor ηnm of the surface harmonics (10) we use only
the last part dependent on n±m. How to dispose the remainder will be detailed
in Sect. 7.

Definition :

H̃nm =

√
(n−m)!

(n+m)!
Hnm =

√
1+δm,0

2(2n+1)
H̄nm , H̃mm =

√
(2m)!

2m m!
.

Recursion (derived from (11)):

H̃00 = 1 , H̃mm =

√
2m−1

2m
H̃m−1,m−1 ,

H̃m−1,m = 0 , H̃nm =
1

νnm

(
(2n−1)z̄ H̃n−1,m − νn−1,m H̃n−2,m

)

with νnm =
√

(n−m)(n+m) .

Derivative (derived from (14)):

d

dz̄
H̃nm =

√
(n−m)(n+m+1) H̃n,m+1

(c) Normalisation to sectorial unity

For the sake of completeness we mention a very cost-effective normalisation
which can be used only for low degree polynomials. This scaling converts all
the sectorial polynomials Ĥmm into unity. Then the recursions for every order
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may be run parallelly.

Definition :

Ĥnm =
2mm!

(2m)!
Hnm =

Pnm

Pmm

, Ĥmm = 1 .

The root-free n-recursion (9) of the Pnm persists for the functions Ĥnm :

Ĥm−1,m = 0 , Ĥm,m = 1 , Ĥn,m =
2n−1

n−m
z̄ Ĥn−1,m − n+m−1

n−m
Ĥn−2,m

Derivative
d

dz̄
Ĥnm = (2m+1) Ĥn,m+1

By (2) we gain the derivatives with respect to cartesian coordinates of IR3

r
∂

∂ξ
Ĥn,m = (2m+1)

(
δξz − ξ̄z̄

)
Ĥn,m+1

(
ξ ∈ {x, y, z}

)
.

6 Removing the Polar Singularity

Cartesian coordinates are not afflicted with a polar singularity. The last
achieved representation of the surface harmonics,

C̄m
n + iC̄m

n = (x̄+iȳ)mH̄nm(z̄) ,

lets arise the idea to treat them as functions of the three normalised cartesian
coordinates on S2. If we add the coordinate r or rather 1/r for the radial part
of the solid harmonics, we end up with 4-dimensional coordinates

u0 =
1

r
, u1 =

x

r
, u2 =

y

r
, u3 =

z

r
. (15)

The inverse transformation is

x = u1/u0 , y = u2/u0 , z = u3/u0 , 1 = u2
1 + u2

2 + u2
3 .

In addition, u1 and u2 should also be treated as a single complex variable
u1+ iu2. Let us write (x1, x2, x3) for (x, y, z). Then the partial derivatives are
written

∂uk

∂xi

= u0

(
δik − uiuk

)

∂2uk

∂xi∂xj

= u2
0

(
3uiujuk − uiδjk − ujδik − ukδij

)
k = 0, 1, 2, 3

i, j = 1, 2, 3
(16)

The relation to the spherical derivatives is
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r
∂f

∂r
= − u0

∂f

∂u0
= x1

∂f

∂x1
+ x2

∂f

∂x2
+ x3

∂f

∂x3

∂f

∂φ
=
√

u2
1+u2

2

{ ∂f

∂u3
− u3

u2
1+u2

2

(
u1

∂f

∂u1
+ u2

∂f

∂u2

)}
=

= ρ
{ ∂f

∂x3
− x3

ρ2

(
x1

∂f

∂x1
+ x2

∂f

∂x2

)}

∂f

∂λ
= u1

∂f

∂u2
− u2

∂f

∂u1
= x1

∂f

∂x2
− x2

∂f

∂x1

By (16) the cartesian gradient in IR3 and the second derivatives result in

∂V

∂xi

=

3∑

k=0

∂V

∂uk

· ∂uk

∂xi

= u0

(
∂V

∂ui

− ui

3∑

k=0

uk

∂V

∂uk

)
(i = 1, 2, 3) (17)

∂2V

∂xi∂xj

=

3∑

k=0

3∑

l=0

(∂uk

∂xi

)( ∂ul

∂xj

) ∂2V

∂uk∂ul

+

3∑

k=0

( ∂2uk

∂xi∂xj

) ∂V

∂uk

=

= u2
0

[
uiuj

(
3

3∑

k=0

uk

∂V

∂uk

+

3∑

k=0

3∑

l=0

ukul

∂2V

∂uk∂ul

)

− ui

( ∂V

∂uj

+

3∑

k=0

uk
∂2V

∂uk∂uj

)
− uj

( ∂V

∂ui

+

3∑

k=0

uk
∂2V

∂uk∂ui

)

+
∂2V

∂ui∂uj

− δij

3∑

k=0

uk

∂V

∂uk

]

(i, j = 1, 2, 3) (18)

As a trial we may use

x1

∂V

∂x1

+ x2

∂V

∂x2

+ x3

∂V

∂x3

= − u0

∂V

∂u0

.

The harmonic function Vnm still separates into a product of three functions
Vnm(u0, u1, u2, u3) = f1(u0)f2(u1+iu2)f3(u3) which satisfy the three ordinary
diffential equations

f1 : u2
0f

′′
1 (u0) − n(n+1)f1(u0) = 0

f2 : (u1+iu2)
2f ′

2(u1+iu2) − m(m−1)f2(u1+iu2) = 0

f3 : (1−u2
3)f

′′
3 (u3) − 2(m+1)u3f

′
3(u3) + (n−m)(n+m+1)f3(u3) = 0

7 The Forsythe Algorithm

So far we have seen that the potential summand Vnm of (1) decomposes in a
product of three functions of u0, u1+iu2, and u3 respectively. It is – subject
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to the selected algorithm – numerically reasonable not to attach the normali-
sation factor ηnm from (10) to the polynomial Hnm only, but to spread it over
the three functions :

Vnm(u) = GM anun+1
0 · Re

[
(C̄nm− iS̄nm)(u1+ iu2)

m
]
· ηnmHnm(u3) =

= νnGM anun+1
0

︸ ︷︷ ︸
Rn(u0)

· μm Re
[
(C̄nm− iS̄nm)(u1+ iu2)

m
]

︸ ︷︷ ︸
Lm(u1, u2)

· τnmHnm(u3)

︸ ︷︷ ︸
Tnm(u3)

The three factors νn, μm, τnm have to fulfil the condition

νn · μm · τnm =

{
ηnm for fully normalised coefficients C̄nm, S̄nm,

1 for unnormalised coefficients Cnm, Snm.

In order to recover the three normalisations of the polynomials Hnm specified
in Sect. 5, we have to set in case of fully normalised coefficients

(a) Full normalisation of polynomials : Tnm = τnmHnm = H̄nm

νn = 1 , μm = 1 , τnm = ηnm

(b) partial normalisation of polynomials : Tnm = τnmHnm = H̃nm

νn =
√

2(2n+1) , μm =

√
1

1+δm,0
, τnm =

√
(n−m)!

(n+m)!

In case of unnormalised coefficients Cnm and Snm we may set

(c) Normalisation to sectorial unity : Tnm = τnmHnm = Ĥnm

νn = 1 , μm =
(2m)!

2mm!
, τnm =

1

μm
=

2mm!

(2m)!

The first function : The calculation of the radial function is straightforward

Rn(u0) = νn GMan un+1
0 =⇒ u0

dRn

du0
= (n+1)Rn(u0)

The second function : The corresponding longitudinal function is converted
into Lm(u1, u2) = C̄nmζm(u1, u2) + S̄nmσm(u1, u2) with

ζm(u1, u2) = μm Re
[
(u1+ iu2)

m
]
, σm(u1, u2) = μm Im

[
(u1+ iu2)

m
]
.

Then, the multiplication ζm + iσm = (u1 + iu2)
m = (u1 + iu2)(u1 + iu2)

m−1

results in a recursion for the real and imaginary parts
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ζ0 = μ0 , ζm =
μm

μm−1

(
u1 ζm−1 − u2 σm−1

)
,

σ0 = 0 , σm =
μm

μm−1

(
u1 σm−1 + u2 ζm−1

)
.

(19)

The complex derivation of the holomorphic function

(u1+ iu2) �−→ ζm+ iσm = μm(u1+ iu2)
m

yields all the partial derivatives of ζm and σm with respect to u1 and u2. As
a consequence of complex differentiability it will suffice to calculate only the
partials with respect to u1.

∂ζm

∂u1
=

mμm

μm−1
ζm−1 =

∂σm

∂u2
,

∂σm

∂u1
=

mμm

μm−1
σm−1 = − ∂ζm

∂u2
,

∂2ζm

∂u2
1

=
mμm

μm−1

(m−1)μm−1

μm−2
ζm−2 =

mμm

μm−1

∂ζm−1

∂u1
,

∂2ζm

∂u1∂u2
= − ∂2σm

∂u2
1

,
∂2ζm

∂u2
2

= − ∂2ζm

∂u2
1

,

∂2σm

∂u2
1

=
mμm

μm−1

(m−1)μm−1

μm−2
σm−2 =

mμm

μm−1

∂σm−1

∂u1
,

∂2σm

∂u1∂u2
= +

∂2ζm

∂u2
1

,
∂2σm

∂u2
2

= − ∂2σm

∂u2
1

The third function : Tnm(u3) is evaluated by any of the 3-term-recursions.

Tnm(u3) = τnmHnm(u3) ,
dTnm

du3

=
τn,m

τn,m+1

Tn,m+1(u3)

First partial derivatives of Vnm :

u0

∂Vnm

∂u0
= (n+1) Rn

[
Cnmζm + Snmσm

]
Tnm = (n+1)Vnm

∂Vnm

∂u1
=

mμm

μm−1
Rn

[
+Cnmζm−1 + Snmσm−1

]
Tnm

∂Vnm

∂u2
=

mμm

μm−1
Rn

[
−Cnmσm−1 + Snmζm−1

]
Tnm

∂Vnm

∂u3
=

τn,m

τn,m+1
Rn

[
Cnm ζm + Snmσm

]
Tn,m+1

Using the recursion (19) we can supplement the formulas



292 Michael Gerstl

u1

∂Vnm

∂u1

+ u2
∂Vnm

∂u2

= m Rn

[
Cnmζm + Snmσm

]
Tnm = mVnm

and

3∑

k=0

uk

∂Vnm

∂uk

=
τn,m

τn+1,m+1

Rn

[
Cnmζm + Snmσm

]
Tn+1,m+1

Second partial derivatives of Vnm :

u2
0

∂2Vnm

∂u2
0

= (n+1)n Rn

[
Cnmζm + Snmσm

]
Tnm

u0
∂2Vnm

∂u0∂u1
= (n+1)

mμm

μm−1
Rn

[
+Cnmζm−1 + Snmσm−1

]
Tnm

u0
∂2Vnm

∂u0∂u2
= (n+1)

mμm

μm−1
Rn

[
−Cnmσm−1 + Snmζm−1

]
Tnm

u0
∂2Vnm

∂u0∂u3
= (n+1)

τn,m

τn,m+1
Rn

[
Cnmζm + Snmσm

]
Tn,m+1

∂2Vnm

∂u2
1

=
mμm

μm−1

(m−1)μm−1

μm−2
Rn

[
+Cnmζm−2 + Snmσm−2

]
Tnm

∂2Vnm

∂u1∂u2
=

mμm

μm−1

(m−1)μm−1

μm−2
Rn

[
−Cnmσm−2 + Snmζm−2

]
Tnm

∂2Vnm

∂u1∂u3
=

mμm

μm−1

τn,m

τn,m+1
Rn

[
+Cnmζm−1 + Snmσm−1

]
Tn,m+1

∂2Vnm

∂u2
2

= − ∂2Vnm

∂u2
1

∂2Vnm

∂u2∂u3
=

mμm

μm−1

τn,m

τn,m+1
Rn

[
−Cnmσm−1 + Snmζm−1

]
Tn,m+1

∂2Vnm

∂u2
3

=
τn,m

τn,m+1

τn,m+1

τn,m+2
Rn

[
Cnmζm + Snmσm

]
Tn,m+2

The remaining derivatives are to complete symmetrically. According to the
choosen type of normalisation the factors yield

(a) Full normalisation of the polynomials
(
νn=μm=1, τnm= ηnm

)
:

mμm

μm−1
= m,

τn,m

τn,m+1
=

√
(n−m)(n+m+1)

1 + δm0

(b) Partial normalisation of the polynomials
(
νn=

√
2(2n+1) , μm=

√
1/(1+δm,0), τnm=

√
(n−m)!/(n+m)!

)
:
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mμm

μm−1
= m

√
1+δm,1 ,

τn,m

τn,m+1
=
√

(n−m)(n+m+1)

(c) Normalisation to sectorial unity
(
νn=1, μm=1/τnm, τnm= 2mm!/(2m)!

)
:

mμm

μm−1
= m(2m−1) ,

τn,m

τn,m+1
= (2m+1)

8 Clenshaw Summation

If variational equations with respect to the potential coefficients C̄nm, S̄nm

are not required, we may apply Clenshaw’s algorithm to calculate the sum
in (1). The Clenshaw technique holds for functions Tk(z̄) satisfying a linear
homogeneous recurrence

T1(z̄) = a1(z̄)T0(z̄) , Tk(z̄) = ak(z̄)Tk−1(z̄) + bk(z̄)Tk−2(z̄) .

with T0(z̄) 
= 0 given. For it the summation algorithm of Clenshaw is written

UN := AN

UN−1 := AN−1 + aNUN

for k = N−2, . . . , 0 : Uk := Ak + ak+1Uk+1 + bk+2Uk+2 (20)

then :
N∑

k=0

AkTk = U0T0 .

How to profit from the previous results will be shown with the partial sum

U
(m)
0 =

((a
r

)m
H̄m,m(z̄)

)−1 N∑

n=m

(
C̄nmζm+ S̄nmσm

)(a
r

)n
H̄n,m(z̄) .

In this case we have to make the substitutions k = n−m and

Ak = C̄nmζm + S̄nmσm , ak = νnm

(a
r

)
z̄ ,

Tk(z̄) =
(a
r

)n−m

ηnmHn,m(z̄) , bk =
νnm

νn−1,m

(a
r

)2

with νnm taken from (11). The Clenshaw method can provide the partial
derivatives of the sum as well. Let’s exemplify that with the variable u3 = z̄.
Commonly one differentiates the relation (20) to get (Note that in this case
∂z̄Ak = ∂z̄bk = ∂z̄z̄ak = 0 ) :

Uk = ak+1 Uk+1 + bk+2 Uk+2 + Ak

∂z̄Uk = ak+1 ∂z̄Uk+1 + bk+2 ∂z̄Uk+2 + ∂z̄ak+1Uk+1

∂z̄z̄Uk = ak+1∂z̄z̄Uk+1 + bk+2∂z̄z̄Uk+2 + ∂z̄ak+1∂z̄Uk+1
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Therewith the recursions of derivatives will be annexed to the recursion of
the function which amplifies the accumulated rounding error. To get decou-
pled recursions, write down the n-recursion for the unnormalised polynomi-
als Hn,m, Hn,m+1, and Hn,m+2, and scale each of the equations with the
same arbitrary normalisation factor ηnm (ηnm independent from z̄), and set
νnm := (a/r) ηn,m/ηn−1,m. By (14) we arrive at three independent recurrence
relations for

Tn,m(z̄) =
(a
r

)n−m

ηnmHn,m(z̄) , T ′
n,m(z̄) =

(a
r

)n−m

ηnmHn,m+1(z̄) ,

T ′′
n,m(z̄) =

(a
r

)n−m

ηnmHn,m+2(z̄) .

They read

Tnm =
νnm

n−m

(
(2n−1) z̄ Tn−1,m − (n+m−1) νn−1,m Tn−2,m

)

T ′
nm =

νnm

n−m−1

(
(2n−1) z̄ T ′

n−1,m − (n+m+0) νn−1,m T ′
n−2,m

)

T ′′
nm =

νnm

n−m−2

(
(2n−1) z̄ T̃ ′′

n−1,m − (n+m+1) νn−1,m T̃ ′′
n−2,m

)

Therefrom we derive decoupled Clenshaw recursions

Uk−1,m = Ak−1,m + νnm

[
(2n−1) z̄

n−m
Uk,m +

n+m+0

n−m+1
νn+1,m Uk+1,m

]

U ′
k−1,m = Ak−1,m + νnm

[
(2n−1) z̄

n−m−1
U ′

k,m +
n+m+1

n−m
νn+1,m U ′

k+1,m

]

U ′′
k−1,m = Ak−1,m + νnm

[
(2n−1) z̄

n−m−2
U ′′

k,m +
n+m+2

n−m−1
νn+1,m U ′′

k+1,m

]
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Summary. The article presents an integrated approach for the design and control
of entry trajectories. The output of the analytical design process is a drag profile
together with the nominal sink rate and bank control. All quantities are functions
of specific energy. The trajectory design is strongly related to a path control law,
which consists of a linear feedback of the drag and sink rate errors. The control
design is based on the solution of a globally valid linear model. In simulations, the
guidance and control algorithm produces smooth and precise flight paths.

1 Introduction

The entry flight optimization of Apollo by Bulirsch [1] is a milestone in space-
craft mission planning. The result demonstrates the performance of multiple
shooting [2] as well as the economic benefit of optimal control. The mini-
mization of the total heat load indicates the necessary size of the thermal
protection system. The task of the entry guidance is the on-board correction
of the flight path to compensate for disturbances and model uncertainties.
Optimal guidance in the sense of neighbouring extremals [3] is naturally re-
lated to the multiple shooting method. The paper by Kugelmann and Pesch
[4] is a representative example for neighbouring extremals in entry flight.

The original entry guidance of Apollo [5] and the Space Shuttle [6] is based
on a drag reference profile as a function of velocity. This is quite natural
as entry physically means dissipation of energy by aerodynamic drag. The
guidance performs an on-board correction of the drag profile in order to keep
the precise range-to-go to the target. The task of the path control is to track
the modified drag profile. The classical path controller of the Shuttle is a
feedback of sink rate and drag. The Space Shuttle guidance inspired a lot of
conceptual work on entry guidance and control. For instance, there are real-
time optimization methods for the definition and correction of the drag profile
[7], [8], [9], [10].

The present paper describes an integrated approach for trajectory design,
guidance, and path control.
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1. Path planning consists of an analytical design of a drag-versus-energy
profile. The design includes the nominal sink rate and bank control. Both
are functions of specific energy, as well.

2. The guidance continuously adapts the drag profile to the required range-
to-go. It is based on the observation that a global scale factor on the drag
profile has the inverse effect on the predicted range [11].

3. The drag tracking control is a linear feedback of the sink rate and drag er-
rors. The control design is based on a linear, globally valid error dynamics
model.

The vehicle model underlying this study is taken from the X-38, which was
planned as a rescue vehicle for the International Space Station. Unfortunately,
the project was stopped in a rather advanced phase.

2 Dynamical Model

The following equations of motion provide the model for realistic entry simu-
lations.

δ̇ =
V cos γ cosχ

RE + h
, λ̇ =

V cos γ sinχ

(RE + h) cos δ
, ḣ = V sin γ . (1)

Equations (1) are kinematic equations describing the position of the space-
craft. δ, λ and h denote declination, longitude, and altitude on a spherical
Earth with radius RE = 6378 km. V is the absolute value of the (Earth rel-
ative) velocity vector, γ is its inclination with respect to the local horizontal
plane (“flight path angle”). χ indicates the flight direction with respect to
north (“heading angle”).

The following dynamic equations describe the change of the velocity vector.

V̇ = −D

m
− g sin γ , (2)

γ̇ =
1

V
(
V 2 cos γ

RE + h
+ 2ωE V sinχ cos δ +

L

m
cosμ − g cos γ) , (3)

χ̇ =
1

V cos γ
[
V 2 (cos γ)2 sinχ tan δ

RE + h

−2ωE V (sin γ cosχ cos δ − cos γ sin δ) +
L

m
sinμ] . (4)

The Earth model consists of the gravity model

g = g0 (
RE

RE + h
)2 with g0 = 9.80665 m/s

2

and the air density
̺ = ̺0 eσ(h) (5)
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with tabulated data for σ(h). ̺0 = 1.225 kg/m3 denotes air density at sea
level. ωE = 7.29 × 10−5 rad/s is the turn rate of Earth. The bank angle μ
is the only control variable. It is the angle between the lift vector and the
vertical plane through the velocity vector. μ is positive if the lift vector is on
the righthand side in flight direction and vice versa. Lift L and drag D are
modelled as

L = q S cL, D = q S cD (6)

with the dynamic pressure q = ̺ V 2/2. The model functions and constants
are taken from the X-38 project. In (6) S = 21.31 m2 denotes the reference
wing area of the X-38. The lift and drag coefficients cL and cD are tabulated
functions of V . It is typical for all entry vehicles that the lift-to-drag ratio

E =
L

D
=

cL

cD

is nearly constant. For the X-38, the value is slightly below 1 all the time.
Finally, m = 9060 kg is the vehicle’s mass.

The most critical vehicle constraint is the heat flux limit:

Q̇ = CQ
√
̺ V 3.15 ≤ Q̇max . (7)

The assumed data of the X-38 are CQ = 10−4 and Q̇max = 1.2 × 106 W/m
2
.

Finally, path planning needs the definition of specific energy:

e =
V 2

2 g0
+

RE

RE + h
h . (8)

Specific energy means total energy per unit weight, its dimension is m. Dif-
ferentiation of e and substitution of (1), (2) yields

ė = − V D

mg0
. (9)

3 Path Control Design

The task of the path control is to track a predetermined flight path, which is
represented as a drag profile in classical entry guidance. In terms of mathe-
matics, the path control law is a mapping from the state space into the control
space. In this application, the bank angle μ is controlled such that the vehicle
approaches the desired flight path and remains close to it.

3.1 Control Design Model

The classical entry path control [6], [5] is a feedback of the drag and sink rate
measurements. In this section a control design model is set up having exactly
these outputs as states. The derivation is based on the following simplifica-
tions:
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1. The air density model (5) reduces to the pure exponential function

̺(h) = ̺0 exp(−h/hs)

with the constant parameter hs (“scale height”). In reality hs varies be-
tween 7 and 10 km.

2. The drag coefficient cD is constant.
3. g0/V

2 may be neglected compared to inverse scale height:

g0

V 2
≪ 1

hs
.

4. Specific energy essentially consists of kinetic energy: e = V 2/(2g0) .

Assumptions 1, 2 are standard on entry guidance and control design. Because
of assumptions 1–3 the state variables

x1 =
D

mg0
, x2 =

ḣ

hs

satisfy the differential equations

ẋ1 = x1 [−2g0

V
x1 − x2], ẋ2 =

ḧ

hs
.

x1 denotes dimensionless normalized drag, x2 means normalized sink rate. ḧ
takes the role of the control as it is directly related to the bank angle. Instead
of time the dissipated energy Δe = einit − e will act as independent variable.
einit is the initial value of e. According to (9) its rate is

Δė = V x1 .

Change of independent variables and application of assumption 4 yields

(
x′

1

x′
2

)
=

(− 1
e − 1√

2g0e

0 0

)(
x1

x2

)
+

(
0
1

)
ḧ

hs V x1
.

The prime denotes derivatives with respect to Δe. The control transformation
u = ḧ/(hs V x1) leads to the ultimate form

(
x′

1

x′
2

)
=

(− 1
e − 1√

2g0e

0 0

)(
x1

x2

)
+

(
0
1

)
u . (10)

System (10) is remarkable because of its linearity. However, the coefficients
of the system matrix are functions of the independent variable. The purpose
of the path control will be to track a nominal trajectory xnom(e). Shaping of
xnom(e) will be the task of the path planning module. Both the actual trajec-
tory x(e) and the nominal trajectory xnom(e) satisfy (10) with the controls
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u(e) and unom(e), respectively. As system (10) is linear it is also valid for
Δx = x − xnom (control error) and the related control Δu = u − unom:

(
Δx′

1

Δx′
2

)
=

(− 1
e − 1√

2g0e

0 0

)(
Δx1

Δx2

)
+

(
0
1

)
Δu . (11)

Note that system (11) is a globally valid linear design model for the path
controller. This is due to the fact that the original dynamics (10) is linear
already; there is no artificial linearization about any operating point.

3.2 Control Law Structure

Tracking of xnom(e) will be accomplished with a state feedback of the form

Δu = k1

√
2g0

e3/2
Δx1 − k2

1

e
Δx2 . (12)

Note that k1,2 > 0 are dimensionless gains. Equation (12) is a command
for the artificial control u. However, the actual control of the entry vehicle
is the bank angle μ or, more precisely, the vertical lift component, which is
proportional to cosμ. u is directly related to cosμ because of

ḧ = V̇ sinγ + V cos γ γ̇ ,

and cosμ appears in γ̇ according to (3). Altogether, there is a relation of the
form

u = A cosμ + B with A =
L g

V D hs

and a suitable state dependent function B. The nominal trajectory xnom(e)
is flown with the nominal control cosμnom, or expressed in terms of u:

unom = A cosμnom + B .

By definition,

Δu = u − unom = A (cosμ − cosμnom) = AΔ cosμ .

Hence, the ultimate control command for cosμ is

cosμ = cosμnom +
Δu

A
. (13)

Strictly speaking, the coefficients A,B are state dependent and differ along
the actual and nominal flight path. This difference is suppressed here.
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3.3 Control Sensitivity

The first step of the control design is to find a reasonable value for k1, the gain
of Δx1 in the control law (12). The choice of k1 is based on the consideration
that the relative drag error Δx1/x1 shall cause an adequate control action
Δ cosμ. Inserting control law (12) for Δu in the bank command (13) yields a
relation of the form

Δ cosμ = F k1
Δx1

x1
+ Gk2 Δx2

with

F =
4 g hs x1

E V 2
(14)

and some suitable state dependent function G. For Δx2 = 0 the factor F k1

describes the ratio of the bank command Δcosμ and the relative drag error
Δx1/x1, which induces the command:

F k1 =
Δ cosμ

Δx1/x1
= Cs . (15)

The input-output relation (15) of the controller is called control sensitivity.
Its dimensionless value Cs is a specification parameter of the controller. For
instance, suppose the requirement is that a drag error of 1% shall induce
Δ cosμ = 0.1. This would correspond to the control sensitivity Cs = 10. As
soon as the value of Cs is selected, k1 results from (15):

k1 = Cs/F . (16)

Note that k1 given by (16) is a state dependent, time-varying function. Con-
sidering the factor F in (14) the V 2-term in the denominator compensates the
V 2-dependence of x1 in the numerator. As all remaining factors are constant
or nearly constant, we have

k1 ∼ 1/̺ .

3.4 Stabilization of the Error Dynamics

Insertion of control law (12) in the error dynamics (11) results in the linear
closed-loop model

(
Δx′

1

Δx′
2

)
=

(
− 1

e − 1√
2g0e

k1

√
2g0

e3/2 −k2
1
e

)(
Δx1

Δx2

)
. (17)

The selection of the second gain k2 is based on the requirement that the
closed-loop system (17) is stable. That means Δx tends to zero from any
initial condition. Fortunately, system (17) can be solved in closed form. We
seek a solution of the form
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Δx1 = ea, Δx2 = c eb . (18)

Note that e stands for energy, not for Euler’s number. Equation (18) represents
a solution of system (17) if the following conditions hold:

k2 =
k1

c̄
+ c̄ +

1

2
, a = 1 + c̄, b =

1

2
+ c̄ with c̄ =

c√
2g0

. (19)

For given gains k1,2 the first equation in (19) represents a quadratic equation
for c̄ :

c̄2 + (
1

2
− k2) c̄ + k1 = 0 . (20)

The two solutions of (20) yield two linearly independent fundamental solutions
of the second order linear system (17), having the form (18). Stabilization of
the closed loop (17) is equivalent to the following task: For given k1 find
k2 such that both fundamental solutions tend to zero. As energy decreases
solutions of the form (18) vanish if a, b > 0, which holds for c̄ > − 1

2 . Now,
the task is to set k2 such that c̄1,2 > − 1

2 for both solutions of (20). This is
guaranteed by the following strategy: Select c̄0 > 0 and evaluate k2 according
to (19). Then, the two solutions of (20) are

c̄1 = c̄0 > 0, c̄2 =
k1

c̄0
> 0 .

Note that the consideration above is valid for constant gains k1,2, only. It must
be checked in simulations that stability is not endangered by time-varying
gains as in (16).

4 Path Planning

The path planning module provides the nominal trajectory xnom(e) for ef ≤
e ≤ einit. ef denotes the energy value on the transition to the terminal flight
phase, which is initiated by a parachute deployment on the X-38. einit denotes
initial energy of the guided flight. xnom(e) will be composed of three arcs:

1. ef ≤ e ≤ e12: x
(1)
nom(e) is such that ḧ ≈ 0 throughout.

2. e12 < e ≤ e23: x
(2)
nom(e) runs close to the heat flux boundary.

3. e23 < e ≤ einit: x
(3)
nom(e) is such that γ̇ ≈ 0 throughout.

The junction points e12, e23 are free parameters, which are determined by
boundary conditions later on. The design 1–3 is based on profound experience
with entry dynamics.
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4.1 Sink Rate, Control, and Range

For all three segments the drag histories x
(i)
nom,1(e), i = 1, 2, 3, are defined first.

Control law (12), (13) additionally requires the related sink rate x
(i)
nom,2(e) and

the nominal control cosμ
(i)
nom as functions of energy. The sink rate is obtained

from the simplified dynamics (10):

x2 =
√

2g0e (
dx1

de
− x1

e
) . (21)

Note that the prime in (10) stands for −d/de. For the nominal bank angle
the differential equation (3) for γ is simplified first:

V γ̇ =
L

m
cosμ − g0 (1 − e

ec
) . (22)

Equation (22) uses the following simplifications:

1. cos γ = 1: This is justified because of the small flight path angle during
entry.

2. ωe = 0: The contribution of Coriolis acceleration is neglected.
3. RE + h ≈ RE : This allows to replace g (RE + h) by the square of circular

speed Vc (=7.9 km/s). ec = V 2
c /(2g0) is the corresponding energy.

On the other hand, differentiation of ḣ = V sin γ gives

ḧ = V cos γ γ̇ + V̇ sin γ ≈ V γ̇ − (
D

m
+ g0 sin γ) sin γ . (23)

Equation (23) also uses simplification 1. Note that all quantities in (23) may
be expressed in terms of energy, x1, and x2:

V =
√

2g0e,
D

m
= g x1, sin γ =

ḣ

V
=

x2 hs

V
.

ḧ is related to dḣ/de by the chain rule:

ḧ =
dḣ

dt
=

dḣ

de

de

dt
= −dḣ

de
V x1 .

Eliminating V γ̇ from (22), (23) yields a good estimate for cosμ:

cosμ =
1

E x1
[1 − e

ec
− dḣ

de

V x1

g0
+ (x1 +

ḣ

V
)
ḣ

V
] . (24)

(21) and (24) are used to derive the sink rate and the bank angle from a given
profile x1(e). If x1(e) has a closed-form representation, this applies to x2(e)
and cosμ, too. The drag history x1(e) also determines the range along a flight
segment e1 ≤ e ≤ e2:
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s =

∫ t1

t2

V dt =

∫ e2

e1

de

x1
. (25)

If the drag history x1(e) is globally scaled with some constant d > 0 the result-
ing range is multiplied by 1/d. This observation is essential for the guidance
later on.

4.2 Flight in the Low Energy Regime

In the energy interval ef ≤ e ≤ e12 the flight path is designed such that the

vertical acceleration ḧ is nearly zero. This is just the homogeneous solution of
the simplified plant model (10). As the system matrix is the same as for the
error dynamics (11) the solution is of the form (18), (19) with k1,2 = 0. The
two fundamental solutions are

x1,1(e) = e , x2,1(e) = 0 ,

x1,2(e) =
√

e , x2,2(e) = −
√

2g0

2 = const.

The general homogeneous solution of system (10) is a linear combination of
the two fundamental solutions:

x
(1)
nom,1(e) = α1 e + α2

√
e (normalized drag) ,

x
(1)
nom,2(e) = −α2

√
2g0

2 (normalized sink rate) .
(26)

x
(1)
nom(e) represents the nominal trajectory in the low energy regime. The sink

rate x
(1)
nom,2(e) also follows from x

(1)
nom,1(e) using (21). As the sink rate x

(1)
nom,2

is constant the nominal control cosμ
(1)
nom is given by (24) with dḣ/de = 0. α1,2

are constants of integration, which will be determined by boundary conditions.

4.3 Flight Along the Heat Flux Boundary

In the energy interval e12 < e ≤ e23 the flight path is designed such that
heat flux is a fraction f of its admissible maximum value: Q̇ = f Q̇max with
0 < f ≤ 1. f is a free parameter, which is adapted to boundary conditions

later on. The nominal drag profile x
(2)
nom,1(e) is derived from the heat flux

model (7) as follows. Dynamic pressure appears in the square of Q̇:

Q̇2 = C2
Q ̺ V 6.3 = 2C2

Q q V 4.3 .

The term S cD Q̇2 contains drag:

S cD Q̇2 = 2C2
Q DV 4.3 .

The nominal drag profile x
(2)
nom,1(e) along the heat flux boundary is given by

Q̇ = f Q̇max with 0 < f ≤ 1:
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x
(2)
nom,1(e) =

S cD f2 Q̇2
max

2mg0 C2
Q V 4.3

=
S cD f2 Q̇2

max

2mg0 C2
Q (2g0e)2.15

=
f2 P

e2.15
. (27)

P contains all terms except f and energy. These terms are constant except cD,
which depends on Mach number or velocity. However, for entry vehicles the
variation of cD is small. Therefore, it is sufficient to replace P by a suitable

mean value on path planning. The normalized sink rate x
(2)
nom,2(e) and the

nominal control cosμ
(2)
nom are derived from the drag profile x

(2)
nom,1(e) using

(21) and (24).

4.4 Flight in the High Energy Regime

In the energy interval e23 < e ≤ einit the flight path is designed such that
flight path angle γ and bank angle μ are nearly constant. In this phase, the

nominal drag profile x
(3)
nom,1(e) is given by (22) with γ̇ = 0:

L

mg0
cosμ = 1 − e

ec
.

cosμ = cosμ3 plays the role of a constant parameter in this flight segment,
it will be adapted to boundary conditions later on. Lift is expressed by drag
and the lift-to-drag ratio E, which is nearly constant. This gives a simple
expression for the drag profile:

x
(3)
nom,1(e) =

1

E cosμ3
(1 − e

ec
) . (28)

Again, the nominal sink rate x
(3)
nom,2(e) follows with (21). The nominal control

is simply cosμ
(3)
nom = cosμ3 = const.

4.5 Boundary Conditions

The trajectory model x
(i)
nom(e), i = 1, 2, 3, contains six free parameters:

e12, e23, α1, α2, cosμ3, f .

For a given value of f ∈ (0, 1] the first five parameters are determined by the
following five boundary conditions:

1. specified value of x
(1)
nom,1(ef )

2. continuity of xnom,1(e) and dxnom,1/de at e12 and e23

Because of the remaining free parameter f the boundary conditions above
define a one-parametric set of trajectories. f may be determined by specifying

the range s in (25). Note that the drag profiles x
(i)
nom,1(e), i = 1, 2, 3, are

analytic functions of energy with the property that the range integral (25) can
be represented in closed form, too. The reader is referred to [12] for details.

There are interesting conclusions from the continuity conditions at e23:
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1. The junction point e23 is independent of any boundary values:

e23 = ec
2.15

3.15
≈ 2177 km .

2. Another result is a relation between f and cosμ3:

f2 =
e3.15
23

2.15P E ec cosμ3
.

This relation implies a minimum value for f because of cosμ3 ≤ 1:

f2
min =

e3.15
23

2.15P E ec
.

For the present model we have fmin = 0.88. I.e. heat flux cannot be
reduced below 88% of its maximum value.

Altogether, there is a one-parametric trajectory set, which covers a certain
range spectrum. Minimum range is achieved for f = 1, maximum range occurs
for f = fmin.

5 Simulation Results

The guidance and control concept is tested with the simulation model (1)–(6)
to validate the performance of the tracking control and the precision of the
guidance.

5.1 Boundary Conditions and Nominal Trajectory

The “target” is the final destination of the vehicle:

λf = 134.98o, δf = −28.2425o . (29)

The data belong to some location in Australia, which was foreseen as the
landing site of the X-38. The simulation stops as soon as specific energy is
less than ef = 51 km. The final miss distance to the target indicates the
precision of the entry guidance. The initial state is taken from a X-38 mission
plan, too:

λinit = 24.5939o, δinit = −40.7597o, hinit = 121.92 km ,
Vinit = 7606.4 m/s , γinit = −1.3705o, χinit = 126.667o.

(30)

Vinit and hinit determine the initial value einit = 3070 km according to (8).
First, a nominal flight path xnom(e) is designed according to the procedure
in Chap. 4. The heat flux scaling factor f (see Sect. 4.3) is set to f = 0.9055.
The nominal range

snom(einit) =

∫ einit

ef

de

xnom,1(e)

is 9923 km. The great circle distance between the initial position and the target
is sinit = 9530 km. The guidance is expected to compensate the difference.
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5.2 Guidance and Control Concept

For any instant t, the control command cosμ is defined as described below.
e0 denotes the current value e(t) of energy defined in (8). All other variables
of the current state are written without any index.

1. Measure the great circle distance s between the current position and the
target. Compute the predicted range

snom(e0) =

∫ e0

ef

de

xnom,1(e)
.

Then, the current drag command is

xref,1(e0) = xnom,1(e0)
snom(e0)

s
. (31)

The nominal sink rate may also be adapted to the scaled drag profile to
get some reference value xref,2(e0). Details are given in [12].

2. Evaluate the errors in drag and sink rate:

Δx1 = x1 − xref,1(e0), Δx2 = x2 − xref,2(e0) .

3. Evaluate the path control gains k1,2 according to (16), (19). The param-
eters Cs (“control sensitivity”) and c̄ are set to Cs = 4 and c̄ = 5.

4. Finally, evaluate the control command cosμ as given by (12), (13).

The heading angle χ is also affected by the sign of μ as can be seen in (4). If
sinμ was positive throughout, the vehicle would fly a right turn all the time.
To prevent a lateral deviation in target direction, the sign of μ is changed
at certain time intervals. This “bank reversal strategy” is a classical part of
entry guidance [6] and is not described here in detail.

5.3 Results

Figure 1 depicts the results of the scenario in Sect. 5.1. All quantities are
drawn as functions of energy. In the diagrams, the flight starts on the right
end at einit = 3070 km and terminates on the left end at ef = 51 km. The flight
duration is 1589 s, the final miss distance to the target is about 2.3 km. In the
upper two diagrams the simulated variables (x1 and ḣ) are drawn as dashed
lines. The nominal values are depicted as solid lines, and the dotted lines
indicate the reference values (31). In the x1-diagram two path constraints are
added. The upper constraint (upper dashed line) is the maximum admissible
drag along the heat flux limit. The maximum is given by (27) with f = 1.
The lower constraint for x1 (lower dashed line) is given by (28) with μ3 =
0. In Fig. 1 the variation of the lift-to-drag-ratio E along the energy axis is
modelled, too. Therefore, the lower constraint is not simply a straight line
as expected from (28). The significant difference between xnom,1 and xref,1
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Fig. 1. Simulation result with the X-38 model.

is the consequence of the guidance law (31). The range correction (31) is
a simple but effective guidance strategy to maintain the agreement of the
actual distance to the target and the predicted range along the remaining
flight path [11]. The close agreement of the of the drag command xref,1 and
the actual drag demonstrates the tracking performance of the path control.
The same holds for the sink rate. In particular, the initial value ḣ(einit), which
corresponds to the initial inclination γinit, is quickly corrected to follow the
required command.

The bank angle history shows the bank reversals mentioned in the previ-
ous section. Except these commanded jumps μ(e) is a smooth curve. This is
important as μ plays the role of the attitude command for the attitude control
in reality.

The flight path itself is depicted by the colorband in Fig. A.29 on page 342.
It starts at the entry conditions (30) and terminates at the desired destination
(29). The color indicates the heat flux. The maximum value encountered along

the simulated flight is 1.057 × 106 W/m2, which is about 88% of the limit

Q̇max = 1.2 × 106 W/m
2
. This agrees pretty well with the mission design in

Sect. 5.1, where the heat flux was constrained to 90.55% of Q̇max. Terminal
altitude and speed are given by hf = 24.87 km and Vf = 717 m/s, which is
about twice of the speed of sound. This is considered as a suitable initial state
for the landing phase with the help of a paraglide.
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A Note on Nonsmooth Optimal Control
Problems
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Summary. The paper is concerned with general optimal control problems (OCP)
which are characterized by a nonsmooth ordinary state differential equation. More
precisely, we assume that the right-hand side of the state equation is piecewise
smooth and that the switching points, which separate these pieces, are determined
as roots of a state- and control dependent (smooth) switching function. For this kind
of optimal control problems necessary conditions are developed. Special attention
is payed to the situation that the switching function vanishes identically along a
nontrivial subarc. Such subarcs, which are called singular state subarcs, are inves-
tigated with respect to the necessary conditions and to the junction conditions. In
extension to earlier results, cf. [5], in this paper the case of a zero-order switching
function is considered.

1 Nonsmooth Optimal Control Problems, Regular Case

We consider a general OCP with a piecewise defined state differential equation.
The problem has the following form.

Problem (P1). Determine a piecewise continuous control function u : [a, b] →
R, such that the functional

I = g(x(b)) (1)

is minimized subject to the following constraints (state equations, boundary
conditions, and control constraints)

x′(t) = f(x(t), u(t)), t ∈ [a, b] a.e., (2a)

r(x(a), x(b)) = 0, (2b)

u(t) ∈ U = [umin, umax] ⊂ R. (2c)

The right-hand side of the state equation (2a) may be of the special form

f(x, u) =

{
f1(x, u), if S(x, u) ≤ 0,

f2(x, u), if S(x, u) > 0,
(3)
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where the functions S : Rn+1 → R, fk : Rn × R → Rn (k = 1, 2), and
r : Rn × Rn → Rℓ, ℓ ∈ {0, . . . , 2n}, are assumed to be sufficiently smooth. S
is called the switching function of Problem (P1).

Our aim is to derive necessary conditions for Problem (P1). To this end, let
(x0, u0) denote a solution of the problem with a piecewise continuous optimal
control function u0.

Further, we assume that the problem is regular with respect to the mini-
mum principle, that is: For each λ, x ∈ Rn both Hamiltonians

Hj(x, u, λ) := λTfj(x, u), j = 1, 2, (4)

possess a unique minimum u0
j with respect to the control u ∈ U .

Finally, for this section, we assume that the following regularity assump-
tion holds.

Regularity Condition (R). There exists a finite grid a =: t0 < t1 < . . . <
ts < ts+1 := b such that the optimal switching function S[t] := S(x0(t), u0(t))
is either positive or negative in each open subinterval ]tj−1, tj[, j = 1, . . . , s+1.

Note, that the one-sided-limits u(t±j ) exist due to the assumption of the
piecewise continuity of the optimal control. Now, we can summarize the nec-
essary conditions for Problem (P1). Here, on each subintervall [tj , tj+1], we
denote H(x, u, λ) := Hk(x, u, λ) where k ∈ {1, 2} is chosen according to the
sign of S in the corresponding subinterval.

Theorem 1. With the assumptions above the following necessary conditions
hold. There exist an adjoint variable λ : [a, b] → Rn, which is a piecewise
C1–function, and Lagrange multipliers ν0 ∈ {0, 1}, ν ∈ R

ℓ, such that (x0, u0)
satisfies

λ′(t) = −Hx(x0(t), u0(t), λ(t)), t ∈ [a, b]a.e. (adjoint equations), (5a)

u0(t) = argmin{H(x0(t), u, λ(t)) : u ∈ U} (minimum principle), (5b)

λ(a) = − ∂

∂x0(a)
[νTr(x0(a), x0(b))] (natural boundary conditions), (5c)

λ(b) =
∂

∂x0(b)
[ν0g(x

0(b)) + νTr(x0(a), x0(b))], (5d)

λ(t+j ) = λ(t−j ), j = 1, . . . , s, (continuity condition), (5e)

H [t+j ] = H [t−j ], j = 1, . . . , s, (continuity condition). (5f)

Proof. Without loss of generality, we assume, that there is just one point
t1 ∈]a, b[, where the switching function S[·] changes sign. Moreover, we assume
that the following switching structure holds
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S[t]

{
< 0, if a ≤ t < t1
> 0, if t1 < t ≤ b.

(6)

We compare the optimal solution (x0, u0) only with those admissible solu-
tions (x, u) of the problem which have the same switching structure (6). Each
candidate of this type can by associated with its separated parts (τ ∈ [0, 1])

x1(τ) := x(a + τ(t1 − a)), x2(τ) := x(t1 + τ(b − t1)),
u1(τ) := u(a + τ(t1 − a)), u2(τ) := u(t1 + τ(b − t1)).

(7)

Now, (x1, x2, t1, u1, u2) performs an abmissible and (x0
1, x

0
2, t

0
1, u

0
1, u

0
2) an op-

timal solution of the following auxillary optimal control problem.

Problem (P1’). Determine a piecewise continuous control function u =
(u1, u2) : [0, 1] → R

2, such that the functional

I = g(x2(1)) (8)

is minimized subject to the constraints

x′
1(τ) = (t1 − a)f1(x1(τ), u1(τ)), τ ∈ [0, 1], a.e., (9a)

x′
2(τ) = (b − t1)f2(x2(τ), u2(τ)), (9b)

t′1(τ) = 0, (9c)

r(x1(0), x2(1)) = 0, (9d)

x2(0) − x1(1) = 0, (9e)

u1(τ), u2(τ) ∈ U ⊂ R. (9f)

Problem (P1’) is a classical optimal control problem with a smooth right-
hand side, and (x0

1, x
0
2, t

0
1, u

0
1, u

0
2) is a solution of this problem. Therefore, we

can apply the well–known necessary conditions of optimal control theory, cf.
[2], [3], and [4], i.e there exist continuous and piecewise continuously differ-
entiable adjoint variables λj : [0, 1] → Rn, j = 1, 2, and Lagrange-multpliers
ν0 ∈ {0, 1}, ν ∈ Rℓ, and ν1 ∈ Rn, such that with the Hamiltionian

H̃ := (t1 − a)λT
1 f1(x1, u1) + (b − t1)λ

T
2 f2(x2, u2), (10)

and the augmented performance index

Φ := ν0g(x2(1)) + νTr(x1(0), x2(1)) + νT
1 (x2(0) − x1(1)) , (11)

the following conditions hold
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λ′
1 = −H̃x1 = −(t1 − a)

∂

∂x1

(
λT

1 f1(x1, u1)
)
, (12a)

λ′
2 = −H̃x2 = −(b − t1)

∂

∂x2

(
λT

2 f2(x2, u2)
)

(12b)

λ′
3 = −H̃t1 = −λT

1 f1(x1, u1) + λT
2 f2(x2, u2), (12c)

uk(τ) = argmin{λk(τ)Tfk(xk(τ), u) : u ∈ U}, k = 1, 2 (12d)

λ1(0) = −Φx1(0) = − ∂

∂x1(0)
(νTr), λ1(1) = Φx1(1) = −ν1, (12e)

λ2(0) = −Φx2(0) = −ν1, λ2(1) = Φx2(1) =
∂

∂x2(1)
(ν0 g + νT r), (12f)

λ3(0) = λ3(1) = 0. (12g)

Now, due to the autonomy of the state equations and due to the regularity
assumptions above, both parts λT

1 f1 and λT
2 f2 of the Hamiltonian are constant

on [0, 1]. Thus, λ3 is a linear function which vanishes due to the boundary
conditions (12g). Together with the relation (12c) one obtains the continuity
of the Hamiltonian (5f).

If one recombines the adjoints

λ(t) :=

⎧
⎪⎨

⎪⎩

λ1

( t − a

t1 − a

)
, t ∈ [a, t1[,

λ2

( t − t1
b − t1

)
, t ∈ [t1, b],

(13)

one obtains the adjoint equation (5a) from Eq. (12a-b), the minimum principle
(5b) from Eq. (12d), and the natural boundary conditions and the continuity
conditions (5c-e) from Eq. (12e-f). ⊓⊔

It should be remarked that the results of Theorem 1 easily can be extended
to nonautonomous optimal control problems with nonsmooth state equations.
This holds too, if the performance index contains an additional integral term
I = g(x(tb)) +

∫ tb

ta
f0(t, x(t), u(t))dt. Both extensions can be treated by stan-

dard transformation techniques which transform the problems into the form
of Problem (P1). The result is, that for the extended problems, one simply
has to redefine the Hamiltonian by

H(t, x, u, λ, ν0) := ν0 f0(t, x, u) + λTf(t, x, u). (14)

Example 1. The following example is taken from the well-known book of
Clarke. It describes the control of an electronic circuit which encludes a diode
and a condensor. The control u is the initializing voltage, the state variable x
denotes the voltage at the condensor. The resuling optimal control problem
is given as follows.
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Minimize the functional

I(u) =
1

2

∫ 2

0

u(t)2dt (15)

with respect to the state equation

x′(t) =

{
a (u − x), if S = x − u ≤ 0,
b (u − x), if S = x − u > 0,

(16)

and the boundary conditions

x(0) = 4, x(2) = 3. (17)

First, we consider the smooth case, i.e. we choose a = b = 2. The solu-
tion easily can be found applying the classical optimal control theory. The
Hamiltonian is given by

H = u2/2 + aλ(u − x),

which yields the adjoint equation λ′ = aλ, the optimal control u = −aλ. Thus,
we obtain the linear two-point boundary value problem

x′ = −a2 λ − a x, x(0) = 4,

λ′ = aλ, x(2) = 3.
(18)

The (unique) solution for the parameter a = 2 is given in Fig. 1.
For the nonsmooth case, a 
= b, we assume that there is just one point t1 ∈

]0, 2[ where the switching function changes sign. Further, due to the results
for the smooth problem shown in Fig. 1, we assume the solution structure

S[t]

{
> 0, if 0 ≤ t < t1,
< 0, if t1 < t ≤ 2.

(19)

According to Theorem 1 we obtain the following necessary conditions for the
solution (x0, u0):

(i) t ∈ [0, t1]: H = H2 =
1

2
u2 + bλ(u − x),

λ′ = bλ, u = −bλ.

(ii) t ∈ [t1, 2]: H = H1 =
1

2
u2 + aλ(u − x),

λ′ = aλ, u = −aλ.

The continuity condition (5f) yields

H [t+1 ] − H [t−1 ] = (b − a)λ(t1)

[
a + b

2
λ(t1) + x(t1)

]
= 0.

So, we obtain the following three-point boundary value problem
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Fig. 1. Example 1: Smooth Case.

x′ =

{
−b(b λ + x) : t ∈ [0, t1],
−a(a λ + x) : t ∈ [t1, 2],

λ′ =

{
bλ : t ∈ [0, t1],
aλ : t ∈ [t1, 2],

x(0) = 4, x(2) = 3,
a + b

2
λ(t1) + x(t1) = 0.

(20)

In Fig. 2 the numerical solution of this boundary value problem is shown
for the parameters a = 4 and b = 2. The solution is obtained via the multiple
shooting code BNDSCO, cf. [6, 7]. One observes that the preassumed sign
distribution of the switching function is satisfied. Further, the optimal control
and the optimal switching function is discontinous at the switching point t1.

For the parameters a = 2 and b = 4 the solution of the boundary value
problem (20) is shown in Fig. 3. Here, the preassumed sign distribution of the
switching function is not satisfied. So, the estimated switching structure for
these parameters is not correct and we have to consider the singular case, i.e.
the switching function vanishes identically along a nontrivial subarc.
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Fig. 2. Example 1: Nonsmooth and Regular Case, a = 4, b = 2.
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Fig. 3. Example 1: Nonsmooth and Regular Case, a = 2, b = 4.
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2 Nonsmooth Optimal Control Problems, Singular Case

In this section we continue the investigation of the general optimal control
problem (P1). However, we drop the regularity condition (R). More precisely,
we assume that a solution (x0, u0) of the optimal control problem contains
a finite number of nontrivial subarcs, where the switching function vanishes
identically. These subarcs are called singular state subarcs, cf. the analogous
situation of singular control subarcs, cf. [1]. In order to have a well-defined
problem, we now have to consider the dynamics on the singular manifold
S(x, u) = 0. Therefore, we generalize the problem formulation (P1) a bit, and
allow the system to possess an independent dynamic on the singular subarcs.

Problem (P2). Determine a piecewise continuous control function u : [a, b] →
R, such that the functional

I = g(x(b)) (21)

is minimized subject to the following constraints

x′(t) = f(x(t), u(t)), t ∈ [a, b] a.e., (22a)

r(x(a), x(b)) = 0, (22b)

u(t) ∈ U = [umin, umax] ⊂ R, (22c)

where the right-hand side f is of the special form

f(x, u) =

⎧
⎨

⎩

f1(x, u), if S(x, u) < 0,
f2(x, u), if S(x, u) = 0,
f3(x, u), if S(x, u) > 0,

(23)

with smooth functions fk : Rn × R → Rn, k = 1, 2, 3. All other assumptions
with respect to Problem (P1) may be satisfied also for (P2).

Again, our aim is to derive necessary conditions for (P2). To this end, we
assume that there exists a finite grid a < t1 < . . . < ts < b such that the tj
are either isolated points where the switching function S[t] := S(x0(t), u0(t))
changes sign or entry or exit points of a singular state subarc.

We assume, that the switching function is of order zero with respect to
the control u, i.e.

Su(x0(t), u0(t)) 
= 0 (24)

holds along each singular state subarc. By the implicit function theorem, the
equation S(x, u) = 0 can be solved (locally unique) for u. Thus, we assume
that there exists a continuously differentiable function u = V (x) which solves
the equation above. With this, we define

f̂2(x) := f2(x, V (x)). (25)

For the regular subarcs we introduce the Hamiltonian
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H(x, u, λ) := Hj(x, u, λ) := λTfj(x, u), (26)

where j ∈ {1, 3} is chosen in the corresponding regular subinterval [tk, tk+1]
according to the sign of S. For the singular subarcs we set

H(x, u, λ) := H2(x, u, λ) := λTf̂2(x). (27)

In the following, we summarize the necessary conditions for Problem (P2).

Theorem 2. With the assumptions above the following necessary conditions
hold. There exist an adjoint variable λ : [a, b] → Rn, which is a continuous
and piecewise C1–function, and Lagrange multipliers ν0 ∈ {0, 1}, ν ∈ Rℓ, such
that (x0, u0) satisfies the conditions

λ′(t) = −Hx(x0(t), u0(t), λ(t)), t ∈ [a, b], a.e. (28a)

u0(t) =

{
argmin{H(x0(t), u, λ(t)) : u ∈ U} on regular arcs,
V (x0(t)) on singular subarcs,

(28b)

λ(a) = − ∂

∂x0(a)
[νTr(x0(a), x0(b))], (28c)

λ(b) =
∂

∂x0(b)
[ν0g(x

0(b)) + νTr(x0(a), x0(b))], (28d)

λ(t+j ) = λ(t−j ), j = 1, . . . , s, (28e)

H [t+j ] = H [t−j ], j = 1, . . . , s. (28f)

Note, that on a singular subarc there holds no minimum principle for the
control which is completely determined by the switching equation S(x, u) = 0.

Proof of Theorem 2. For simplicity, we assume, that the switching function
S[·] along the optimal trajectory has just one singular subarc [t1, t2] ⊂]a, b[,
and that the following switching structure holds

S[t]

⎧
⎨

⎩

< 0, if a ≤ t < t1,
= 0, if t1 ≤ t ≤ t2,
> 0, if t2 < t ≤ b.

(29)

Again, we compare the optimal solution (x0, u0) with those admissible solu-
tions (x, u) of the problem which have the same switching structure. Each
candidate is associated with its separated parts (τ ∈ [0, 1], t0 := a, t3 := b)

xj(τ) := x(tj−1 + τ(tj − tj−1)), j = 1, 2, 3,
uj(τ) := u(tj−1 + τ(tj − tj−1)), j = 1, 3.

(30)

Now, (x1, x2, x3, t1, t2, u1, u3) performs an abmissible solution and
(x0

1, x
0
2, x

0
3, t

0
1, t

0
2, u

0
1, u

0
3) an optimal solution of the following auxillary opti-

mal control problem.
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Problem (P2’). Determine a piecewise continuous control function u =
(u1, u3) : [0, 1] → R2, such that the functional

I = g(x3(1)) (31)

is minimized subject to the constraints (t0 := a, t3 := b, τ ∈ [0, 1])

x′
j(τ) =

{
(tj − tj−1)fj(xj(τ), uj(τ)), a.e., j = 1, 3,

(t2 − t1)f̂2(x2(τ)), a.e., j = 2,
(32a)

t′k(τ) = 0, k = 1, 2, (32b)

r(x1(0), x3(1)) = 0, (32c)

x2(0) − x1(1) = x3(0) − x2(1) = 0, (32d)

u1(τ), u2(τ), u3(τ) ∈ U ⊂ R. (32e)

Problem (P2’) again is a classical optimal control problem with a smooth
right-hand side. We can apply the classical necessary conditions of optimal
control theory, cf. Hestenes, [4]. If S satisfies the constraint qualification (36),
there exist continuous and continuously differentiable adjoint variables λj ,
j = 1, 2, 3, and Lagrange-multpliers ν0 ∈ {0, 1}, ν ∈ Rℓ, and ν1, ν2 ∈ Rn, such
that with the Hamiltonian

H̃ := (t1 − a)λT
1 f1(x1, u1) + (t2 − t1)λ

T
2 f̂2(x2) + (b − t2)λ

T
3 f3(x3, u3) (33)

and the augmented performance index

Φ := ν0 g(x3(1)) + νTr(x1(0), x3(1)) + νT
1 (x2(0) − x1(1)) + νT

2 (x3(0)− x2(1)),
(34)

the following conditions hold

λ′
1 = −H̃x1 = −(t1 − a)

(
λT

1 f1

)
x1

, (35a)

λ′
2 = −H̃x2 = −(t2 − t1)

(
λT

2 f̂2

)

x2

(35b)

λ′
3 = −H̃x3 = −(b − t2)(λ

T
3 f3)x3 (35c)

λ′
4 = −H̃t1 = −λT

1 f1 + λT
2 f̂2, (35d)

λ′
5 = −H̃t2 = −λT

2 f̂2 + λT
3 f3, (35e)

uj(τ) = argmin{λj(τ)Tfj(xj(τ), u) : u ∈ U}, j = 1, 3, (35f)

λ1(0) = −Φx1(0) = −(νTr)x1(0), λ1(1) = Φx1(1) = −ν1, (35g)

λ2(0) = −Φx2(0) = −ν1, λ2(1) = Φx2(1) = −ν2, (35h)

λ3(0) = −Φx3(0) = −ν2, λ3(1) = Φx3(1) = (ℓ0 g + νTr)x3(1), (35i)

λ4(0) = λ4(1) = λ5(0) = λ5(1) = 0. (35j)

Due to the autonomy of the optimal control problem, all three parts λT
1 f1,

λT
2 f̂2, and λT

3 f3 of the Hamiltonian are constant. Therefore, the adjoints λ4
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and λ5 vanish and we obtain the global continuity of the augmented Hamil-
tonian (33). If one recombines the adjoints

λ(t) :=

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

λ1

( t − a

t1 − a

)
, t ∈ [a, t1[,

λ2

( t − t1
t2 − t1

)
, t ∈ [t1, t2],

λ3

( t − t2
b − t2

)
, t ∈ ]t2, b],

(36)

the state and control variables accordingly, one obtains all the necessary con-
ditions of the Theorem. ⊓⊔

Again, we mention that the results of Theorem 2 easily can be extended to
nonautonomous nonsmooth optimal control problems and to optimal control
problems with performance index of Bolza type, as well.

Example 2. Again, we consider the example of Clarke, [3], but now we try
to find solutions which contain a singular state subarc. The optimal control
problem is given as follows.
Minimize the functional

I(u) =
1

2

∫ 2

0

u(t)2dt (37)

with respect to the state equation

x′(t) =

{
a (u − x), if S = x − u ≤ 0,
b (u − x), if S = x − u > 0,

(38)

and the boundary conditions

x(0) = 4, x(2) = 3. (39)

If we assume that there is exactly on singular state subarc, or more precisely

S[t]

⎧
⎨
⎩

> 0, if 0 ≤ t < t1,
= 0, if t1 ≤ t ≤ t2,
< 0, if t2 < t ≤ 2,

(40)

we obtain the following necessary conditions due to Theorem 2.

(i) t ∈ [0, t1]: H = H3 =
1

2
u2 + bλ(u − x),

λ′ = bλ, u = −bλ.

(ii) t ∈ [t1, t2]: H = H2 =
1

2
x2,

λ′ = − x, u = V (x) = x.

(iii) t ∈ [t2, 2]: H = H1 =
1

2
u2 + aλ(u − x),

λ′ = aλ, u = −aλ.
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The continuity of the Hamiltonian yields with

H [t−1 ] =
1

2
b2λ(t1)

2 + bλ(t1)(−b λ(t1) − x(t1))

= −1

2
bλ(t1)(bλ(t1) + 2x(t1))

H [t+1 ] =
1

2
x(t1)

2.

the interior boundary condition x(t1) + bλ(t1) = 0. The analogous condition
holds at the second switching point t2. Altogether we obtain the following
multipoint boundary value problem.

x′ =

⎧
⎨
⎩

−b(b λ + x), t ∈ [0, t1],
0, t ∈ [t1, t2],
−a(a λ + x), t ∈ [t2, 2],

λ′ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

bλ, t ∈ [0, t1],

−x, t ∈ [t1, t2],

aλ, t ∈ [t2, 2],

x(0) = 4, x(2) = 3,
x(t1) + bλ(t1) = 0, x(t2) + aλ(t2) = 0.

(41)

For the parameters a = 2, and b = 4 the numerical solution is shown in
Fig. 4. One observes the singular subarc with the switching points t1=̇0.632117,
t2 =̇ 0.882117.

3 Conclusions

In this paper optimal control problems with nonsmooth state differential equa-
tions are considered. Two solution typs are distinguished. In the first part of
the paper regular solutions have been considered. The regularity is charac-
terized by the assumption that the switching function changes sign only at
isolated points. In the second part so called singular state subarcs are ad-
mitted. These are nontrivial subarcs, where the switching function vanishes
identically. For both situations necessary conditions are derived from the clas-
sical (smooth) optimal control theory.
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Fig. 4. Example 2: Nonsmooth and Singular Case, a = 2, b = 4.
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Fig. A.1. Prof. Dr. Dr.h.c.mult. Roland Bulirsch
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Fig. A.2. Academic Genealogy of Prof. Dr. R. Bulirsch (cf. p. 3)
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Fig. A.3. Applied Mathematics book for undergraduate students (1986) which
inspired this anthology 20 years later: Frontside, see also the flipside text in Breitner
“Epilogue” (p. 227).
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A.1 Color Figures to Denk, Feldmann (pp. 11–26)

Fig. A.4. GSM transceiver for mobile phones. On the bottom right the antenna
structures can be seen, the regular structures (bottom middle and top right) are
memory cells, while the irregular structures mark the digital signal processing part
of the chip. More details are discussed on page 18.
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A.2 Color Figures to Pulch (pp. 27–42)

Fig. A.5. MPDAE solution for rate T1 = 30 μs (cf. p. 40).

Fig. A.6. DAE solution for rate T1 = 30 μs reconstructed by MPDAE solution
(red) and computed by transient integration (blue) (cf. p. 41).
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Fig. A.7. Part of MPDAE solution for rate T1 = 30 μs with modified phase condi-
tion (cf. p. 41).

Fig. A.8. MPDAE solution for rate T1 = 100 ms (cf. p. 41).
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A.3 Color Figures to Lachner (pp. 71–90)

Fig. A.9. Graphical user interface of BrainLAB planning software iPlan RT. Reg-
istration of CT and MRI. For CT, the patient wears a headframe which is rigidly
fixed to skull, and whose screws cause local skin distortions and swellings. Hence
these regions should be excluded from image registration. This can be accomplished
by the “Modify Range...” dialog. The automatic registration result is obtained by a
click on “AutoFUSE”. Axial, coronal and sagittal cuts through the image volumes
are superimposed by means of an amber-blue color-representation. The forth (“spy-
glass”) view shows a part of the floating image (MRI) superimposed to the reference
image (CT). Since the user must approve the registration result for quality assur-
ance, there are multiple tools for changing and manipulating the combined display
of the images (cf. page 6).
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Fig. A.10. Graphical user interface of BrainLAB image guided surgery software
VectorVisionR© cranial. Real-time display of surgical instruments (here a pointing
device) during surgery is performed in an image volume created by the combination
of several image modalities. Three of the views show orthogonal cuts through the
integrated image volume consisting of the skull bones (yellow; from CT) and the
major vessels (red; from angio-MRI) superimposed to a high-resolution anatomical
MRI. The forth view shows functional SPECT data using a color/intensity palette.
Correct simultaneous display of the different image modalities is only possible by
means of image registration (cf. page 88).
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A.4 Color Figures to Stolte, Rentrop (pp. 99–110)

Fig. A.11. In this figure, the entries (with values bigger than 10−5) of the
matrix U (in extracts) and the matrix V are plotted. The matrices are from
the SVD of the Jacobian of the model function for the data set Enolase and
for the initial values initial3. The positions 114, 135 and 435 are highlighted
as they correspond to the stages within the singular values. With the in-
terrelations {ui,j = part from i-th fragment of j-th singular value} and {vi,j =
part from i-th parameter of j-th singular value} obviously, these figure allow the
identification of the essential input data (fragments) and parameters (probabilities)
(cf. p. 109).
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A.5 Color Figures to Wimmer et al. (pp. 111–124)

Fig. A.12. Left: geometry of a motor; right: contour plot of the scalar magnetic
potential Az (2804 dof) (cf. p. 122).

Fig. A.13. Left: discretization of an electric motor model (379313 dof); right: plot
of the absolute value of the magnetic flux density distribution. (cf. p. 123).

Fig. A.14. Left: contour plot of the magnetic scalar potential ψm of a magnetized
sphere (66128 dof); right: contour lines of the magnetic scalar potential ψm (cf. p.
113).



A.5 Color Figures to Wimmer et al. 333

Fig. A.15. Magnetic scalar potential Az at different time steps.
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A.6 Color Figures to Haber et al. (pp. 127–143)

Fig. A.16. Remaining Bernstein-Bézier coefficients are determined due to C1-
conditions in the order: red, blue, green, and yellow. See p. 135 for more details.

Fig. A.17. Scattered data compression for an arbitrarily shaped domain: Distribu-
tion of N = 12, 359 scattered data points and approximating spline surfaces with a
varying number of degrees of freedom (left to right). For a rectangular domain, the
compression ratio is about three times higher than the ratio N : #coefficients, cf.
p. 138. For an arbitrarily shaped domain, we need to store one additional integer
number for every triangle T ∈ T (see p. 131) to uniquely determine the position of
the Bernstein-Bézier coefficients. Therefore, the compression ratios given above are
slightly lower than for the rectangular domain case.
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Fig. A.18. Stages of the approximation process. a) Distribution of 736,577 scattered
data points. b) Perspective view onto the surface with projected spline grid and data
distribution. Two different sets of triangles T ∈ T (blue, magenta, green, cyan) are
shown on the left and on the right. c) Corresponding scattered data points (color
coded) that have been used in the local least squares fitting for each triangle. (see
p. 135 for details). d) Final result with applied texture.

Fig. A.19. Influence of the condition number κ on the approximation quality of
the surface. Left: κ is too low, the average local approximation order of the spline
decreases; Middle: κ is chosen appropriately; Right: κ is chosen far too high, thereby
reducing the average approximation error but exhibiting high errors at individual
data points in regions of extremely sparse data (see bottom right corner of image).
See p. 133 and 138 for details on κ and the Hausdorff distance dH , respectively.
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A.7 Color Figures to Herzog et al. (pp. 161–174)

Fig. A.20. Expectation Value of von Mises stress (cf. page 171)

Fig. A.21. Deviation of von Mises stress (cf. page 171)
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A.8 Colored Figures to Stelzer, Stryk (pp. 175–192)

Fig. A.22. Bipedal walking with passively compliant three-segmented legs: Re-
sulting gait sequence for parameter set optimized for low hip torques and bounded
minimum walking speed (page 186).

Fig. A.23. Optimized walking of the autonomous humanoid robot Bruno (page
189).
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A.9 Color Figures to Teichelmann, Simeon (pp. 193–208)

Fig. A.24. Sketch of a manipulator operated by a spring (red) and a SMA wire
(green) (cf. p. 203).

Fig. A.25. Visualisation of a roboter finger. The finger is closed by rising the
temperature of the (blue) SMA wire. The spring takes the role of an antagonist that
opens the finger when the SMA wire is cooled down (cf. p. 204).
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A.10 Color Figures to Breitner (pp. 211–227)
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Fig. A.27. Top: The Porsche AG buys an OTC option with the right to sell 62.4
million USD, i. e. revenues from an US export, until December 3, 2007, for 46.917
million Euro. Thus the exchange rate will be better than 1.33 USD for 1 Euro, comp.
all cash settlements, too. The option’s premium is about 1.08 million Euro = 2.3
% about 5.5 month earlier in mid June 2007, see also Breitner Sec. 5. Bottom: The
Hannoversche Leben buys optimized OTC put options with the right to sell
7.166 million TUI shares for 18.70 Euro per share. For share prices less than 18.70
Euro, i. e. the relevant scenarios, ∆ ≈ −1 holds. Mid June 2007 8 month is chosen
for the time to maturity to cover a critical period until the end of 2007. The option’s
premium is about 1.686 Euro per share = 9.0 % in mid June 2007, see also p. 221.
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A.11 Colored Figures to Callies, Sonner (pp. 261–276)

Fig. A.28. Free-floating spin-stabilized space robotic system: 6-DOF example sys-
tem consisting of a small spin-stabilized satellite (body 1) and a 3-DOF manipulator
(bodies 2,3,4) with revolute joints, mounted on a despun platform on top of the satel-
lite; satellite orientation (ψ,ϑ, φ), optimal controls, joint angles θ2, θ3, θ4 and joint
velocities θ̇2, θ̇3, θ̇4 vs. normalized time ξ are shown.
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A.12 Color Figures to Grimm, Rotärmel (pp. 295–308)

Fig. A.29. Entry flight of the X-38: The guided entry starts at the south of Africa at
an altitude of about 120 km. The specified landing site is on the Australian continent.
The colorband indicates the heat flux along the flight. The maximum is reached at
about half of the covered range and amounts to 88% of the admissible limit. More
details are discussed on page 307.


